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Growth of Current between Parallel Plates 
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(Received November 
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The proof of the author’s exact explicit solutions for the case of current growth involving two 
secondary processes at the cathode is here explained more fully than in his original papers. Some new forms 


of the solution, useful for special purposes, are given; one of them is the accurate form of an 


mate solution recently proposed by Miyoshi 


EVERAL readers interested in the theory of this 
problem have asked for a fuller explanation of the 
proof of the exact explicit solution which the author 
gave in a paper in 1953,' and especially of the formula 
there called Part (1), applicable when there are no 
charged particles in the gap at the time, zero, when 
the externally maintained cathode current is established. 
That case will evidently be realized in a gap which 
until the time above, was free from 
charged particles. Concerning that gap, we know (1) 
that /_(0,t) is zero at all negative times, and (2) that 
at all positive times /_(0,/) satisfies the well-known 
integral equation, with the integrals taken from 0 to d. 


zero, defined 


By imagining small increments in time from zero 
onwards, it is readily seen that these two conditions 
determine the /_(0,/) curve completely at all positive 
times. Thus any expression which satisfies both condi- 
tions is an exact expression for /_(0,/) at all times in 
that gap (and from it the complete current distribution 
in the gap at any time can, of course, be immedi- 
ately calculated). Consider now the contour integral 
Sc {e”'f(p)/pjdp, where C is an infinite semicircle to 
the right of the imaginary axis, and /(p) is the reciprocal 


of F(p) defined by 
F(p) {1+ (6 W)+ (ay ~)} 


where y is a—(p/v) and @ is a—(p/v). This contour 
integral, multiplied by J o/2m1 taken counter- 
clockwise, is seen to satisfy both the conditions stated 
above [the first from the character of its integrand 


{ (6e%4 W)+ (aye* >)}, 


and 


‘Pp, M 
and Jones, Brit 


Davidson, Appendix to a paper by Dutton, Haydon 
J. Appl. Phys. 4, 170 (1953) 
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on the contour, and the second by substitution into 
the integral equation, remembering that f@ (e?'/ p)dp is 
2mi at all positive times |. It is thus the required solu 
tion. We see, the character of the 
integrand at great value of p, that at all positive times 


moreover, trom 
the value of the integral is not altered by extending the 
contour to a complete circle. Thus, writing down the 
residues at the poles, we have, at all positive times 


[7_(0,0)/To ]=(1/F (0) J+ Xe"'/ pF'(p), (1) 


where the prime means 0/0p, and the summation ex 
tends over every value » of p which satisfies (A) =0 
Inserting the explicit expressions for /(O) and F’, we 
have the expression, all 
‘, given in our 1953 paper.' (Our approximate ex 
Boe, with X real, 1s 


obtained by omitting the oscillatory terms, that is, the 


valid at positive values of 


pression ol the simple form A 


terms with complex X’s.) 

The expression (1), valid at all positive times, is by 
no means the only way in which the exact solution can 
be written. For example, the contour integral can be 
evaluated by making a series expansion of {(p) on the 
contour. This procedure, which leads to a series of 
for /_(0,t) 


ranges, was explained in our second paper.? In the ex 


expressions valid in a succession of time 


ample of the procedure there given, both the exponential 


terms in F are placed in the second bracket when 


making the expansion. As a further example, let us 
consider the formulas obtained by putting only the e® 


term in the second bracket, so that the first bracket, 


which we shall call /\, is obtained by deleting the e® 


2P.M Phys. Rev. 99, 1072 (1955 


Davidson 
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term from F/. Let us write down two of the series thus 
found, say S,; and S», the first valid in the range 
Q<t<d/v, the second in the range (d/v)<t< (2d/v). 
Proceeding as described in reference 2, we obtain at 
once for S; an expression which differs from (1) above 
only in that F(0) and F’(p) are replaced by F,(0) and 
F,'(p), and the new d’s, which we shall call A,’s, are the 
roots of Ff, (\,)=0. Thus if the /_(0,4) formula in Part 1 
of the 1953 paper’ is required to hold only at t<d/2, it 
may be simplified as follows: delete ye*’ from the 
expression for ?, and delete the terms in e® from the 
expression for V and from the equation defining the X’s, 
now called \,’s, two of which are real. (In the accom- 
panying series for /, the procedure which, as we have 
remarked,’ one always employs in practice to hasten its 
convergence in this range becomes a mathematical 
necessity when the A,’s are used instead of the X’s.) 
When one evaluates the next series, Ss, valid in the 
range d/v<t<2d/v, it is found to contain more terms 
than S;, giving 


| / (Ot) I, | Sy t ye™! {/',(O)}? 


tay (G fF’) FY’, (2) 


where G= {exp(pl+d)}/ po and, as in S,, the summa- 
tion extends over all the values A, of p. It will be noted 
that the last term in (2) contains coefficients linear in 
the time; also that the series for S,—.S,, at /=d/v, being 
zero, may if desired be subtracted everywhere. 

We mention the series S; and 5S», partly as further 
examples of the numerous ways in which, for particular 
purposes, the exact solution may be written, and partly 
because of their bearing on an interesting recent paper 
by Miyoshi.’ In connection with certain experimental 
studies, he is concerned with cases where both 6 and y 
effects may be present, in such a ratio that in the time 
range up to several multiples of d/v one effect cannot be 
considered merely as a small correction of the other. 
He considers the best procedure for obtaining (in the 
case of no initial charges) a curve of /_(0,) having a 
good accuracy at all times, and particularly during the 
first few ion transit times. The method which he 
proposes is excellent in principle, but the actual pro- 
cedure seems capable of improvement. For (<d/v_ he 


*¥Y. Miyoshi, Phys. Rev. 103, 1609 (1956) 
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adopts our exact three-terms solution’ for that range; 
for (>d/v he adopts our general approximate solution, 
somewhat modifying‘ its coefficient By. In the inter- 
vening range he uses a series which is like S; except that 
the oscillatory terms are omitted and the amplitudes of 
the two exponential! terms are computed by an indirect 
method. The procedure, taken as a whole, is open to 
the following criticisms: 

(1) It gives no adequate estimate of the error in the 
formulas employed. Even when using approximate 
solutions it is desirable to consider, to some extent, 
the exact solutions (in which all amplitudes are exactly 
specified), both for estimating the magnitude and 
nature of the error and for deciding the best values to 
give to the constants in the approximate solutions. 

(2) The procedure, by introducing our general ap- 
proximate solution (with a somewhat modified con- 
stant) at /=d/v, will in most cases make the curve 
obtained in the range d/v to 2d/v have a considerably 
less accurate shape than in the previous range, when 
they are compared with the true curve (smoothed over 
its oscillations of short period like d/v_). Now, as we 
have seen above, an alternative procedure would be to 
continue the series .S;, as the series S», without changing 
the A,’s, up to time 2d/v, by introducing the extra 
terms. The existence of such a series, containing ampli- 
tudes linear in the time, is not revealed by Miyoshi’s 
mathematical discussion. Its use, in an approximate 
form, would improve the accuracy in this range. 

(3) Even if the introduction of the general formula is 
deferred in this way to time 2d/2, it would be desirable, 
if the previous standard of percentage accuracy is to be 
maintained (and if the order of error is to be estimated), 
to include at least one of its oscillations, the one of 
longest period. Computing its amplitude numerically 
from the exact formula in the 1953 paper! is not really 
laborious, since the computation need not be carried 
out accurately. Note that the oscillation appears in 


the series expression as a pair of terms, the sum of 


which is twice the real part of either. 


‘Except in the first electron transit time, Miyoshi’s mathe 
matical treatment of the problem never gives an exact solution, 
since it cannot determine the amplitudes of the oscillatory terms, 
and the amplitudes which it gives for the exponential terms are 
approximations 
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sApe ents concerned Vv 1 1@ measuremen OL viscous resistance in rotating (ule enum ave 
Experiment necerned with the measur nt of u istal tat liquid helium II hay 


been analyzed on the basis of the stratification model for the superfluid motion 


The onset of nonlinear 


dissipation is attributed to the setting in of large-scale vorticity in the superfluid and it is proposed that 
this would happen at a certain “critical” velocity corresponding to which the thickness of the layers becomes 
of the order of the “correlation length.”” The magnitude of this characteristic length turns out to be about 


8X 10™° cm 
supersurface film 
and Mendelssohn 


I. INTRODUCTION 


T is well known! that liquid helium I, that is, liquid 
helium below the lambda temperature, exhibits a 
peculiar type of supertluid tlow. Also, it has been found 
that as the velocity of flow exceeds a certain critical 
value the flow appears to become highly dissipative. 
Whereas the behavior of liquid helium IT in linear 
motion has been investigated in great detail both theo- 
retically and experimentally, it is only recently that 
attention has been drawn to the behavior of the liquid 
when in rotation. Experimental studies by Hollis 
Hallett and his collaborators? (and more recently by 
Kolm and Herlin*) show that the rotating liquid exhibits 
properties which indicate the onset of nonlinear dissipa- 
tive forces at certain well-defined angular velocities. 
However, no consistent theoretical study seems to have 
emerged so far to account for these results. 

At first sight, one may be tempted to suggest that 
these effects may be due to the frictional forces between 
the normal and the superfluid components or due to 
the onset of turbulence in the normal (viscous) part of 
the liquid helium II. However, firstly, as has also been 
pointed out earlier by Atkins,‘ in a case of steady rota 
tion, the contribution due to the mutual frictional forces 
obviously vanishes ; and secondly, the anomalies appear 
at such small velocities that the Reynolds number 
corresponding to the viscosity of the normal component 
is not high enough to account for the setting in of 
turbulence (see also the detailed discussion in Sec. IT) 
In this context, we feel that these abnormalities in the 
motion may be explained if one considers the setting up 
of vorticity in the superfluid component. Such a sug 
gestion also seems to have been recently made by 
Feynman.’ Consequently, in the present paper we have 


'J. G. Daunt and R. S. Smith, Revs. Modern Phys. 26, 172 
(1954) 

2A. C. Hollis-Hallett Proc 
(1953); W. J. Heikkila and A. ¢ 
420 (1955) 

3H. H. Kolm and M. A. Herlin, Phys. Rev. 102, 607 (1956) 

*K. R. Atkins, in Advances in Physics (Taylor and Francis 
Ltd., London, 1952), Vol. 1, p. 169 

5R. P. Feynman, in Progress in Low 
(North-Holland Publishing Company, Amsterdam 
Chap. II 


Cambridge Phil. Soc. 49, 717 
Hollis-Hallett, Can. J. Phys. 33, 


Temperature Physics 
1955), Vol. 1, 


Further, the concept of stratified motion has also been applied to linear flow through the 
leading thereby to a satisfactory explanation of the observations of Chandrasekhar 


developed a model for the rotation of the supertluid 
along the lines of the stratification model proposed by 
London® combined with the concept of a correlation 
distance’—a distance within which particles exhibit 
that the 


appearance of the observed abnormalities 1s closely 


strong momentum correlations. It turns out 


associated with the development of a “macroscopi id 
turbulence field in the superfluid. It 
note that the model, though essentially crude, provides 
a fairly clear picture of the role of the two components 


is interesting to 


in liquid helium II, especially with respect to the 


experiments under consideration. Also, it provides a 
more or less direct method for fixing the magnitude of 
the correlation length, a concept of great significance 

At this stage one may point out that in our considera 
tions two types of critical velocities seem to appear 
The first marks the beginning of circulation in the super 
fluid (see London®) and does not seem to be of much 
practical importance since it has an exceedingly small 
value. The second, on the other hand, is the velocity 
at which dissipative effects may be expected to appear 
and is hence of importance when comparison with 
experiment is desired. The second velocity, it is pro 
posed, would correspond to the situation in which the 
thickness of the layers (which progressively reduces as 
the speed of rotation is increased) becomes of the order 
of the correlation length insofar as the layer boundaries, 
that is, the vortex sheets, come so close to each other 
that the system acquires a turbulence 
field. 

In the following sections, we 
experiments of Hollis-Hallett and of Kolm and Herlin 
on the basis of these concepts. Further, in Sec. IV we 
have tried to apply the concept of the layer structure 
to the flow of liquid helium through the supersurface 
In this case we find that the rate of transfer would 


Macroscople 


have analyzed the 


film 
become nearly constant as the heat input exceeds a 
certain value. These results, at least qualitatively, 
are in excellent agreement with the experiments of 
Chandrasekhar and Mendelssohn.’ 


*F, London Wiley 
York, 1954), Vol 
’ Blatt, Butler 
* B.S. Chandrasekhar and K 
London) A64, 512 (1951 


Super fluids and Sons, Inc., New 
2, Sec. 23 
and Schafroth, Phys. Rev. 100, 481 (1955 


Mendelssohn, Proc. Phys 


{ John 
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Il. ONSET OF NONLINEAR DISSIPATION 
(EXPERIMENTAL 


In their experiments with the rotating cylinder vis 
cometer, Heikkila and Hollis-Hallett? observed that the 
viscosity of liquid helium If determined from the 
measurements of the torque, imparted to the inner non 
rotating cylinder because of the uniform rotation of the 
outer one, remained constant up to a certain value v, of 
the velocity of rotation of the latter. Beyond this 
critical value, the coefficient of viscosity was observed 
to increase with velocity, that is, the torque departed 
from its usual linear dependence on velocity, marking 
thereby the appearance of some sort of nonlinear effects. 
In the experiment of Kolm and Herlin,® on the other 
hand, the outer cylinder was kept fixed and the decelera 
tion of the inner cylinder, coasting freely, was observed 
In this case too it was found that the deceleration of the 
rotor exhibited an abrupt change at a certain critical! 
speed of rotation. So once again it appears that some 
new dissipative forces come into operation at a well 
defined velocity of the rotating wall 

lirst of all, one should note, as has been emphasized 
by Hollis-Hallett (1953), that. the of the 
frictional between the normal and the 
superfluid components of liquid helium II is unable to 


presence 
mutual force 
explain the observed dependence of the torque on the 
the 
steady conditions of the experiments the mutual friction 


speed of rotation. The reason is simple—under 
terms disappear from the equations of motion of the 
two components,* and one again expects the torque to 
vary linearly with velocity, a conclusion which is not 
upheld by observation. 

The second possibility, which at first sight seems to 
be somewhat plausible, is the setting in of turbulence 
in the normal component. Taylor’ has studied in detail, 
both mathematically and experimentally, the problem 
of the stability of a viscous liquid contained in con- 
centnc rotating cylinders. He concluded that against 
disturbances symmetnical about the axis and periodic 
along it, the flow was stable at all speeds of rotation 
when the inner cylinder was at rest and the outer was 
uniformly rotated (hereafter referred to as case A ) 

On the other hand, when the outer cylinder was at 
rest and the inner was in uniform rotation (case B), 
the instability set in at some definite speed of rotation 
determined by the geometry of the apparatus and the 
kinematic viscosity v ol the liquid. This sort of in 
stability, which we shall call the Taylor type, manifests 
itself in the form of well-defined, stable, and repro 
ducible vortex patterns (Taylor’ and Lewis"), and is 
certainly different from the usual Reynolds type of 
instability which marks the transition from laminar to 
turbulent tlow 

It would, consequently, be unjustified to conclude 
analysis, as has been done by Hollis- 


from ‘Taylor’s 


London) 223, 289 (1923) 
London) 117, 388 (1928 


Tavlor 
Lewis 


Frans. Roy. Soe 
Proc, Roy. So« 


‘G.I 
}.W 


AND R K 


PATHRIA 

Hallett (1953), that the arrangement corresponding to 
case A would be stable to fluctuations due to turbulence 
at all speeds of rotation, however large. In fact, one 
should expect that at some fairly high value of the 
Reynolds number the flow will become turbulent even 
though it is stable against the disturbances considered 
by Taylor. This is precisely what Taylor observed in 
his later experiments'! on the measurements of the 
torque reaction between two concentric cylinders, of 
which one was stationary and the other was in uniform 
rotation. In case B the torque showed a departure from 
its linear dependence on velocity at almost the same 
speed of rotation at which the instability was expected 
by ‘Taylor’s analysis. In case A too, this sort of de- 
parture invariably occurred at a fairly well-defined 
speed of the rotating cylinder. Taylor has given a plot 
of the critical Reynolds number .\,(=,at/v) as a func- 
tion of t/a, where a is the radius of the outer cylinder 
and the width of the gap, /, is taken as the characteristic 
length. 

Applying the principle of dynamic similitude, we may 
now utilize the above results in order to study the 
possibility of turbulence in the normal component of 
liquid helium IT in the experiments under consideration. 
The design of the Hollis-Hallett experiments corre- 
1.3. The corre- 
is about 2500. 


sponds to case A, with logio(t/a) 
sponding critical Reynolds number .\, 
In actual experiments, however, the departure from 
linear dissipation occurred at considerably different 
values of the Reynolds number. For instance, at 
7 = 2°K:, the observed value of .V,(= ,lp,/n,) was about 
75, decreasing with temperature to about unity at 
T=1.25°K. It is very significant to note that not only 
are these values far below that required for the onset 
of turbulence in a normal viscous liquid but also they 
themselves extend over a fairly wide range. On the 
other hand, the velocity at which the abnormality sets 
in is, over a wide range, almost independent of tem- 
perature, and consequently of p, (or of p,»/,). It is 
evident, therefore, that something happens to the liquid 
at a definite velocity of rotation and not at a definite 
Reynolds number. Thus we conclude that the observed 
behavior of liquid helium II in this case cannot be 
attributed to the setting in of turbulence in the normal! 
component 

Qn the other hand, in the experiment of Kolm and 
Herlin, which corresponds to the case B, one would 
expect, from the Taylor criterion, that instability would 


appear when the Reynolds number is about 80. In the 
actual experiment, however, the Reynolds numbers 


are, almost throughout, higher than this value. Hence, 
in case the normal component were to exhibit instability 
this would have been apparent throughout the range of 


observation. No such behavior has, however, been 


observed. It would not therefore be advisable to 


attribute the abrupt change observed by them to the 


"G.I. Taylor, Proc. Roy. Soe (London) 157, 546 (1936) 
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appearance of turbulence in the normal component, 
provided one is allowed to treat the normal component 
as any ordinary viscous liquid. 

Consequently, it reasonable to state that 
neither the force of mutual friction between the two 
components of liquid helium IIT nor the appearance 
of turbulence in the normal component may be invoked 
in order to the aforesaid observations. 
Obviously, therefore, the superfluid is the proper mode 
into which one should look for the cause of the reported 


seems 


account for 


anomalies: probably the appearance of vorticity, on 
a macroscopic scale, in the superfluid would provide the 
requisite basis for the expected nonlinear dissipative 
forces. 

Being a fluid of apparently zero viscosity, the super 
fluid might be expected to be highly susceptible to 
turbulence. London,® on the other hand, has suggested, 
as emphasized by Landau!’ also, that the behavior of 
the superfluid component is described by the equation 
of potential motion curlv,=0, which suggests reluctance 
to become turbulent. It is natural, therefore, to look for 
a model of the rotating superfluid consistent with the 
requirement of irrotational flow for velocities less than 
a certain critical value. The motion would remain non 
dissipative in this range of velocities and above that 
would suffer a transition accompanied by a rupture of 
the potential motion and the onset of nonlinear dis 


sipation. 
Ill. THE “ROTATING” SUPERFLUID 


We have based our considerations on the stratification 
model proposed by London,® and recently adopted by 
Landau and Lifshitz," for the motion of the rotating 
superfluid. According to their picture," the superfluid 
remains in a state of complete rest until the angular 
speed of rotation exceeds a certain minimum value a). 
lor speeds higher than w,, the superfluid is looked upon 
as stratified into a number of coaxial layers charac 
terized by their bounding radii 7, 2, -* +, %e, Tee ty °° ny 
in such a way that within each layer there is a curl-free 
circulation with 
jumps at the interfaces (that is, the vortex sheets). 


the velocity undergoing quantum 


The quantized potential motion in the region r%—r,41, 
designated as the Ath layer, is given by the tangential 
velocity kh/(2rmr) and the angular momentum kh/2r 
per particle. As the speed of rotation increases, the 
number of layers also increases. The layers go on be 
coming thinner and thinner and the vortex sheets come 
closer and closer. It is expected that a critical stage will 


21, Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 11, 592 
(1941), 

81, D. Landau and E. M 
S.S.5.R. 100, 669 (1955) 

“In his preliminary analysis, London had suggested that, in a 
more detailed development of the stratification model, account 
should be taken of the expenditure of surface energy at the layer 
boundaries. We have shown that if this expenditure is ascribed to 
some sort of a surface tension at the interfaces, the inclusion of the 
“surface terms” does not modify the results to any considerable 


extent (details of these calculations are being reported elsewhere) 


Lifshitz, Doklady Akad. Nauk 
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be reached when the layers become so thin that the 


consecutive vortex sheets come too close to remain 


independent of each other. The layer structure then 
becomes virtually disrupted and the supertluid acquires 


a macroscopic turbulence field, At this stage the system 


experiences a macroscopic breach of supertluidity and 


nonlinear dissipation sets in, 

Ihe critical layer thickness at which this transition 
takes plac e must be something in the nature of a corre 
lation distance characteristic of the liquid under investi 
gation. A concept such as that has recently been de 
veloped by Blatt ef a/.’? in connection with their study 
of the nature of the supertluid state. The correlation 
distance A 1s a characteristic distance which marks the 
limit of the range of momentum correlations between 
Their estimate for its magni 
tude in the case of liquid helium II is 10 4-10 ° em.'® 
We, therefore, expec t that in the case of heuid hehum I] 


two neighboring particle 


in rotation the superfluid component does not con 
tribute to the processes of dissipation for those velocities 
of rotation which keep the layers thicker than A. As 
soon as the layer thickness approaches this limit, dis 
sipative forces come into operation in the superfluid 
This stave is reached at the critical 


component too. 


velo ty 7 . 


Clearly, in order to evaluate v* from these considera 
tions, it is required to obtain the relation between the 
velocity of rotation and the layer thickness. In the 
state of thermodynamic equilibrium, London obtains 
the following expression for the radii of the layer inter 
faces 
h 
(2k—1), k ay JM, (1) 
birma 

where m is the mass of each (supertluid) particle and 
w is the angular velocity of rotation of the cylindrical 
Now, first ol all, we have to ¢ tabli hy the 


(1) above, for the 


container 
expressions, corresponding to hq 
different geometrical arrangements of our present in 
terest. 
Case A: 
the outer cylinder of radius a is rotating with a uniform 


Phe inner cylinderof radius 6 is at rest and 
angular velocity w. In order to obtain the layer structure 
in this case, we modify the one appropriate to the case 
b=0, that is, the case represented by Eq. (1), by merely 
restricting its total extension to the region between the 
In this way the 
the different layers is left intact except that they get 
laterally that the 
ibility of the fluid is ensured. We denote the 


two cyclindrical wall individuality of 


shrunk and elongated axially so 


incompre 
new radii by »’. Then, the whole of the fluid which wa 
previously occupying the region r=O to r=a is nov 


confined to the region r=b to r=a and further, that 


part of the fluid which was previously occupying the 


region O—r, is now confined.to the region b—1;’ 


S. T. Butler and J. M. Blatt, Phys. Rev. 100, 495 (1955 
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Obviously, one must have 


/9 


(74? — b*) /14.2 = (a? — b?)/a?, 


each being equal to the ratio of the original height of 
the fluid to its new height. Whence, using Eq. (1), we 


have 
a* 53 h 
ry? v+( )( ) 2-1) 
a’ 4rmw 


Case B; The outer cylinder of radius a is at rest and 
the inner cylinder of radius 6 is rotating with a uniform 
angular velocity w. The layer structure in this case will 
evidently be obtained by interchanging the roles of a 


and 6 in the previous case, whence 


a’—b? h 
sme (22) Jen 
b? 4rmu 


It may be noted that in the present considerations also 


(3) 


(just as in London’s treatment, reference 6) no assump 
tion has been made to restrict the velocity of the super 
fluid in contact with the rotating wall to the velocity 
of the latter 

Next, the mean tlow rate within the &th layer is 
given by: 

Case A 

kh 


/ 


-%, ) (4) 


In (rega’/7%’) 
2rm 


, 
Vi (Veg 


Substituting for r,)"? and »,”* from Eq. (2) we obtain 
after simplification 


h ah 4rrmw\ 1 
De (e5.1' — Te ) /|1+( )( ) | (5) 
farm a’®—b? h 2k 


For the layer close to the rotating wall one has from 
Eq. (2) 
>1) 


2k™4nmwa*/h:. (> 


Hence, the mean velocity within this layer would be 


very nearly equal to v, the peripheral velocity. Setting 


the layer thickness equal to A, we obtain, from Eq. (5), 
for the critical velocity, 


h b 
S 
4armA a’ 


Case B: In the same way, we obtain for this case 


h a j 
(5) 
tormA \ Bb? 


Next, we investigate how far the conclusions arrived 


at above are applicable to the experimental results 
II. In the Kolm-Herlin experiment, 


discussed in Sec 
a=0.95 


velocity, t%* 


and the observed critical 


Equation (7) then gives for 


0.63 
cm 


cm, 6 


1.2 


cm, 


SC¢ 
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the correlation length 
A=8X10~° cm, 


a magnitude well within the reasonable limits of 
10-*-10~° cm proposed by Butler and Blatt.'® Also one 
should expect from general considerations that the 
magnitude of the correlation length would not be very 
much different from the thickness of the supersurface 
film 

One may now use this value of the correlation length 
in Eq. (6) in order to obtain the magnitude of the 
critical velocity expected in the Hollis-Hallett experi- 
ments (a= 2.097 cm, b6=1.991 cm). One immediately 
obtains 


» * 
Ya 


0.09 cm/sec 


’ 


in remarkable agreement with the observed values of 
0.08 to 0.09 cm/sec. 

At this stage, one may not, however, insist upon the 
details of the present model. It would be interesting to 
work out, in greater detail, the actual magnitude of the 
contnbution due to the appearance of large-scale 
vorticity in the superfluid. Pending the development of 
such an analysis it seems that the present considerations 
are a step in the right direction towards a clear under- 
standing of the roles played by the superfluid and the 
normal components in the rotation of liquid helium II. 


IV. FLOW THROUGH THE SUPERSURFACE FILM 


Clearly, one may expect that the essential features of 
the stratification model should also be applicable to the 
linear flow of the superfluid. Needless to add, the 
details of such a consideration would be highly compli- 
cated owing to the complexity of the macroscopic 
boundary conditions. However, one may intuitively 
develop a qualitative argument in order to picture the 
flow of superfluid helium through the supersurface film. 
It is interesting to note that this simple consideration 
leads to quite far-reaching conclusions. 

We study here the rate of transfer of the supersurface 
film under a temperature gradient. Strictly speaking, 
the stratification model is not applicable insofar as the 
flow is nonisothermal. However, it still seems interesting 
to point out some of the simple features of the probable 
mechanism of the flow phenomenon 

Consider the change in the flow process as the heat 
input is gradually increased from a vanishingly small 
value. In the beginning, the rate of transfer is small 
and therefore the velocity with which the film. slips 
over the supporting surface is much less than the usually 
observed critical velocity. As the heat input is increased, 
a stage is reached when the slip velocity becomes just 
equal to the critical value. Here, superfluid particles in 
contact with the surface would start experiencing fric 
tional effects and, in fact, some of the atomic layers may 
stop moving. Next, since tri:*d~const, and since the 
effective thickness of the moving film has been reduced 
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(due to the stoppage of some of the layers), the effective 
critical velocity for the moving part assumes a higher 
value. Consequently, the flow breaks up into two parts 

a portion of the superfluid (which is in contact with 
the wall) completely at rest, and the remaining part 
flowing with a subcritical velocity (pure superflow). 
Qn further increasing the heat input two effects are 
expected to appear. First, the thickness of the stationary 
layer increases and second, since the superfluid par- 
ticles can lose energy only in accord with the principles 
of quantum mechanics, a layer structure is formed. In 
other words, the moving portion of the superfluid is 
broken up into layers. The actual velocity distribution 
may be quite complicated. However, it does not appear 
to be necessary to go into further details for the purpose 
of a purely qualitative argument. Suffice it to say that 
as a result of the frictional effects, the portion of the 
superfluid which participates in the flow process effe: 
tively reduces and hence the rate of transfer would not 
follow the increase in the heat input. In other words, 
even though intrinsically the velocity of flow may in- 
crease, the observations would not exhibit a larger rate 
of transfer insofar as the cross section of the moving 
part goes on shrinking. 

Such an effect, it may be noted, has been observed by 
Chandrasekhar and Mendelssohn.* Also, it may be 
pointed out that so far it has not been found possible 
to account for their observations on the basis of any one 
of the well-known models for the flow of supertluid 
helium. It would be worth while to work out the actual 
velocity at which the frictional effects first appear, but 
at present one has to be content with an interesting, 
though of course sketchy, picture of the flow phe- 
nomena 


V. DISCUSSION OF RESULTS 


We have seen above that once the stratification con 


cept is accepted as the probable model for the rotation 


of superfluid helium, it follows that it would exhibit the 
onset of strong dissipative effects at a well-defined speed 
of rotation. Since each of the layer boundaries (that is, 
the vortex sheets) represents a local breach of super- 
fluidity, it is clear that the “merging” of these bound- 
aries when their separation approaches the magnitude 
of the correlation distance is virtually equivalent to the 
field. One 


cannot but stress the importance of the model in order 


appearance of a macroscopic turbulence 


to estimate the magnitude of the correlation distance by 
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recourse to well-known experimental results. In this 
connection, one may utilize the observations of Heikkila 
and Hollis-Hallett? who have measured the values of 
va* over a wide range of temperatures. It is found that 
v,* varies from 0.08 cm/sec to 0.09 cm/sec as the tem 
perature is varied from 1.3°K to 2.1°K and_ then 
increases rather rapidly as the lambda-temperature 1s 
approached. This immediately leads to the conclusion 
that A should decrease from 9X10~° cm at 1.3°K to 
810° cm at 2.1°K and then show a rapid decrease 
Of course, such a behavior of the variation of the corre 
lation length is quite consistent with the concept that 
it would be of the order of the effective deBroglie wave 
length in the system under consideration (see reference 7 
for a detailed discussion) 

Clearly, in all systems there are a certain number of 
particles in the lowest state of energy, that is, with 
large deBroglie wavelength, but in the case of liquid 
helium, below the condensation point, this number is 
comparable to the total number of particles in the 
system. ‘Therefore, the magnitude of the correlation 
length, which would be large at temperatures fairly 
below the lambda point, should reduce rapidly as the 
lambda point is approached. For the number of par 
ticles having large deBrogle wavelength becomes van 
ishingly small in comparison with the total number. In 
fact, just above the lambda point one should expect 
the correlation length to be of the order of the deBroglie 
wavelength of a particle with energy k7’, v12., ~1077 em 
A possible confirmation of these results may be obtained 
if the Kolm-Herlin experiment is also performed at a 
number of different temperatures 

Pending the availability of more detailed observa 
tions, it is encouraging to note that the present model 
provides a fairly satisfactory explanation for the 
anomalies observed with two types of arrangements 
which are rather widely different from the point of 
view of the stability of viscous flow. Further, it is 
hoped that it would be possible to develop the full 
details of this mode] within the framework of a general 
quantum theory of the liquid state 
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The quantum theory of noise in lossy electrical circuits is extended to systems which are not in thermal 


equilibrium 


rhe theory is applied to microwave molecular amplifiers (masers) and predicts a correction 


to the classically calculated noise figure which can be identified with spontaneous emission from the molecules 


of the active medium. The correction is 


low temperatures 


I. INTRODUCTION 


HE limiting sensitivity of high-frequency elec- 
tronic amplifiers is determined primarily by the 


thermal! which arises from the uncontrollable 


motion of charged particles in the dissipative elements 


noise 


of the amplifier, and by shot noise whose source is the 
finite size of the elementary quantum of electric charge. 
The invention of the NH, ‘maser,’ an amplifier which 
is based on the interaction of the electromagnetic field 
with uncharged particles, and its proposed magnetic 
analogs,’ provides a means of eliminating shot noise 
Moreover, the possibility (or necessity) of employing 
materials cooled to very low temperatures to interact 
with radiation in these devices has led to the hope that 
amplifiers of exceedingly low noise factor might eventu- 
ally result from this technique 

We propose to examine this idea in the light of the 
following considerations: 

(1). The material which interacts with the radiation 
in a maser is not in thermal equilibrium*® and thus 
caution must be exercised in assigning to it a noise 
temperature 

(2). Interaction can take place with vacuum fluctu 
ations of the electromagnetic field (spontaneous emis 
sion), producing noise which could not be predicted by 
classical theory 

These considerations have been treated from a 
phenomenological point of view by Shimoda, Takahasi, 
and ‘Townes.4 The present study is based on a theory 
of noise proposed by Callen and Welton® and developed 
further by Weber® and by Ekstein and Rostoker.’ 


Il. NOISE THEORY OF NONEQUILIBRIUM SYSTEMS 


A circuit capable of supporting a normal mode of 
frequency w can be represented by a harmonic oscillator 
Army Signal Corps 
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small at ordinary temperatures but becomes significant at very 
) x 


whose Hamiltonian is 
H=} (p+). (1) 


We consider the circuit coupled to two dissipative 
media one of which is in thermal equilibrium; the 
Hamiltonian of the system is® 

p 
H=}(pP+0'¢’) +H imaitH net (QitQ2), (2) 
Ve 


where //p,, Hp. are the Hamiltonians of the unper- 
turbed media, Q,, QO» are functions of the coordinates 
and momenta of the particles in the media, and C is 
the capacity of the circuit. 

The total transition probability for the exchange of 
energy between the circuit and the dissipative media, if 
initially the circuit is in a state of energy Ey, and the 
media in states of energies Ex; and Epo, is 


2dr 
{(Er| p/V/C| Er 


1 


VW R hw)” 


x [pl En t hw) Ep ); Ep t hw)? 


t p\ Ere t hw) Ere Or» Ere t hw)? 


hy p/VC|\ Er + hu)? 


X[e( Ee hw) E je V; Er, hw 2 


+p( Ere—hw)(Ep2|Q2| Ex2—hw)*}}, (3) 
where p(£) is the density-in-energy of the states of the 
media 

Now the information about the energy 
medium 1 is statistical in all cases, while the information 
medium 2 may be either statistical or exact. 
The first of these alternatives arises, for example, when 


state of 
about 


the medium is made active by inverting the state 
populations from equilibrium, as in some of the pro- 
posed paramagnetic masers; the second is characteristic 
of a process such as is used in the ammonia maser, in 
which the upper and lower state populations are con- 
sidered to be known exactly. We will deal with both 
alternatives here and show that they are substantially 
equivalent. 

The average transition probability due to medium 1 
is obtained by averaging over an ensemble of similar 
systems. This calculation has been carried out by 
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Weber® but we will 


utilize a similar procedure later 


reproduce it here because we 


x 


an 
ky p \ ( Ky hw f pik: Rit hw) 
h | 


XE R + hw Vi Er OE ry) flErvddk Ri 


(Wri) 


L 


t (ky p \ G ky { hw | p(y hw) 
he 
KE x1 ha QV; Eri (Ens) fEns)d Ee 


(Ey p \ ( ky hu ‘f pli: fal hw) 


2r 
h 
X (Erith! Qi) Fri) pl(Erv feeder 


Zs 


+h, p \ oi ky + hw f p(x) 


XK ); Er T hw ‘olf: rit hw) 


| f(E Ry t hw) fh: ri) EedFna| (4) 


Here /(2) is the statistical weighting factor, and 


f(Erithw)/ f(E ry) hw/ kT) 


exp 


If we introduce the quantity 


2dr 7” 
Si = J plEep, t hw) Ep V; py T hw 

h 0 
Kpl(hni)f(irideai, (6) 


the transition probability becomes 


(Wri Si[ (Ey p \ ( Ey hw , 


t(E eg! p//C| Ert+hw hw/kT) | 


exp 


Now alternative discussed above 
for medium 2, 1.e., 


by state inversion (system 1) 


consider the first 
that of an active material produced 
Then the 
used for medium 1 applies to medium 


calculation 
2, with the 


modification 


(Epo +- fia ) f(E po exp ( +-tw/ kT 


so that 


(W pro Sal (Ey 


l 


t (Ey 


p/VC| Er—hw) 


p/v/ 4 Ev+hw "exp ( +hw/kT) | (9) 


If the state populations are known exactly (system 2), 
say m, and m» for the upper and lower state respectively, 
then no averaging is necessary and 


2C 
((Ey p \ ky 


hw 


(W re hu)*b»’ 


+ (fey p /C Ky thw)? 


MOLEC 


LAR AMPLIFIER 


where dy’ and 69’ are proportional to the matrix element 
between the levels, and to mq and mm», respectively 

We can now calculate the time-dependent behavior 
of the circuit by collecting the terms which induce 
upward and downward transitions. For system 1 the 


stored in the circuit is governed by the 


hw 
sf (+1) exv( ) “| 
kl 
hw 
psf nt new ) a (11) 
kI 


have put in the values of the harmoni 


energy ( 
equation 


dl hw) 


dt 2 


where we 

oscillator matrix elements. We define the quantities 
Gi = thaS\[1—exp(—hw/kT) 

12) 

G2= shwSo| 1—exp' /RkT) | 


using the fact that l 


We can solve Eq. (11) by 


(n+ })hw, obtaining 


1+exp(— he 


1+exp(hw —| 


l f i Gy 


1—exp(—hw/k 1—exp(hw/kT) 


(G,+-G )L/¢ (13) 


al behavior, if we identify 


the cla 


This has the proper cla 
the quantities G, and Gy» a ical conductances 
We note that Ge<0 as 
conductance of an active element 

If G;+G.>0, the table 


State energy 


would be expected of the 


system | and has a steady 


(after subtracting the zero-point energy) of 


G, exp(—hw/kT) 


hye Come 


With the approximation ha<k7 


Gi G 
U(#)S ( Jer 
Git+G 


which indicates that at ordinarily encountered temper 


the noise contribution of a negative conductance 


Nyquist 


ature 


is given by the noise” appropriate to it 


absolute value 


*H. Nyquist, Phy 
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Phe energy equation of system 2 is 
dU (hw)? 


Sil (n+1) exp( 
dt 2C 


hw/kT)—n | 
+ hl (n+1)ao’—nb’}, (16) 
whi h is solved by 


G; {1 +exp(—hw/kT) 
, i ( ) ta»’+ | 
C \1—exp(—hw/kT) 


1—exp{ [ (G,/C)+by' — ay’ |t} 
x| | 
(G,/C) +9’ é 


ay 


+ Uy expf [ (Gi/C)+be'— ay’ \t}, (17) 


and which, in the stable case, has the steady-state 


energy (less zero-point energy) of 


has! + (Gi/C)hw/Lexp(hw/kT) —1 | 
/ (x) (18) 
(G; Le { hb,’ ay’ 
(13) and 


The meaning of Eqs (17) becomes more 


apparent if we note that 


G,/C=w/V, (19) 
is the net probability per unit time of absorption (or 
emission if G,, O, <0) due to the loss represented by 
Q, and that 6’ and a’ have the same meanings for the 
exactly specified active medium of system 2. Thus we 


can write 
b, 
; (20) 
ay, 


where we use }, for a net absorption probability and a, 
for a net emission probability. 

If we define an “effective temperature” for the active 
medium in system 2 by the relation 
(21 


dy’ / bo’ =exp(hw/kT,), 


where it is understood that this definition does not 


imply thermal equilibrium, then from Eqs. (20) and (21 


b.’ — ds dy exp(hw/kT,) 


hw kT) 1 exp(hw kT) ] 


exp 


With this new notation we can rewrite, for example, 


Eq. (14) 


l(a) t (23) 


hw | b, 


dy exp(hw/kT) | 
1 


exp(hw/kT)—1 exp(hw/kT) 


db, ad 


and Eq. (18) 
hw by 
U/(«) | 
by 9 exp(hw kT)—1 
ay exp(hw/kT’,) 
| | (24) 


exp(hw/kT,)—1 


Alternatively, by noting that for the medium in thermal! 
equilibrium 
a, b,’ 


exp(- hw/kT), (25) 


we have, for both Eqs. (14) and (18), 


ay'+ a2! 
U(a2) hl ) 
b, ds» 


Thus it is quite apparent that systems 1 and 2 are 
fully equivalent and that there is no further need for 
separate developments. 

A result equivalent to Eq. (26) has been deduced by 
Shimoda, Takahasi, and Townes* 


(26) 


on the basis of a 
stochastic equation for the emission and absorption 
processes. The present Eq. (26) and the theory leading 
to it differs from that result in that the noise energy 
from the active and passive media are treated sepa- 
rately. This feature makes the present theory suitable 
for the direct calculation of the noise figure of an 
amplifier, since the concept of noise figure is based on 
the comparison of excess noise with thermal noise. 


Ill. APPLICATION TO THE REGENERATIVE 
MASER AMPLIFIER 


A simple kind of molecular amplifier is shown in 
kig. 1 
originally by GZT on a classical basis. We deal first 
with the stable amplifier for which 6,> a» 

For the system of Fig. 1, 


This regenerative amplifier was discussed 


b,=b,+b,+6,., (27) 
where the subscripts 7, 0, ¢ refer to the input coupling, 
output coupling, and cavity walls, respectively 

In terms of this notation the gain and noise factor 


of the amplifier as given by GZT appear : 
1b,b, 
(b, d»)* 


dy 
a 
b, ub 


equation (29) does not take into account any noise 
generated in the active medium. In order to include 
II the 


amount of energy stored in the cavity in the steady 


this effect, we obtain from the theory of Sec. 


t Note added in proof.—Eq. (29) does not conform to the con 
ventional definition of noise figure, because it is based on the 
signal-to-noise ratio in the wave traveling away from the output 
which contains some (but not all) of the noise generated in the 

Sload. The conventional noise figure is F =a,/b;; if all the noise 
from the load is assessed against the amplifier, the noise figure is 
I’ =b,/b,. This last equation is based on the signal-to-noise ratio 
vhich would be measured immediately following the amplifier 
and thus is most meaningful in practice. All these equations are 
equivalent when ~>1, I am indebted to the referee and to Pro 
fessor FE. T Jaynes for this point 
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state due to this source: 
hwa,! 
U,=———. (30) 
b;— a2 
Equation (30) is an expression for the total energy 
integrated over all frequencies. In order to obtain a 
noise figure we need the spectral density of this energy. 
The spectral density can be obtained readily by an 
extension of the theory of Sec. II which has been carried 
out for media in thermal equilibrium by Weber® and 
Ekstein and Rostoker.’ Their procedure can be carried 
out with no essential modification for nonequilibrium 
systems and leads to the following expression of the 
spectral density of a noise current generator equivalent 
to the medium: 
} 


2 ay’ - b,’ 


(G1(w)) 


2 G» ~ hwa »' | 


T 


(31) 


G2 hu ho 
i | 
2 exp(hw/kT,)—1 


T 


In Eq. (31) the quantities Ge, ay’, by’ are of course 
functions of frequency ; their variation is given essenti- 
ally by the line shape of the transition and thus depends 
on the details of the amplifier design. It has been shown, 
however, that if the gain of the amplifier is large, its 
band width is small compared with the line width, so 
that over the band width of the amplifier we may 
consider (G;(w)) to be constant. 

We can now compute the noise figure of the amplifier 
by extending the method of GZT: 

The amount of thermal noise power incident on the 
maser cavity in a frequency interval Aw due to the 
input signal generator impedance is 


hw (~) 
exp(hw/kT)—1\ 2m 


The net thermal] noise power transmitted into the 
ha 


Aw 
nie Me) 
exp(hw/kT)—1 2dr 


4b, (b;—b;— a2) 
x( ), (33) 
(by) — ao)? +4(w —W,)* 


where w, is the resonant frequency of the cavity in the 
presence of the active medium, The energy stored in 
the cavity due to the generator’s thermal noise is 


reac, 


U (a)du=( 
exp (hw kT)—1 
4b, 


x( 
(by — a2)? +4(w—w,)? 


P(w) Aw (32) 


cavity is given by 


| 


LAR AMPLIFIER 


ACTIVE MEDIUM 


OUTPUT 


\ cavity maser 


It might be noted that Eq. (34) which for reasons 
of convenience we have deduced from classical circuit 
theory, also follows from Eqs. (23) of (24), Eq. (31), 
and the discussion of band width. 

By the same argument the energy stored in the 
cavity due to thermal noise from the walls is 

hw 


Aw 
U, (w)Aw ( )( ) 
exp(hw/kT) —1 2dr 
4b, 
x( ), (35) 
(b,;—a2)*+4(w—w,)* 


and the energy stored due to noise from the active 
4a,’ 


Aw 
hw ( ). (36) 
an (by ay)* + 4(w w,)* 


f Unl(w)dw= Uy 


s 


medium is 
Us(w) Aw 


so that 


(37) 


From Eqs. (34), (35), and (36) we find, for the noise 


power in the output from sources other than the load 
impedance, 
hw 


Aw 
Po! (w) Aw ( )( ) 
exp(hw/kT)—1 dn 
4by(b,+b-) 
x( ) 
(b;— a»)? +4(w—w,)? 


Aw 4boay’ 
+ ho ( ) (3%) 
2m \(b; We)? 


The total noise power in the output wave guide, 


a2)? +4(w 


including noise power generated in the load and reflected 


Aw 
Po(w)Aw ( )( ) 
exp(hw/kT)—1 dr 
tha» 
“| ] 
(b,— a2)? +4(w—w,)* 


Aw bhya,’ 
+- hw ( 
dm \ (by — a2)? +4 (wu 


at the output coupling, is 


hw 


) (39) 
w,)* 
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«© that the noise figure becomes 


do 1 ad 
Lexp(hw/kT) (40) 


wb, 


Thus the noise from the active medium has a negli 
gible effect on the sensitivity of a maser amplifier, if 
the absolute value of effective temperature 7), is 
small compared with the ambient and input tempera 
ture 7 


amplifiers employing materials at liquid helium temper 


However it has been proposed that maser 


atures be used, say for radio astronomical applications 
In such applications the noise figure would be based 
on the temperature of the sky, which is of the order of 
1K 


bodied in Eq. (40) might amount to several decibels at 


Under these circumstances the correction em 
the higher microwave frequencies. When T7,~7, which 
will be true under these conditions, and perhaps at 
ordinary temperatures for system 1, discussed above, 
the last term on the right-hand side of Eq. (40) will 


not be negligible. From Eq. (28) 
by dy (4b iby us), 


and using Eqs. (20), (21), and (27), we obtain 


ay’ 1 bo +b, thy\? 
( co 
b, 1—exp(—hw/kT,) b, bys 


If we substitute this expression in Eq. (40) and use 


Kg. (22), we obtain 


by +b, bbo\ ? 
| | 14 ( ) 
b buy 


l 
x] 1+-exp(hw/k7 ( 
l 


exp 


hw/kT) )| 
hw/kT.) FV 


Hf hw<kT, ho<kT,, 


exp 


with the following special cases 


bo +b, ‘ie 
ro if | 
/ 


7 (system 1), p> 


u>, 


ley 
by +b, 
rf t : texp(hw/kT) | 
b 


Irom these equations we can conclude that for a 


regenerative maser it is preferable to obtain the active 


medium by selective focusing or optical pumping rather 


than by state inversion 


IV. SUPERREGENERATIVE AMPLIFIER 


If in the system of Fig. 1 the quantity of active 


material is increased until a,>0,, the amplifier is no 


longer stable and the energy in the cavity will increase 
exponentially as predicted by Eq. (13) or (17). If 
some appropriate means of quenching the oscillation is 
provided, the system can be used as a super-regenerative 
amplifier. 

It is not possible to predict the noise figure or gain of 
such an amplifier without knowing the details of its 
design. It is possible, however, to calculate the excess 
of noise above its classical value due to emission from 
the active material. For this purpose we make the 
following assumptions : 

(1) At the start of the exponential rise the cavity is 
in thermal equilibrium, so that 

Uy =hw/Lexp(ha/kT) —1] (41) 


(2) The 


allowed to build up long enough so that 


“vain” is large, that is to say, the signal is 


exp[ — (b;—d2)t |>1 (42) 
With these assumptions Eq. (17) becomes, after 


subtracting the zero-point energy, 


~( 1 )|| 2b; 
2 \b;—ae LLexp(hw kT)—1 


) 


< 


} }+-0:| exp| -(b\— ay) |. (43) 
exp(hw/kT)—1 


The classical thermal noise is due to the term in square 
brackets in Eq. (42); the excess noise is due to the 
term. The 
negligible since 6;>>1, and thus the correction to the 


second contribution arising from Uy is 


classical noise figure is 


I Fafl + (ay’ b )Lexp (hw kT) 1 I}, (44) 


where F,, is the noise figure that is obtained when the 
noise generated by the active medium is neglected. 
; V. CONCLUSION 

It has*been shown, by an extension of the quantum 
theory of noise to systems not in thermal equilibrium, 
that the active material in a molecular amplifier makes 
a finite contribution to the noisiness of the system. 
Che applications treated include the stable regenerative 
maser and the superregenerative maser. The correction 
due to this noise source is small at the usual microwave 
frequencies and at ordinary temperatures, but becomes 
significant at frequencies and temperatures for which 
ha~kT, a condition which may be met in some pro- 
px sed devices 

Ihe author is indebted to Dr. W. L. Beaver, Dr. J. 
(. Helmer, and to Professor M. Chodorow for several 


stimulating discussions 
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lhe quantum-mechanical partition function for a system of interacting electrons and nuclei is examined 
in the “classical” limit, in which #0 in the nuclear kinetic energy operator while # is constant in the 


electronic kinetic energy operator. It is shown that in the ‘‘classical’’ limit, the apparent nuclear potential 


energy which appears in the partition function is actually the free energy of the electrons in a system of 


fixed nuclei, as a function of nuclear configuration and temperature 


Ihe lowest order quantum correction 


is obtained. The effect of the adiabatic approximation is studied; it leads to the correct “classical” limit 


but a formally inexact lowest order quantum correction 


I. 


HE partition function, in classical statistical 


mechanics, associated with the Hamiltonian 


+ U/ (4,82, + -4r,) 


0, ff ew BH )dr’dp’. 


(The system contains v particles, with positions 
fa, MoMenta Pa, and masses ma; B=1/kT, where k is 
Boltzmann’s constant, and 7 is the absolute tempera 
ture. The sets of all momenta and all coordinates are 
denoted by p’ and r’.) The corresponding quantum 
mechanical partition function 1s 


O=)> >; exp(—pE,), (3) 


where /; is the energy of the jth quantum state of the 
entire system, and is an eigenvalue of the Hamiltonian 
operator 
h 
Va? + U(r’) (4) 
2Ma 
Kirkwood! has discussed the transition from the 
quantum to the classical partition function for a system 
with a Hamiltonian of this sort. In particular, he 
obtained an expansion in powers of h, of which the 


first few terms are 


h**O h’s 


1+— > 


0), 12 a 


‘ 


(V_6U)?—29,7BU )+0(h'), (5) 


2Ma 
where the average ( ) is taken over the classical Boltz 
mann distribution in configuration space. This result 
applied only in the case where the constituent particles 
are Kirkwood 
considered the case where the particles obey Bose or 


assumed to be distinguishable also 


* This research was supported by the Office of Naval Research 
under a contract with The Johns Hopkins University 


'J. G. Kirkwood, Phys. Rev. 44, 31 (1933); 45, 116 (1934 


Fermi statistics. He showed that the Gibbs factor 1/v! 
is introduced, and that there are additional quantum 
corrections which vanish with h. 

In this article we shall extend Kirkwood’s discussion 


describes the 
The 


contribution to the partition function will be treated 


to systems in which the potential U 


interactions of electrons and nuclei electron 


in a quantum-mechanically correct way, and the 


transition to a “classical” partition function will be 


carried out for the nuclear motions only, We place 


quotation marks around ‘classical’ because we use 
the word in a special sense, namely to refer to the limit 
as h->0 in the nuclear kinetic energy operator, while h 
is held constant in the electronic kineti energy operator 
We shall consider only 


are distinguishable 


the case in which all nuclei 


the extension to Bose or Fermi 
statistics can be made in exactly the same way as in 
Kirkwood’s lead to the 


1/v! and the same kind of quantum corrections. Our 


treatment, and will factor 


principal result is the following: in the “classical” limit, 


' 2 
= f fe 5 + U(r’; B) deedp’ (0) 
jy” a=| 2Ma 


where the apparent nuclear potential energy l/(r’; §) 
is given in terms of the electronic energy levels &,(r’) 
of the system with nuclei fixed in the configuration r’, 


BU(r’; B) 7 exp| — B®,(r") 


i 


exp| 
Phat is, the apparent potential energy in the “classical” 
nuclear Hamiltonian is actually the free energy of the 
electron system as a function of nuclear configuration 


We shall 


order quantum correction to this result, and compare it 


and temperature also obtain the lowest 


with the correction one obtains when the adiabatic 


approximation is used to separate electronic and 


nuclear motions 

Il. 
n electrons, 
The 


tem is a sum of the 


We consider a system of v nuclei and 


with a potential energy of interaction LU,(r",r 
the y 


total Hamiltonian 34 of 
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nuclear kinetic energy operator 


ry ht 
T, po 


a=! 2m, 


V.", 


the electronic kinetic energy operator 


n hi? 
V7, 
j=l 2m, 


and the potential energy, so that 


K=T7T,+K,, 
(10) 
Te+U, 


(In the following discussion, Greek indices will refer 
to nuclei and Roman indices will refer to electrons.) 


The partition function may be written in the form 


1) Ef fetter) ern BK) g(r" r’)dr"dr’, (11) 
} . 


where the ¢g, are an arbitrary complete set, orthonormal! 
in the electronic and nuclear coordinates, Spin quantum 
numbers can be included implicitly by, for example, 
interpreting fdr, as an integral over the space co- 
ordinate of the jth electron and a sum over its spin. 
We assume that the ¢; have been properly antisym- 
metrized in the electrons in accordance with the Pauli 
principle; as indicated before, we treat the nuclei as 
distinguishable. 

A particularly convenient set of functions for our 
purpose is the one in which K, is diagonal and the 
nuciear states are plane waves. The eigenfunctions and 


eigenvalues of i, are given by 


Kai (e"s rr’) =O (ry (r"; vr’). (12) 


The y, are orthonormal in the electronic coordinates 
for any r’. We therefore replace the ¢,; by 


1 
jel? exp Be. pata ale r’), 
h a 


and replace the sum over 7 in Eq. (11) by a sum over 
k and an integral over p’. The quantum corrections 


(13) 


to the partition function can now be localized in a 


function w, defined by 
u - 

exp(— BIC) exp ) Pa’ Ta yi 
h a 


1 
exp > pa rev exp( 
h a 


BH ,)wy, (14) 


ZWANZIG 


where 
+ Da’ 
H,= > +,(r’). 


a=) 2m, 


Then the partition function becomes 


1 
v ff ew-suoncrarap, (16) 
h*” k 


where 


bule)= f verve(wn)der (17) 


and 


_ pe’ 
(w, J eof >. Jap: / 
2mMa 
_ pa’ 
feof — p> av (18) 
2mMa 


is the average of w, over the classical momentum 
distribution. 

A differential equation for w, may be obtained by 
differentiating Eq. (14) with respect to # and rearrang- 
ing the result. This equation is 
Ow, h2 

mm [V Pw. +2(V, Ina): 0 pwr | 
Op i 2m, 
1 
ae 


a 2Ma 
+ h*( Va WiWs) Vi _ 2h*B ( V.?;) ’ (VaWiwx) yi 
2ihBpa: (VaPy) Wet 2th pa: (Vabiwe)/Px |. 


[h28?(VaP,)*w, —h?B(V2P,)w, 


(19) 
We wish to find a solution of this equation of the form 


W,.= WwW, +hw,. +h?w, + --- (20) 
where / in this expression comes solely from the nuclear 
part of the Hamiltonian 3. For this reason, we denote 
by fh, the Planck’s constant which with the 
electronic Hamiltonian %,. This means that we do 
not expand #, and y, in powers of h, but keep them in 
their exact forms. The initial condition for the equation 
for w, is clearly 


goes 


lim w,= 1. (21) 


feel) 


The first term in the expansion can be obtained by 


inspection. It is ww,“ =1. The equation for w,"” is 


ml Pa 
2, wy +14 2 ‘L(V. Inp) — BVP, |, (22) 


0p a Ma 


where 
> (V7+2(V, Inyx)- 9; ]. 
2m, i 


(23) 


Q.= 
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A formal solution in terms of the operator (2, is 


. Vat; 
a Ma 


ti >. 


Pa 
[ (expBQy) —1 JQe "Va Imp. (24) 


Ma 


w,’ is linear in the momenta, we see that 


0. 
equation for w,'?? is 


+> BV, 
a 2M, 


+ (Vax) vy, 
218 pa’ (Vaby we? + 2ipa: (Va Inpy)w, 


{3°(V.9,)* 


28( Va) - Va In, 


+ 2ipaVaws'}. (25) 
Instead of obtaining a formal closed solution of this 
equation, we solve for the first few terms of an expansion 
of w," in powers of 8. We then average these terms 
over momenta, thus introducing a new factor 6 from 
each average (p,’). Also, we associate a factor 8 with 
each &, which After 
changes, the series expansion may be rearranged to 


appears in the solution these 


the following result : 


(w," 1 ; 1 
z [ ( VP, ) , 


B 12 a 2m, 


2V a PP; | 


+terms of order 8. (26) 


To the lowest order in which quantum effects appear, 


by is given by 
b= 1+h? (w,))+ -- (27) 


The quantum correction for each electronic energy 
level, neglecting the terms of order # in Eq. (26), has 
just the same form as the one Kirkwood obtained 
We thus obtained Eq. (6) in the “classical” limit 


Ill. 


It is interesting to compare the preceding results 
with what one would get by a straightforward applica 
tion of the adiabatic We follow the 
discussion of the adiabatic approximation which has 
been given by Born and Huang.’ First, the eigenvalues 


approximation 


and eigenfunctions of 3C, are obtained. Then the exact 


eigenvalue equation for the total system becomes 


wy kr, 


(7,+0;—C;;— Ed; (28) 
— fy? 
} V*V."y.dr" 


a 2m, 


(29) 


+-2 fvit(vabs)de Ve 


Huang, Dynamical Theory of Cryastal Lattice 


1954 


2M. Born and K 
(Oxford University Press, New York 


ASSICAI 


PARTITION FUNCTION bo 
and the prime on the summation indicates that the 
term k 
approximation is that the off-diagonal elements of the 


j is to be omitted. The essence of the adiabati 


are neglected, thus leading to a separation 
Physically, this 


matrix C ,, 


of electronic and nuclear motions 
amounts to the assumption that no transitions occur 
electronic states. The diagonal 


between distinct 


elements C,,; simplify to 


h 
ze [vere dr" 
2M 


' 


(Wu*® and Wu and Bhatia’ have estimated ( for the 
and He T He They 
conclude that for these systems it can be comparable 
with the Van der Waal’s energies of interaction. For 
systems of heavier nuclei it may be negligible, however 
When the 
nuclear Hamiltonian for the 
T,+0,—C,,;. Now that the electronic 
the partition function have been split off, we may apply 


lowest electronic states of H», Hot, 


adiabatic approximation is made, the 


jth electronic state is 


contributions to 


Kirk wood’s proc edure dire tly to each electroni energy 
level. The result is easily obtained, and is 


1 . 
Ore ffx exp(—BH,)b,(r')dr’'dp’, (31) 
h* h 


where the superscript (a) stands for adiabatic, and 
b, (4 1S 
h’p 
aP,)? — 29,"BP, 


12 [verve } $2) 


with the neglect of higher powers of #. The last term in 
B(b;—C,,) }. It is 
clear that when the adiabatic approximation is made 
of fh is 


identical 


Eq. (32) comes from C’,, in exp| 


formed, the 
with the 


and then the expansion in power 

resulting quantum correction is not 
one obtained by our earlier more direct calculation 
and partly 


partly because of the ¢ contribution to 6, 


because of the terms of order 6 which appear in Eq 
(26) but not in Eq. (32 


We 


expansion in powers of /, nor 


have not investigated the convergence of the 


have we estimated the 
relative magnitudes of the various terms which appear 
in the quantum corrections. We see, however, that in a 
purely formal way the adiabatic approximation doe 
not lead to an exact result as far as the lowest order 
quantum correction is concerned, and also that the 
C,; terms should not be included in the nuclear Hamil 
limit 


tonian in the ‘‘classical 


r-Y. Wu, J. Chem. Phys. 24, 444 (1956 
‘TY. Wu and A. B. Bhatia, J. Chem. Phys. 24, 4% 





VOLUMI 


106 Ni 


MBER 1 APRII 


Annihilation of Positrons in Liquid Helium 


D. A. L 


PauL*® anv R. L 


GRAHAM 


Physics Division, Atomic Energy of Canada Limited, Chalk River, Ontario, Canada 


(Received December 3, 1956) 


It has been shown experimentally that positron annihilation in liquid helium exhibits three components 
of lifetime. At 4.2°K and one atmosphere pressure the longest lived component has a mean life of (9.10.5 


x10" sec 


an intensity 


~13%, and has been shown experimentally to arise from 14S, positronium. The 


predominant intermediate component has a mean life of (1.83+0.15) 10 sec at the same temperature 
and pressure and displays approximately the same fraction of three-quantum annihilations which one 
expects from free positron annihilation. The shortest component (~210~™ sec) is weak and is partially 
masked experimentally by annihilation in source materials. It would appear to arise from 1 'Sy positronium 


INTRODUCTION 


“HE formation of 14S; positronium in liquids and 
solids was tentatively postulated by Bell and 
Graham! to explain the long-lived 7, component ob 
served for positron annihilation in a number of sub 
stances, notably liquids and noncrystalline solids, ‘The 
lifetimes of the rz component are, however, much less 
than that for free 14S, positronium.’ This can be ex 
plained either by conversion of triplet postronium to 
singlet positronium (1 &S;2°1 'So) or by pickoff when the 
positronium atom overlaps another electron in its 
The re lifetimes have been 


environment component 


COUNTS PER HOUR 


DELAY IN 10 SEC UNITS 
6 8 10 12 14 16 
hdd, hy yf rt 
6 8 10 2 14 16 18 20 


CHANNEL NUMBER 


Time spectrum for positron decay in liquid helium at 
showing the long-lived 


18 20 
J 


hic. 1 
$.2°K and one atmosphere pressure 
component 

*Summer visitor from Royal Military College, Kingston 
Ontario, Canada 

'R. E, Bell and R. L. Graham, Phys. Rev 


>M. Deutsch, Phys Rev. 83, 866 (1951 


90. 644 (1953 


correlated with the fraction of three-quantum annihila 
tions in the same materials,** lending support to this 
View 

If a certain fraction / of all positrons entering any 
material medium form positronium, 4 f will form singlet 
positronium with mean life 7,, {f/f will form triplet 
positronium with mean life 7. and the remainder, 1-/, 
will annihilate in the free state with mean life 7’. It has 
not previously been possible to separate the two shorter 
components, 7; and 7’, experimentally since the mean 
lives of both are similar, ~10~'° sec, in most absorbers. 
Hence, direct evidence for the postulated mechanism 
has been lacking 

The experiments, which are summarily described 
below, provide evidence for all three components for 
positron annihilation in liquid helium. The two longer 
components can be identified unambiguously. Thus the 
early ideas of Bell and Graham! have been verified in a 
more direct manner than was possible heretofore. 


EXPERIMENTAL 


The lifetime of positrons in liquid helium has been 
reinvestigated in considerable detail using a time delay 
to pulse amplitude converter and displaying the re 
sulting spectrum on a 20-channel pulse-height analyzer. 
R.C.A. 6342 photomultipliers were used together with 
fast organic phosphors for measuring short time inter 
vals and with Nal(Tl) crystals 2 in. in diameter and 
2 in. thick for measuring longer time intervals as well 
as for the analysis of pulse-height spectrum shapes. The 
positron sources were finely deposited Na”Cl sand 
wiched between thin aluminum foils. 

The improved accuracy of these measurements has 
revealed a longer lifetime component in addition to the 
strong shorter lifetime component reported previously.® 
A long-lived component has also been detected recently 
by other workers.* For positrons in liquid helium at 
+.2°K and atmospheric pressure we obtain, by averaging 

‘R.L. Graham and A. T. Stewart, Can. J. Phys. 32, 678 (1954) 

‘ Telegdi, Sens, Yovanovitch, and Warshaw, Phys. Rev. 104 
867 (1956). 

5 Graham, Paul, and Henshaw, Bull. Am 
1, 68 (1956). 

® J. D. Wackerle and R. Stump, Bull. Am 
351 (1956) 
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ANNIHILATION OF POS! 

the results of several runs, a mean life for this compo- 
nent of (9.1+0.5)10~* sec, where the error quoted 
includes an allowance for possible calibration errors 
The intensity of this component, after correcting for 
counter response to 3y and 2y spectra, is ~13°7. We 
deduce therefore that ~ 13% of the positrons annihilat 

ing in liquid helium form 1 *S; positronium. A typical 
time spectrum is shown in Fig. 1. Use of a helium 
container immersed in a liquid helium bath made it 
possible to vary the helium pressure around the source 
up to 68 atmospheres independently of the temperature 
1.4 4.2°K. Quenching at 
higher pressures was observed; the long lifetime is 
halved for helium densities near 0.2 g/cc. It appears to 
be a simple function of the liquid or solid helium density 


which was varied from to 


and it is not influenced noticeably by the supertluid 


State. 


COUNTS 


CIDENCE 


COIN 


450 500 “$50 kev 


HEIGHT 


400 


PULSE 


Fic. 2, The spectrum shape of the delayed component in liquid 
helium is indicated by the experimental points. Curve A is the 
response for a 0.511-Mevy line spectrum (positrons in metals) 
and B that for the three-quantum continuum (delayed positrons 
in Freon 12). Curve C 1 and B fitted to 
the experimental points 


is the combination of 


Since the mean life of this component is nearly as long 
as that of free triplet positronium, r=1.5%10~-7 sec, 
experiments were carried out to measure the fraction 
which decays by the three-quantum process. Annihila 
tion pulse-height spectra were taken (a) in a prompt 
coincidence for positrons in metals (2y line shape), 
(b) in delayed coincidence in freon 12 
tinuum shape), (c) in delayed coincidence in liquid 
helium, and (d) in delayed coincidence in helium gas at 
high pressures (known 3y to 2y ratio), all with the same 


gas (3y con- 


counters. The helium spectra (c) and (d) were resolved 
into their two- and three-quantum components (a) and 
(b) by the method of least squares. The result of one such 
analysis is shown in Fig. 2. We deduce that nearly 60% 
of the long-lived component in liquid helium decays by 
three-quantum emission. There seems little doubt that 
this component is due to triplet positronium having 
essentially its free state properties since both the life- 


RONS IN LIQUID HELLUM 


COUNTING RATE 


UNITS 
10 12 


DELAY IN 10'S 
2 4 6 
t i | 


6 8 10 12 14 16 
CHANNEL NUMBER 


EC 
8 14 


18 20 


4 


| 
2 


ic. 3 
4.2°K and one atmosphere pressure, showing the component of 
intermediate lifetime. The behavior of the apparatus with prompt 
selection, is illustrated by the 


lime spectrum for positron decay in liyuid helium at 


radiations, using identical energy 


Co™ curve 


time and spectrum shape analysis indicate similar 
amounts of quenching. 

The intermediate lifetime component has been re 
examined in order to correct for the presence of the 
long-lived component. A typical time spectrum reveal 
ing this component is shown in Fig. 3. The average from 
several runs, gives for this component at 4.2°K and one 
atmosphere pressure a mean life of (1.83+-0.15) x 10 
the 


shorter than uncorrected 


sec. This is somewhat 


value reported previously.’ Experiments at tempera 
tures down to 1.5°K under saturated vapor pressure 
show that within experimental errors there is no abrupt 
change in lifetime near the lambda point. The annihila 
tion rate appears to vary as the density only. 

It seems likely that the 1.8% 10~%-sec component is 
associated with the annihilation of free positrons since 
the Dirac 
predicts a mean life of ~310~" sec. The Coulomb 
attraction would, the effective 
electron density in the neighborhood of an unbound 


formula, neglecting Coulomb attraction, 


of course, increase 
positron and thus one expects to find a somewhat 
shorter lifetime as is in fact observed. 

Asa further check on the decay mechanism the three 
quantum rate associated with the intermediate lifetime 


sy Nal (TI) 
scintillation counters, the three-quantum annihilation 


component was measured. using four 
rates in coincidence with the 1.28-Mev gamma ray have 
been measured at various time delays and for various 
positron absorbers. In this way we have found that the 


part of the three-quantum rate associated with the 
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1% 1) 
1.810 “sec component in liquid helium is close to 
that for aluminum absorbers and is distinctly less than 
that to be expected if this component were due to some 
form of triplet positronium. The result is consistent with 
that to be expected for free positrons in liquid helium 

A short-lived component (r~2K10~-" sec) is also 
observed in these experiments which could be due in 
part to singlet positronium. However, an intensity 
correction for positrons which annihilate in the source 
materials and cryostat walls cannot be made accurately 
enough to prove conclusively that singlet positronium 


is formed in liquid helium 
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Ihese experiments have been described’ at the New 
York meeting of the American Physical Society, 
January 30 to February 2, 1957. 
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Phree components in the 
(1.2+0.2) X10 
lhree 


The annihilation scheme of positrons in liquid helium at 4.2°K was studied 
510° sec, 7 (2.6+0.2) X10 * sec 
16+2)% of all positrons which annihilate in the liquid 


decay were observed with mean lives: r; « and r3= 
sec, The abundance of the 7; component is 
quantum annihilation occurs in about 15% of all positron annihilations. This leads to the conclusion that the 


three Components are due to parapositronium, free positron annihilation, and orthopositroniun 


INTRODUCTION 


HEN positrons annihilate in amorphous materials 

the decay curve is not always a simple exponen 

tial, but commonly shows two exponential components 

The longer mean life is associated with the presence of 

orthopositronium in the material, the shorter mean life 

with an unresolved mixture of parapositronium an 

nihilation and the annihilation of positrons which do 
not form positronium! 

Recently two mean lifetimes have been reported in 
the annihilation of positrons in liquid helium.’ It has 
been suggested that these two components are similar 
to the components in other insulators; 1.e., the compo 
nent of longer mean life is associated with the presence 
of orthopositronium, the one of shorter life with the 
annihilation of parapositronium and of positrons not 
forming positronium 

rhis assignment is not satisfactory in view of the 
relative abundances of the two components. More than 
{ of all positrons are in the longer-lived component, 
on the basis of considerations of the 


while energy 


* Part of a thesis submitted by Jerry Wackerle in partial fulfill 
ment of the requirements for the degree of Doctor of Philosophy 
in physics at the University of Kansas 
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' Telegdi, Sens, Yovanovitch 
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and Warshaw, Phys. Rev. 104, 
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positron-helium interaction in which positronium is 
formed, only between 20% and 35% of all positrons 
should form positronium.‘ 

The difficulty is very easily resolved : there are present 
in the annihilation of positrons in liquid helium not 
two mean-lifetime components but three. The longest 
mean life is associated with the formation of ortho- 
positronium, the intermediate one with the annihilation 
of free positrons, and the short one with the annihilation 
of parapositronium. 

Experiments on which this assignment is based and 
the mean lives and abundances of the three components 
are reported here. 


EXPERIMENTAL RESULTS 


9 


Positrons from the decay of Na®* were used in these 
experiments. Na”C] was deposited from solution on an 
aluminum foil ~4 mg/cm? and covered with a foil 
~1 mg/cm’. The entire source was submerged in liquid 
helium at 4.2°K for measurements described here. All 
results are corrected for the effect of those positrons 
which annihilate in the aluminum of the source. 

The mean lifetimes of the three components were 
measured by the delayed-coincidence method, using a 
circuit similar to that of Bell and Graham.° 


‘A. Ore, Univ. i Bergen Arbok, Naturvitenskap. Rekke, 1949 
No. 9 (1949) 

*R. E. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955 
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Fic. 1. Delay curve for liquid helium at 4.2°K obtained 


with slow coincidence circuit 


The width of the prompt curve, about 5X10~° sec, 
was too long to permit accurate measurement of the 
component with short mean life, but was adequate for 
the one with intermediate mean life. To measure the 
mean life of the long-lifetime component, the width of 
the prompt curve was increased to about 9X 10° * se 

The mean lives observed are 


T1< 510 10 sec, 
(2.6+0.25) XK 10~° sec, 
(1.2+0.2)« 1077 sec 


The values of 7; and ry are in good agreement with 
previously reported measurements.’f A typical delayed 
coincidence curve showing the long-lifetime component 
is shown in Fig. 1. 

The abundance of the 7; component is less than the 
number of positrons annihilating in the aluminum 
backing of the source, and so cannot be accurately 
measured. The abundance of the r; 
(15+2)% of all positron decays in liquid helium. In 
calculating the abundance, the counter efficiency corres 


component is 


tion was based on the assumption that the rz, component 


t Note added in proof. As pointed out by Graham and Paul 
[ Bull. Am. Phys. Soc. Ser. II, 2, 38 (1957) ] this value should 
be corrected for the presence of the long-lived component. The 
corrected value is 7 2.340.25) K10°% sec 
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spectra for posi 


is due to orthopositronium. If this assumption is wrong 
the abundance would be increased somewhat 

If, as assumed, the ry component is due to ortho 
positronium annihilation, then one would expect that 
almost 15% of all positrons in liquid helium would 
undergo three-quantum annihilation. On the other 
hand, if the rz component is due to orthopositronium 
and the 7; component is not, then fewer than 2% of the 
positrons would undergo three-quantum annihilation 
Thus, the component associated with orthopositronium 
can be identified by determining the amount of three 
quantum annihilation 

Two methods were used to observe the three 
quantum annihilation: the spectrum of the gamma ray 
in a Nal scintillation spectrometer and the triple 
coincidence rate. Figure 2 shows a typical comparison 
between the annihilation gamma-ray spectra from 
positrons in liquid helium and in liquid nitrogen, in 
which no three-quantum annihilation occurs.® The 
lowering of the peak due to the 511-kev gamma ray and 
the filling of the valley at lower energy are due to a 
decrease in the number of two-quantum annihilation 
and a corresponding increase in the number of low 
energy gamma rays due to the three-quantum annihila 
tion. The effect is partially masked by the fact that in 
94, 995 (1954 


*S. de Benedetti and R. Siegel, Ph Ke 
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liquid nitrogen, Compton scattering causes degradation 
in the energy of some of the 511-kev gamma rays. This 
is probably the reason that no three-quantum radiation 
was observed in an earlier experiment.’ 

From the change in the ratio of peak to valley 
counting rates, and the resolution curve of the spec 
trometer, the abundance of three-quantum events may 
be calculated. The abundance of three-quantum an- 
nihilation in liquid helium is (16+3)%. This amount of 
three-quantum annihilation radiation clearly indicates 
that the r, component is due to orthopositronium. 

Triple-coincidence measurements were made to 
verify the existence of orthopositronium. Three Nal 
scintillation counters were placed coplanar with the 
120 


coincidence rate was compared with the rate in liquid 


source every around the source, The triple- 


nitrogen. The coincidence rate in helium was greater 
than that in nitrogen by (0.74-0.2) count per minute, 
From this coincidence rate, the abundance of three 
quantum annihilation is (134+4)%. This is in satis 
factory agreement with the abundance calculated from 
the gamma-ray spectrum analysis 


DISCUSSION 


The three mean lives, 7;, 72, and 7, are associated 
with parapositronium, free positron annihilation, and 
orthopositronium annihilation, respectively. The ortho 
positronium component has an abundance of 16+ 2%, 
based on the three abundances listed above. Any error 


in the mean life 7, would affect this value. If 7, is smaller 


’F. L. Hereford, Phys. Rev. 95, 1097 (1954 
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than 1.2% 10-7 sec, the abundance would be increased. 
If the long-lived component is due to orthopositronium, 
the very short-lived one must be due to paraposi- 
tronium, and will have an abundance of about 5%. 
The remaining 79% of the positrons do not form 
positronium. 

The mean life of the short-lived component, 71<5 
X 10~" sec, indicates that positrons rapidly lose energy 
in liquid helium, so that in a time less than 5X 107" sec 
the positron has either formed positronium or has lost so 
much energy that positronium formation is no longer 
possible. The intermediate mean life, r2= 2.6 10~* sec, 
is longer than that generally found for free positrons in 
condensed materials. The component of long mean life, 
r3=1.2XK10~7 sec, indicates that very little pickoff 
annihilation occurs. From this it may be concluded that 
the exchange repulsion between the positronium atom 
and the helium atom is much stronger than any polari- 
zation effects which would tend to raise the electron 
density at the positron. 

The behavior of positrons in liquid helium is just 
about what would be expected in helium gas at the 
same density, i.e., about 700 atmospheres at 0°C. 
Computation of the annihilation probability for free 
positrons using Ore’s correction for Coulomb effects‘ 
for helium gas at 700 atmospheres gives a mean life 
which is in exact agreement with the value measured. 
The fraction of the positrons forming positronium is 
consistent with the predictions of Ore‘ and with the 
triple-coincidence studies of helium gas by de Benedetti 


and Siegel.® 
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Ground-State Energy of a Hard-Sphere Gas 
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Rigorous lower and upper bounds are established for the energy of the ground state of a Bose gas with 


hard-sphere interaction between particles 


1. STATEMENT OF RESULTS 


W" consider a Bose gas consisting of NV identical 
nonrelativistic particles in a cubical box of 
volume V. Between each pair of particles there is a 
hard-sphere repulsion of range a, and no other inter 
action, Let m be the mass of each particle, and p= V/V, 
pi=(N—1)/V. We suppose NV > 2. 

Let / be the ground-state energy of the gas. Calcu 
lations by Lee and Yang! have shown that 


E~| 2h? Npa/m |, (1) 


'T. D. Lee and C. N. Yang (private communication) 


as N—+* and a—0, The meaning of Eq. (1) is that 
as a—0 the error is of higher than first order in a. An 
asymptotic formula of this kind has the disadvantage 
that there seems to be no way to convert it into a 
precise inequality. The error introduced by breaking 
off the asymptotic expansion in powers of a at any 
term is not controllable; it is unlikely that the power 
series converges in the strict sense for any value of a. 
The purpose of this paper is to supplement Eq. (1) 
with precise inequalities. 
E>( fov2rh? Npa/m |. (2) 


J 


Theorem 1. 
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This lower bound for £ is absurdly weak compared 
with Eq. (1). The result is of interest only because it is 
proved in a completely elementary and rigorous way, 
and because it holds irrespective of the magnitude of 
N and a. 
The ground-state wave function is a function 


V(r, 


In) (3) 


of the positions of the \ particles. If the walls of the 
box are impenetrable, V vanishes when any r, is at the 
boundary of the box. In this case we can extend the 
definition of VW to a continuous periodic function having 
the edge of the box for period in every coordinate. 
Thus Eq. (2) will hold for an impenetrable box if it 
holds for a box with periodic boundary conditions. We 
shall prove Theorem 1 for the more general case of 
periodic boundary conditions. In this way we avoid 
having to discuss the inessential complications arising 
from boundary effects. 

We prove a second theorem establishing a lower 
bound for & which is potentially much stronger than 
Theorem 1. However, this second bound is expressed in 
terms of a two-particle distribution-function which we 
are not able to evaluate explicitly. Henceforth we 
boundary conditions. We 


always assume periodic 


define the function 


R, R,(n,° : 


In) (4) 


to be the distance of the point r; from its nearest 
neighbor among the 7;, measuring the distance “across 
the boundary” into the next period whenever necessary. 
Let P(u) be the probability-distribution of the quantity 
R? in the ground-state of the gas. Explicitly, 


P(u) fry oR? u Jdry-° dry (5) 


Clearly P(u) is independent of 1, and is a continuous 
function of « defined on the finite interval a<u< V3, 
with [ P(u)du= 1. 


Theorem 2. > 3h? Na/2m | max, P(x). (6) 


The interest of Theorem 2 arises from the fact that, 
for a perfect Bose gas in an infinitely large box (a= 0 and 
N=), we have 


P(u) (4/3)mpu |, 


max, (1) 


[ (4/3)mp | exp| 
(4/3)mp. (7) 


For a perfect gas with finite V, 


max,P?(u) = P(0)= (4/3)apy. (8) 


It is plausible to imagine that the presence of a hard- 
sphere repulsion will compress the probability distri 
bution ?(u) into a shorter interval and so increase the 
value of [max,P(u)] above the perfect gas value. 
Thus Eq. (6) leads to the conjecture that for all values 
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of aand N 
E>| 2rh?Np,a/m |, (9) 


and suggests a way in which this conjecture may 
subsequently be proved. 

The third theorem with the 
problem of the upper bound. The 
easier because the true energy is the minimum expe 
tation value of the Hamiltonian of the system. So the 


deals much easier 


upper bound is 


problem reduces to finding an approximate wave 
function which is (a) a good approximation to the 
true ground state, and (b) simple enough to make 
precise calculation possible. Requirements (a) and (b) 
obviously work against each other, and the choice of a 
wave function demands a compromise. We have chosen 
our wave function [Eq. (35) below] in the belief 
that it satisfies (a) better than (b) 
believe that the exact expectation value of the Hamil 
tonian for our wave function would be much closer to 


That is to say, we 


the true ground-state energy than to the best upper 
bound which we have been able to calculate for it 


Theorem 3 


2h’ \ pia 1+2(a/b) 
. | 
m (1 


(a/b))* 


with the length b independent of a and defined by 


(4/3)rb*'p,;= 1 (11) 


According to Eq. (11), 6 is the mean cube of the 
distance of a particle from its nearest neighbor, when 
V particles are placed at random in the volume V 

Theorem 3 states nothing when a>b. Our wave 
function [ Eq. (35) | is clearly inappropriate to describe 
the state of affairs as a approaches the “jamming 
radius” ay=1.81b at which the spheres become rigidly 
fixed in a closed-packed lattice. For b<a<ay it would 
be better to use a trial wave function of a “crystalline” 
form, in which each particle vibrates about a fixed 
center, and the centers form a regular crystal lattice 
From such a crystalline wave function a finite upper 
bound for / is very easily obtained.? Our wave function 
is “gaseous” in form and describes a perfect gas modified 
as little as possible by the presence of the interactions 
It is interesting that such a wave function continues to 
behave satisfactorily for values of a as large as b, since 
b> }ayz. The question whether there is in facta transition 
from a gaseous to a crystalline ground state for any 
value of a<ay is one of the famous unsolved problems 
of statistical mechanics. We are not able to throw any 
light upon this question 
(10) is 


Thus the error in the 


The coefficient 24 in Eq the best possible 


by virtue of Eq. (1) upper 


2 The simplest wave function of this kind gives 

F< v29*hNpas/m \L1 
The essential point of our theorem is that in the first factor on the 
right of Eq. (10) there appears not a, but a 


(a/ay) J * 
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This means that our 
wave function must be a reasonably close approxima 


bound is of order a’ for small a 


tion to the true ground state, representing adequately 
at least the two-particle correlations 


2. PROOF FOR THE LOWER BOUNDS 


In what follows we take G(u) to be any function 


defined for O0<u< @ and satisfying 


G(u) 20, f God [<z 


Our proof begins with the following lemma. 

Lemma 1.-Let P(r) be any function of the space 
point r, defined in a region B. Suppose that B is “star 
shaped”’, i.e., if a point P lies in B then B contains the 
whole of the radius OP. Suppose p(r) =0 for r <a. Then 


J grady |*dr>[ 3a nf G(ir|*)\Wi’dr. (13) 
Kt Kh 


Proof of lemma,.—C onsider the function 


do(x) f(a) I(x), 


s 


f(x) (s/x)(s—~x)G(s*)ds 


z 


This function @o(x) is defined for a<x< « and satisfies 
the conditions 


dy(a)=0, do’ (x) > 0, 


s 


0 <go(a) < f(a) < f (s*/a)G(s*)ds = (1/3a), 
and 
1 d’ 
(.xqo(2)) 
v dx’ 


G(x") V (x)go(x), 


with 

V (x) = (G(2*)/go(x) |> (3a/1)G(2*) 
From Eqs. (16) and (18) it appears that @o(x) 
eigenfunction of the eigenvalue problem 


1d 
[ vp(x) | 
v dx? 


AV(x)db(x), as (20) 


with boundary condition ¢@(a)=0, which belongs to the 


eigenvalue \= 1. The “potential’’ V(x) is everywhere 
positive, and therefore the eigenvalue problem is 
equivalent to finding the minimum value of the quotient 


@) | f v?| d/dx | *dx /| [ eV ia)ld ae] (21) 


Che minimum of ( is the lowest eigenvalue \ of Eq. 
(20). The lowest eigenvalue is necessarily nondegenerate 
and belongs to the unique eigenfunction of Eq. (20) 
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which has constant sign. But @o(x) is an eigenfunction of 
constant sign, and therefore \=1 is the lowest eigen- 
value, and the minimum value of ( is 1. 

We have thus proved that for every function (x) 
with @(a)=0 


i) xv’ | dp/dx|*dx> | 


a a 


x°V (x) || *da 


> (3a nf x°G(ax*) @\*dx. (22) 


a 


If p(x) is any function defined for a<x<b, and 
¢(a)=0, then we can extend the definition of @(x) by 


writing @(x)=(b) for x>b. Thus Eq. (22) gives for 
any such $(x) 


b 


[ x? | dp/dx\*da 


a 
L 


{ x? | dp/dx|\*dx> (3a nf x°G(x*) |b | Ade 


> (3a | VG (x) | p)"*dx. (23) 


Now consider the function (r) satisfying the conditions 
of Lemma 1. For any fixed azimuth of r, p(r) is defined 
in the range a<r<b, where b is the distance from O 
of the boundary of B in that direction. Writing p(r) 
for @(x) in Eq. (23) and integrating over all azimuths, 
we find 


[ OY /dr *dr> [3a nf a r'*)\W\"dr, (24) 


es B 


from which Eq. (13) immediately follows. 

Remark.-—It is easy to show by a counter-example 
that Eq. (13) does not hold for every region B. Some 
condition on the shape of B is required, though the 
“star-shaped” condition is probably unnecessarily 
restrictive. 

Proof of Theorem 2. 
the gas is 


N 
E= (h?/2m) > f gradW |*dr,---drwn, (25) 
i=] 


The ground-state energy of 


where W is the wave function. Here grad; means the 
gradient operator acting upon the coordinates r, of the 
ith particle. Consider the positions (r2,---,rv) to be 
temporarily fixed, and regard ¥=(r;) and R,= Ri(r;) 
as functions of the position r; alone. Around each point 
rj, )=2, «++, N, there is a region B; such that r; is the 
nearest neighbor of r; and R)= |r,—r;| when 7; is in By. 
The region B; is convex and therefore star-shaped 
about the origin 7; Also VW=0 when (r—7;| <a. 
Hence the conditions of Lemma 1 apply to the function 
WV in the region B;, with r=r,—r;. The lemma gives 
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the result 
[ grad,W |*dr;>[3a nf G(iri—r,|8)| Wl 2dr. (26) 
’ B; “RB 


Summing this over the regions B; which together fill 
the box without overlapping, we obtain 


f grad\W *dr,;>[3a 1) faire Wi*dr,. (27) 


An inequality analogous to Eq. (27) holds for each 
of the V particles. Adding these inequalities together 


after integrating over all .V variables r,, we find by 
Eq. (25) 


\ 
k>[3h'a 2m) f V7] & G(R) Idry---dry, (28) 
el 


with / given by Eq. (12). Equation (28) is the funda 
mental result of this section, from which Theorems 1 
and 2 follow easily. Theorem 2 is obtained merely by 
substituting into Eq. (28) the particular choice 


G(x) =6(x— uu) (29) 


for the function G, and using Eq. (5). 
Proof of Theorem 1.—¥or Theorem 1 we take in Eq. 
(28) the particular choice 


G(x)=maxLy—x,0], I= }y’, (30) 


with the parameter y to be chosen later. 

We use the fact that for every configuration of points 
(ri,---rw) the sum >°R* cannot exceed a certain 
upper bound set by purely geometrical considerations. 
Since the spheres with centers at 7; and radii equal to 
}R, do not overlap and are all contained in the volume 
V, we have immediately 


RI <(6/m)V 


A more sophisticated geometrical argument, due to 


(31) 


Blichfeldt,’® gives the stronger result 


*R3. 5/2 IV 
> R 15/2rv2 |b (32) 


The proof of Eq. (32) will be found in the Appendix 
Substituting Eq. (30) into Eq. (28) and using Eq. (32), 


'H. F. Blichfeldt, Math. Ann. 101, 605 (1929). Blichfeldt was 
interested in the problem of the maximum density of packing 
of equal spheres. He proved Eq. (32) for the case in which all the 
R; are equal. In showed also that the numerica! 
constant can be improved a little further by a more elaborate 
However 


cannot be hoped for 


this case he 
construction an improvement much beyond Eq. (32 
Empirical evidence suggests the inequality 
DR'< v2V,. 32a) 
which holds with equality when the points r; are vertices of a 
regular hexagonal lattice. Even if Eq. (32a) could be proved, the 
etiect would only he to replac e The yrem 1 by the result 
E>[3.2 


*h?Npa/m } 

still far away from the conjectured Eq. (9). It seems that a 
substantial improvement of Theorem 1 can only from 
arguments of a dynamical rather than a geometrical character 


come 
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we find 
E> (3h? Na/m | y~'!— (15/29v2)p-'y 
The most favorable value for y is 
y= (15 wpv2 , 
which makes Eq. (33) reduce to Eq. (2). This completes 
the proof of Theorem 1 


3. PROOF FOR THE UPPER BOUND 


The first step is to define the trial wave function. For 
this purpose we forget about the Bose statistics and 
wv) to be attached to A 
distinguishable particles which are labelled in a definite 


consider the positions (r1, 


order from 1 to .V. The trial wave function will not be 


symmetric in the r,. The expectation value of the 
Hamiltonian is still a good upper bound to the ground 
state energy, because it is known‘ that the ground state 
of the Bose gas is identical with the ground state of the 
gas of distinguishable particles 


The trial wave function will be 


V WV(ry, 


VP, 
where F, r,) only 
For each value of 7 we define 


is a function of the positions (r;, 


(46) 


the 
1), taking into account the periodic boundary 


We write 


where r, 1S nearest to r, among the points 
("1, Ji 
conditions 


(bs). (37) 


where /(/) is a function to be specified later The 


important properties of f are the following 


O< f(t) <1 ‘(1)>0, for O<! (38) 


f(t) O</<a., 39) 


(40) 


s 


inf CKD (bdt< x 


(39). the 
wo of the parti les are 


Because of kg wave function VW vanishe 


when any t separated by a 


ible 


value of the 


distance not exceeding a. Thus W represents a po 


state of the gas, and the expectation 


necessaril 


‘The ground state of the Boltzmann gas i 
degenerate and has a 
Hamiltonian is 
nondegenerate wave function must he Sy 
wave function is also the ground state 
remark I am indebted to Profe 


wave function of constant sign. Since the 


particle coordinates ich a 
gut then this 


For thi 


symmetric in the 
mmetri 
of the 


ssor Yang 


Bose gas 
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Hamiltonian in this state is 


h’ N 
i] ( )I > | grad |%dr,- - arn / 
2m kel 
[fiw "dn dru| (43) 


At a point r, with two equidistant nearest neighbors r,, 
(grad,V) has a simple discontinuity and W itself is 
continuous. The integrals in Eq. (43) are therefore 
convergent and well-defined in spite of the discontinuity. 
The physical meaning of the wave function (35) is 
simple to understand. It describes a state obtained by 
inserting NV particles into the box one at a time. Each 
new particle takes a wave function which is adjusted 
to the positions of those particles already present. But 
the particles added earlier do not adjust themselves 
to the later additions. 
We write 
(44) 


(45) 


€:,=0 otherwise. (46) 


the unit vector in the direction of (r;—rx) 
“Si 1). 


Let n,; be 
when r, is the nearest to 7, of the points (7,,:- 
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Then 


N N 
grad VW = > WF“([grad.F; ]= > VeuniFs'f'(t;). (47) 
vl 


i=] 
N 
> | grad, |? 
k=1 

VPS YD cnen(ni nO OS (ty) f(b) 
i 7 k 
SIV DD | eeni POPS (L)f'(t). (48) 
i i k 


We divide the sum (48) into two parts, the first contain- 
ing terms with 1=/ and the second with 1#j. When i=j 
there are exactly two values of k giving nonzero 
contributions, one with ¢;,,=1 and one with e,=—1, 
and the two contributions are equal. When i</ then 
necessarily k<i<j. Thus Eq. (48) becomes 


N N 
Y | grade |? <2|v/? > Flys (4) F 
kewl i=l 


f2lwi? + 


kc i<j 


€ikEjk F, Ff Lf" (t;) f’ (tj). 


Therefore Eq. (43) gives 
H < (h?/ m){ Hy +H» |, 


fre - F, PLS’ (ts) PF is \°: . +P y?dr,- ° -dtyn 
N 


n=> 


im! 
frre Fy YF? Fits: Fy*dry: ++ dry 


fre : ‘PF, PL | es Ff’ (ty) Fi ": > 


Hh= 
k<i<j 
fre : +P, rk? 


The fraction (51) would be trivial to estimate if the 
aes I y* 


So we shall set limits upon the possible variation of 


factors F;,.,°, did not involve the variable r;. 
these factors as 7; varies. Let i<p <N. Let F,,; be the 


value which F, would take if the point 7; were omitted 


from consideration, that is to say 
Fai=f(\tp—79;|), (53) 


where 7; is the nearest to r, of the points (%,°°-,7; 
Viydy’ ‘Tp 1). Then 
F,=min[lF»,:,f(irp—ril) J, (54) 


and so by Eq. (38) 


Fi 2f*(|rp—ri|) SF SF, 2. (55) 


F; rf «| Ff’ (t) Fis +++ Fy*dr,-++dry 


Fijy2- + Fytdry: «dry 


We set in the numerator of Eq. (51) 


Fi, °° ' ‘Fy? < Fis 1, ?: . ‘Fy i. (56) 


while in the denominator 


Fy: 


‘Fy? > Figs, 2f*(|rigi— il) + Fr, 2111) 


N 
> Figs, 2: ++ Fry i > (1-f7(\r—1; a} (57) 


i+] 


The factors F,, ? in Eqs. (56) and (57) are independent 
of r,, and so the integration over r; may be performed 
at once. We have in the numerator of Eq. (51) 


1 
frrw Fdr< > TCS’ (\ri—2;|) Pdr, 
j=l 


=(i—1)J, (58) 





GROUND-STATE E 


and in the denominator 


N 
fiz (1—f7(|r,—7; Oe 
i+] 
N —1 
> ff -(= +> o P?(\t9—7; a. 
i+] ] 


V-(N-1)/. (59) 
The remaining factors are identical in numerator and 
denominator, and so finally 


(4 
(600) 


A similar argument is now applied to Eq. (52). 
Let F,,,; be the value which Ff, would take if both the 
points r, and r; were omitted from consideration, Then 


r ) Pn I - < (61) 


Fy, i. 

In the numerator of Eq. (52) we set 

Fiat) ++ FY F it: Fy? 
SF int? ‘ PF 54.1, of 


Fy, (62) 


and in the denominator 


| (63) 


The integration over 7; is now performed first. In the 


numerator the factor |€,| is zero except when 1, 


r;—r,|. Therefore 


f €jn| Fj f' (t;)dr; 


< fi rj—rx| )f'(rj—re|)dr;=K. (64) 


In the denominator we find 


N 
fede > (1-f(r,-7; ier, 
+1 
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Next we have to perform the summation over &; this 
gives simply a factor 2 since r, must be equal either to 
r, or to the nearest neighbor of r, among the points 
(ri,°°* 7-1). After this the r, integration 


performed, giving in the numerator 


tl 
oe po fi r, 


and in the denominator 
j~1 N 

fof (Se8)a 
+l j+l 


The remaining factors are 


can be 


2)/ (67) 


identical in numerator and 


denominator of Eq. (52). Therefore 


Ho< ¥ 2(i-1)K?2/({(V—(N-1) [TV —(V—2)1)}} 


AN(N—1)(N—2)K? 


((V—(N-—1)/][V—(NV—2)/]). (08) 


Putting together Eqs. (50), (60), and (68), we obtain 


h?.\ p\J d pik , 
[ed ar ere 2 hs 
2m 1 pil 3\1 pil 


Le re 


It remains to choose the function 


with py=[(V—1)/V], and given by Eqs 
(40)-(42). 
as to make the right side of Eq. (69) as small as possible 
The minimization without 


difficulty, but the details are tedious and will not be 


f(x) so 


can be carried through 
discussed here. The upper bound obtained for # in 
this way 1s not significantly better than that given by 
Eq. (10). 

We shall content ourselves with proving Inq 
This can be done very simply by choosing 


(10) 


b (x—a) 
[(x) , 
vc (b a) 


f(x) =(), 


where 6 is given by Eq. (11). Then 


l=(4/3)rab’, pil=(a/b 


I = 4mrab/(b—a 


K =[ 4rb*a/(b—a)* \[ b—a—a |n(b/a) |<4nab, 


and so Eq. (69) reduces directly to eq. (10 

Remarks.-With the best possible f(x), the 
factor in Eq. (10) remains unchanged, and only the 
coefficients of (a/b) in the second factor are 


first 


somewhat 
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improved. But from the calculations of Lee and Yang! 
it is known that as a—»0 the correct form of the second 
factor in Eq. (10) should be [1+O(a/b)!}. Thus the 
terms linear in (4/6) ought not to be present and arise 
from the crudeness of our analysis; the coefficients of 
these terms do not possess any physical significance. 

It is an interesting question, whether an exact 
evaluation of the expectation value of the Hamiltonian 
for the trial wave function (35) would give an upper 
bound for £ with an error of relative order (a/b)! or 
smaller. It is our belief that this is so, and that the 
terms of order (a/b) could be removed by a more 
careful calculation with the same wave-function 

L wish to thank Professors Lee and Yang for stimu- 
lating my interest in this problem, and for many 


helpful discussions.* 


APPENDIX. PROOF OF EQ. (32) 


We prove that Eq. (32) holds for any configuration 
ry) contained in the volume V. Here 
R, is the distance from r, to its nearest neighbor among 
the r,;, taking into account the periodic boundary 
conditions. 

We consider the function 


of points (r,, 


yy 


A 


F(r)=d filr), 
2R,;?(r—1,)*, 0 |. (76) 


f(r) =max[1 


Let the point r be fixed, and let the m points 7, for 
which f,(r)>0O be temporarily labeled (1;,---,r,,). For 


* Note added in proof.—R. Jastrow [Phys. Rev. 98, 1479 
(1955) ], and R. B. Dingle [Phil. Mag. 40, 573 (1949) ], have 
calculated the ground state energy using a trial wave function 
of the form IL f(r, —r,), the product being taken over all pairs of 
particles. This wave function is undoubtedly a closer approxima 
tion to the true ground state than our Eq. (35) which takes into 
account the interaction only between pairs of nearest neighbors 
However Jastrow is not able with his wave function to obtain a 
rigorous upper bound to the energy. His « xpression for the energy 
is a series of cluster integrals which he is obliged to break off 
without controlling the error. The purpose of the present paper 
was to show that the “nearest-neighbor” type of wave function 
permits a new approach to the description of many-body systems 
with strong interactions, in which the familiar difficulties asso 
ciated with cluster-integral expansions do not arise 


DYSON 


each pair (i%j) we have 


(¥;—7;)*= (r¥—9;)*+ (r—1;)? 
-2(r—17,)(r—7;)>R?. (77) 
Therefore 


0<| > R(r—-7,)|? 


il 


xR, 
im] 


‘(g—7,)?+)>° Re?R;?A*(r—r,) (r—r,), 
il 


m I 


<> RO (r—1,)?+- ¥ ROR; 


i] ) i*) 
v4 


r:)*+(r—1;)—R? | 


x1 > R77" 
j=l 


and hence 


> [1-—2R;7(r -7;)? |<m 


5 Deel | 


F(r) 


(m 


From Eq. (79) it follows that 


froar SV. 


On the other hand, Eq. (76) gives 


N 
fecar a frou 
vl 


N R/V? 
> f [1—2R,-*x* |4arx*da 
vel W6 


2nv2\ N 
(“in 
15 a | 


Equations (80) and (81) together imply Eq. (32). 
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The differential cross sections for high-energy bremsstrahlung and pair production in a screened Coulomb 
field are calculated without the use of the Born approximation. It is shown that for pair production the 
for any amount 


me 3 I ) mite 


correction to the Born approximation occurs only for momentum transfers g of order mi 


of screening. For bremsstrahlung, however, the correction is only important for q’s of order 


where E is the energy of the electron. As in the case of no screening, the correction to the differential cross 
section for bremsstrahlung is found to be given by a factor multiplying the Bethe-Heitler cr 
It is then shown that the bremsstrahlung cross section integrated over the angles of the final electron is 


oss section 


additive, just as in the case of pair production: one part is the Bethe-Heitler cross section including screening ; 
to this is then added the Coulomb correction which is independent of screening 

The cross sections are evaluated by using wave functions which are accurate in the region in space which 
contributes significantly to the matrix element. This region is determined by the order of magnitude of g 
and different wave functions must be used in the regions (I) corresponding to q’s of order me and (IL) cor 
responding to q’s of order In (1) the wave functions obtained by an expansion in partial 
waves and use of a WKB method on the radial wave equation. In (II) we use a WKB technique on the 
three-dimensional wave equation itself. Corrections due to the use of Sommerfeld-Maue wave functions 
the method 


me*/ EF) me are 


which are solutions to the second-order Dirac equation, are shown to be negligible. Finally 


is used to obtain the cross section for small-angle elastic scattering 


1. INTRODUCTION namely the case of a pure Coulomb potential treated 


by B-M. 


for 
At the same time, the present calculation, being so 


HE differential section 
bremsstrahlung and pair production taking into 
account the Coulomb field of the nucleus exactly has 
been derived by Bethe and Maximon' in the case of an 
unscreened atom. It was also shown by them that 
the extension to the screened case could readily be 
made in the case of pair production. It was then shown 
by Olsen’ that the cross section for bremsstrahlung 
integrated over the direction of motion of the final 
electron can be inferred from the corresponding expres 
sion for pair production for any amount of screening. 
The present work was then intended to give the 


cross high-energy 


much more transparent than the exact one, should be 
able to give a little insight into the mechanism of the 
Coulomb correction It 
especially intended to study more closely the effects 


at these high energies. was 
caused by the difference in the spatial part of the states 
for pair production and bremsstrahlung; namely that 
in pair production both particles are represented by 
wave functions with asymptotic behavior plane wave 
plus ingoing spherical waves, while in bremsstrahlung 
the initial electron is represented by a normal scattering 
remaining unknown quantity, the differential cross state (plane wave plus oulgoing spherical waves) and 
section for bremsstrahlung in the screened case (dif- the final electron by a wave function with asymptotic 
behavior plane wave plus ingoing spherical waves. It 
shown! that big difference 
the differential for the 
It has, however, also been shown?’ that this 


ferential both with respect to the photon and electron 
has been this causes a 

momenta). It soon became clear; however, that it was 
between cross sections two 


possible to solve the entire problem in a way which 
’ processes 


pointed out clearly the significant factors which deter- effect disappears when the cross sections are integrated 


mine the matrix element. In particular very simple 
accurate high-energy wave functions for an electron in 
an arbitrarily screened potential have been constructed 
These wave functions give the exact results for the 
matrix elements in the case which may be checked 


* Supported by a grant from the International Cooperation 
Administration and the National Academy of Sciences. On leave 
of absence from Fysisk Institutt, Norges Tekniske Hggskole 
Trondheim, Norway 

+ Present address 
Trondheim, Norway 

t Supported by a grant from the National Science Foundation 

1H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954 
In the following referred to as B-M 

2 Haakon Olsen, Phys. Rev. 99, 1335 


Fysisk Institutt, Norges Tekniske Hggskole 


1955 


2 


/ 


over the motion of the final electron, and that con 
sequently the Coulomb correction to this integrated 
As a con 
sequence of this, the remark about shower theory in 
B-M should be corrected 
is not changed by the Coulomb effect 


cross section is the same for both processes 
Conventional shower theory 


It is interesting to note that the essential calculation 
for the differential cross section for high-energy brems 
strahlung were given by Sommerfeld’ for the case of 
Sohn 


section 


+A, Sommerfeld, Atombau und S pektrallinien (Vic 
Braunschweig, 1939), pp. 501-505 and p. 551. The 
for bremsstrahlung is given by Eq. (VII, 7.28) and the preceding 
Qo, and Q,. This i for 
bremsstrahlung corresponding to B-M 6.26 


veg und 
cro 
exactly the expression 


equations for V0 
reference 1 
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an unscreened atom. These calculations are, however, 

only used to obtain the Born approximation result. 
Finally, the electron wave functions studied here may 


be of interest for other high-energy electron processes. 


2. GENERAL DISCUSSION 


We consider first 
obtaining wave functions which are accurate in the 
regions of space from which there is a significant con- 


tribution to the matrix elements for bremsstrahlung 


the general approach used in 


and pair production, This is followed by a discussion of 
the the the 
related cross sections 

The method which has been used for calculating 
matrix elements is briefly this. The Born approximation 
is assumed to be nearly correct, that is, the regions in 
contribute significantly to the more 
accurate matrix element are assumed to be determined 


salient features of wave functions and 


space which 
by the Born approximation matrix element. For brems- 
strahlung and pair production the important regions in 
the Born approximation are determined by the factor 
exp(iq-r), where q is the momentum transfer to the 
The 
therefore, from regions where q-r~1. Again we use a 
result from the Born approximation, that for high 
energies the cross section is only significant for g~1 and 


nucleus, most important contributions come, 


y~1/e, and these regions are of equal importance 
Further, it can easily be seen from energy and mo 
mentum that q., the 
momentum transfer in the direction of k, the quantum, 
is always of order 1/¢. Thus the signicant regions of q,, 
the component of q perpendicular to k, are g,~1 and 
dy~™1/e. Now in evaluating the matrix element we will 
y with z axis along k. 


conservation component — of 


use cylindrical coordinates p, 2, 
Thus if we evaluate the matrix element for q’s of order 
1, the big contribution to the matrix element comes 
from the region in space near the z axis, where the 
“Impact parameter” p is of order 1, and |z|~e. On the 
other hand, if we evaluate the matrix element for q’s of 
order 1/e, the big contributions to the matrix element 
comes from the region in space far from the z axis, where 
Thus, with g~1 we when 
evaluating the matrix element, wave functions which 


p~e and |z\~e. need, 


are accurate only in region (1), (e~1, |z|~«) whereas 
with g~1/e we need wave functions which are accurate 
only in region (II) (o~e, 2\~e). 

It is clear that the form of a particular wave function 
will be simplest when described in a coordinate system 
with ¢ axis along the momentum, p, of the particle to 
which it refers 

Let (pi,2;) and (p2,29) be the cylindrical coordinates 
with z axis along p,; and py, respectively. Because of the 
small angles [O(1/e) | between the fast particles, p, 
are of 


and py are both of order 1, and |2;) and | 2» 


for pair production, The expressions for J, J,, and Jy (which are 
substantially equal to B-M /,, I, and I;) are given by Eqs 


(VII, 7.8 and 7.9) in terms of XY (B-M: Jo). The integral X is 
evaluated in Eqs. (VII, 2.19 and 2.19a) 
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order ¢ in region (I). Similarly, in region (II) pr~po~e 
~e. We therefore solve the wave equa- 
~e, where the z axis is now 


and 
tion in the region p~1, |z 
along p, and use such solutions for both the initial and 
final states in the matrix element when g~1. Similarly, 
for g~1/e the wave functions in the matrix element are 
given by the solutions to the wave equation in the 
z ~e. The method of solution is different 


21|\™ | Ze 


region p™€e, 
in the two regions. In region (1), the region of small 
“impact parameters” (p~1), we use an expansion in 
partial waves and apply a WKB technique to the radial 
wave equation. In region (II), where p~e, we apply a 
WKB method directly to the three-dimensional wave 
equation, 

Such methods have been applied to the scattering 
problem by Moliére,* by Landau and Lifschitz, and 
more recently by others.® In that case, only the phase 
shifts are required, i.e., the asymptotic form of the wave 
function. Here, however, we need the wave function at 
finite distances (of order €) from the nucleus. 

The scattering problem does not demand that a dis- 
tinction be made between the wave functions pertaining 
to the two regions. Indeed, as is explicitly shown in 
Sec. 9, the wave functions pertaining to either region 
lead to the same scattering amplitude. 

However, for bremsstrahlung and pair production we 
find that neither of the wave functions may be used for 
both g~1 and g~1/e. Specifically, in the case of brems- 
strahlung, the wave functions pertaining to g~1 give 
the Born approximation cross section in this region 
(although the wave functions themselves are not those 
given by the Born approximation). Thus if these wave 
functions were applied to the bremsstrahlung problem 
in the region g~1/e as well, we would obtain the incor- 
rect result that there is ho Coulomb correction to the 
Born approximation for all q’s. Similarly, in the case of 
pair production, the wave functions pertaining to g~1/e 
give the Born approximation cross section in the region 
y~1/e (although the wave functions are not those 
given by the Born approximation) and thus if these 
wave functions were applied to the pair production 
problem in the region g~1, we would obtain the same 
incorrect result that there is no Coulomb correction to 
the Born approximation cross section for pair produc- 
tion. 

As we have just noted, the cross sections for pair 
production and bremsstrahlung behave differently in 
the two regions gy~1 and g~1/e. In order to understand 
this, let us consider the character of the wave functions 
appropriate to each of these regions. 

In the case of g~1/e, the wave function for the 
normal scattering state (asymptotically a plane wave 
plus outgoing spherical waves) is, apart from spin- 

'G. Moliére, Z. Naturforsch, 2a, 133 (1947) 

'L. D. Landau and E. M. Lifshitz, Quantum Mechanics 
(Ogiz, Moscow, 1948) (in Russian), Part I, pp. 184-203, 470-473 

*T. I. Gol’dman and A. B Migdal, Soviet Phys. 1, 304 (1955); 
R. J. Glauber, Phys. Rev. 91, 459 (1953); L. I. Schiff, Phys. Rev 
103, 443 (1956) 
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dependent factors, 


Y,=exp]ip-r if V (p,o)de I, 


L 


where the z axis is in the direction of p. The wave 
function with asymptotic form plane wave plus ingoing 
spherical waves is 


y exp ip:r-+ if V (p,¢)dt 


z 


Now the matrix element for pair production is 


in which exp[+c7k-r] appears since the quantum is 
annihilated, and the complex conjugate of each of the 


the form 


wave functions appears since both particles are created ; 
for the same reason the ingoing type wave function 
must be chosen for each of the particles. 

Thus the matrix element depends upon the potential 
only through the factor 


va va 


exp if V 1 (po, de if V prowl pr,6 de 
22 Z1 


where V,; and Vy. have opposite signs and 4,2, and 
refer the 
positron and electron, respectively. Because of the 
p»)/pyx= O01 
terms in 


p2,22 are cylindrical coordinates that to 
small angle between Pypox and pei, (pi €) 
and O1 that the the 
exponent nearly cancel, leaving terms of order 1/¢ 


So) 


(21— 22) /2 €), SO 
multiplying /7*V (p,¢)d¢. The exponent being small, the 
exponential may be expanded. Thus the matrix element 
is proportional to the potential, and is the Born ap- 
proximation the 
matrix element results from the cancellation of phases 
in which Born 
approximation wave functions. 


result. ‘Thus Born approximation 


wave functions are not themselves 
This is in contrast to the bremsstrahlung process, 
where the initial state is the normal scattering state and 


thus the matrix element is 


fv *o tk WY, dr, 


Here the dependence upon the potential is given by the 
factor 


x 


1 
exp] - if V (p2,¢)de if V (p1,¢)de 


s 


exp] - if V (p,0)de+i001 of V (p,¢)de 


r z 
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The exponent therefore contains the extra term 
-if_.”°V(p,¢)dt in addition to the term which is of 
order 1/e and which gives the Born approximation 
This leads to a finite correction to the Born approxima 
tion for bremsstrahlung in the region g~1/e for arbi 
trarily high energies. 

know the 
functions accurately close to the z-axis (e~1) but far 


For the region g~1 we need to wave 


away from the nucleus (| 2) ~e). Consder first the wave 
function for the normal scattering state. At high ener 
gies it is clear that there are no scattered waves in the 
region z~—e, p~1, which corresponds very nearly to 
backscattering; therefore the wave function in this 
region is a plane wave. In the forward region, (s~e, 
p~1), the wave function is given by small-angle scat 
tering theory. Consider next the ingoing-type wave 
function, which represents a particle leaving the nucleus 
In this case there cannot be any distortion of the plane 
wave in the region z~e, p~1 at high energies, and 
scattering occurs only in the region in front of the 
nucleus: z~—e, p~1 

It is now possible to show that in the present region, 
qg™1, the cross section for bremsstrahlung is proportional 
to the cross section for elastic scattering, provided only 
that the definition for q, the momentum transfer, is 
changed appropriately. Since in bremsstrahlung the 
initial state is a normal scattering state while the final 
state is described by an ingoing type wave function, 
then, as discussed above, the initial state is a plane 
wave for <0 while the final state is a plane wave for 
z>(). the 
functions will always be a plane wave. The radiation 


Thus in the matrix element one of wave 
interaction e-'*'' may therefore be combined with the 
0, changing the momentum of 
that state from p; to p;—k. In the same way, for 2>0, 
the e~ par pete>-F. A 


typical term in the spatial part of the matrix element 


initial state e'?'’* for z- 


final state is changed into e 


is thus 


I; fore: ie "O14 
d*7 go _*e''pi—k +f dye '(patk) ty, 


z 


Again, since g2_*=e~ ‘®?'" for z>0, and 4.4 


for 2< 


/; (2r)*6( py Pe k) T [eres ¥e'(pi—k) +s 


+ fare prtkire, | 


k is never zero, the delta function is 


0), we may write 


Since pi- pe 
always zero. Finally, using the wave equation for ¢, 
vz 


(V2+ p?—2eV) y=0, 
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/, may be written in the form 


2s 
/; fre: *Vetl(pi-k) 
Rs (py; k)? . 


2e, 
pi’ (pot+k)? 


Each of the above integrals may now be recognized as 
the 7 matrix for elastic scattering. Moreover, since the 
energies of the initial and final states in the 7 matrix 
are almost equal [in the first integral po | Pi ~k 
O(1/e) and in the second py— | pot+k! =O(1/e) |, the 
value of the 7 matrix will be very close to that which 
it takes on the energy shell. 7 is then only a function of 
(pi—k)— po= pi— (pot). 


The expression for /,; thus simplifies to 


the momentum transfer q 


dé, Ze, 


T'(q) 
(po+k)? 


t 
pi ( Pp) k )? py 


In the same way one finds that I, and I, are propor 
tional to T7(q). [See (6a.2,3) in text. | Since the cross 
section is a homogeneous quadratic function of the /’s 
(8.1) it follows that the cross section for bremsstrahlung 
is proportional to the cross section for elastic scattering 
in the region gw] 
state wave 


that the initial 


« and the final state wave 


It may be observed 
function in the region 2~ 
function in the region z~e have been approximated by 
plane waves. Actually, as is shown explicitly in Sec. 5a, 
the plane waves in those regions should be modified 
slightly by a factor which for a pure Coulomb field is 
the familiar term e*'¢ **") As the detailed calculation 
shows, this factor may be neglected throughout, since 
it is independent of the energy of the particular state 
and independent of whether we choose ingoing or 
outgoing waves 

What has been said here about the proportionality 
between the bremsstrahlung matrix element and the 
scattering 7 matrix may also be seen from the explicit 
calculations of Sec. 6a and Sec. 9. In particular see 
(6a.8) for bremsstrahlung and (9,2) for elastic 
tering. The second term in (9.2), which is 6(q), is always 


scat 


ZETO WHEN Jiromse IS Substituted fOr sont SINCE Jrrems IS 
never zero 

Now it is easy to see that the bremsstrahlung cross 
section in the region g~1 is given by the Born ap 
proximation: ‘Turning to the scattering cross section 
we notice that in the present range, gy~1, spin effects 
are unimportant’ since the scattering angle is small 
d=g/p~1/«. Moreover, in this region we may neglect 
screening. Thus we can use the fact known from scat 
tering theory, that for a spinless particle in a pure 
Coulomb field, the scattering cross section is given by 
the Born approximation (Rutherford formula). Having 


7Le., in the Dirac equation (3.2) the spin dependent term 
ia: (9 V) is small compared to 2} 
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shown above that the bremsstrahlung cross section is 
proportional to the scattering cross section, it follows 
that the bremsstrahlung cross section is given by the 
Born approximation. It may be emphasized that this 
result is obtained only because, in the case of electrons, 
g™1 corresponds to impact parameters of the order of 
the electron Compton wavelength, which is both con- 
siderably smaller than the atomic screening radius and 
also much larger than the nuclear dimension, and thus 
we have the pure Coulomb potential V=—a/r. On 
the other hand, for 4 mesons, g~1 corresponds to 
impact parameters which are of the same magnitude as 
the nuclear dimension. Therefore the potential will be 
modified, and we may expect to obtain corrections to 
the Born approximation in this region. The present 
result for bremsstrahlung from electrons may thus be 
contrasted to the case of pair production for g~1/e, 
where we obtain the Born approximation cross section 
for any potential. Since for g~1 the cross section is 
proportional to the scattering cross section, and thus 
given by the Born approximation, all corrections to 
the total cross section for bremsstrahlung come from 
the region g~1/e alone. 

The reason that the correction to the total Born 
approximation bremsstrahlung cross section is so small 
also appears to follow from the above discussion. 

It is well known that in the case of scattering in a 
pure Coulomb field the correction to the Born approxi- 
mation cross section is zero instead of being of the order 
(Z/137)*, as would be expected. As we have seen, this 
peculiarity of the Coulomb field is also present in the 
case of bremsstrahlung for the region of momentum 
transfer of order 1. The correction to the total Born 
approximation cross section would thus be expected to 
be somewhat smaller than (2/137). As it has been 
shown? that the total cross sections for bremsstrahlung 
and pair production are equal except for the usual 
changes in sign of momentum and energy, and phase 
space factors, this conclusion also holds for pair pro- 
duction. Here, however, one does not see this effect so 
clearly, since the entire Coulomb correction appears in 
the region g~1. 


3. SOMMERFELD-MAUE TYPE WAVE FUNCTIONS 


it has been customary to use wave functions per- 
taining to the iterated (second-order) Dirac equation in 
calculating matrix elements, such as in the case of 
bremsstrahlung and pair production.'** As, however, 
the usual perturbation theory for transition amplitudes 
with ‘variation can only be applied 
directly to wave equations linear in the time derivative, 
it follows that the matrix elements should be calculated 
using the wave functions of the linear (first-order) Dirac 


of constants” 


equation, 
However, in the actual case of high-energy brems 
strahlung and pair production it is easy to see that the 


* L. Bess, Phys. Rev. 77, 550 (1950) 





THEORY OF 


solutions to the first- and the second-order equations are 
identical up to orders 1/¢’. 

In fact, the iterated equation is obtained from the 
Dirac equation 


(—ia-¥V+8+V—ey=0 (3.1) 
by putting y= (1/2) (—ia-¥+8—V+e)d, so that 
[V+ p?—2eV+V2—ia- (VV) }p=0. (3.2) 


The solution of this equation up to relative orders 
1/r, which in our case is equivalent to relative orders 
1/e as discussed in Sec. 5, is the usual Sommerfeld- 
Maue type wave function 


ia:¥V 
2¢ 


F is the appropriate solution of 


(3.3) 


(V?+ 2ip- Vv —2eV)F=0, (3.4) 
where V(r) is now the screened Coulomb potential. The 
wave function (3.3) for an unscreened potential is just 
the wave function used in previous calculations by 
Sommerfeld,’ Bess,’ Bethe and Maximon.! 

The wave function of the linear equation 


ia: V 
uF, 
2e 
may easily be shown to be 


ia:'V V ia:V 
yaer| (1-5) “(1-2 ) ur 
2¢ é 4e 


Up to relative orders 1/e? therefore, the high-energy 
wave functions of the linear and the iterated Dirac 
equations are identical. 

Some confusion seems to exist concerning the general 
expression of the matrix elements in terms of the 
iterated Dirac equation wave functions @. From what 
has been said above, this is evidently 


1 
¥ (View + a)er(1- 
de 


a 


1 
f vt Hp dr f ¢;'D/AH'D@d, (3.5) 
4, €5 


where 
D;=(—ia:-9+8—V+e;). 

A formula considerably different from this has been 
proposed recently by Horton and Phibbs.’ Their for- 
mula was however derived from a different cause, 
namely from an assumed non-orthogonality of the 
iterated Dirac wave functions. As, however, any set 
of wave functions containing a plane wave at large 
distances constitutes an orthogonal set, no modification 
of the matrix element is to be expected for this reason. 


*G. K. Horton and E. Phibbs, Phys. Rev. 94, 1402 (1954) ; 96, 
1066 (1954). 
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4. BORN APPROXIMATION 


Before going into details of the actual calculation, it 
may be of some interest to review brietly the Born 
approximation calculation. 

The solution of (3.4) up to first order in the potential 
is evidently 


€ f et ipr’+ip-r’ 
2r r’ 


The notation {+} refers to wave functions with 


F,=1 V({rt+r’|)d’. (4.1) 


F outgoing , 
asymptotic form: plane wave plus { . BoB} spherical 
ingoing 


waves. Keeping only terms linear in V in the matrix 
elements /;, I;, and I; of B-M, we find the Born approxi 
mation expressions for bremsstrahlung 


€) €2 nd 
I; fr *ei4 oe dr 2 ) | e‘4 "Vd'r, 
D, D,/. 
f Fo *e Fy yd } et Vader, 
dé Dz 
t 


’ q 
: | (Wl2_*)e4 "Fy .d57 fe ‘Vd'r, (4.2) 
2€o« dD, 


k 
D,=2p2-q+¢ (1+-p,0,’), 


€1 


k 
D2=2pi-q-¢ (1+ p1’0,"). 


€2 


The notation is as in B-M. The expressions for pair 
production are obtained in the usual manner by 
changing the sign of p,; and «,, treating q as independent 
of py. We shall have opportunity several times to 
compare our “exact” calculation with these expressions. 

Actually, as is well known, it is of no importance in 
the Born approximation whether we take ingoing or 
outgoing waves in the final (or initial) state. In fact, 
it is evident that the expression (4.2) as well as the 
Born approximation cross sections for pair production 
and bremsstrahlung” are invariant with respect to the 
simultaneous change of sign and reversal of direction 
of po (or pi) (p>—p, p/p->— p/p) [see (4.1) |. This 
property of the Born approximation is perhaps most 
easily understood considering the usual perturbation 
theory expression of the form 


_(2|V\n)(m| Hea’ | 1) 


lim >° 


ro Ba 


FE, } in 
(1- corresponding to | outgoing | 
| + >" | ingoing | 


Since the radiation interaction describes the interaction 


spherical waves ] 


W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, pp. 244, 257 
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with a plane wave (the photon) 


(n| Hyaa’ | 1)~6(pn—k-+- py), 


the momentum and therefore the energy in the inter- 
mediate state is fixed, and the energy denominator 
I~ fy is never zero. Thus the sign of 7 is immaterial. 

As the Coulomb interaction matrix element (m| V|n) 
does not have this property, the sign of will be relevant 
in corrections to the Born approximation involving 
higher orders in the potential, V(r). 


5. HIGH-ENERGY WAVE FUNCTIONS 


We use throughout the same notation as in B-M. 
The Sommerfeld-Maue type function for a 
screened potential is, as discussed in Sec. 3, 


ia-V\ 
y=e"” (1 ~ ; )ram 
€ 


where /', is the appropriate solution of 


wave 


(5.1) 


(V?+-2ip:-V—2eV)F=0. (5.2) 
The difference in normalization from B-M should be 
noted. It is more convenient for us to normalize so that 
e? ipr 
eB poe re'? 4 


{(0). (5.3) 


As in B-M, the cross sections for pair production and 
bremsstrahlung are expressible in terms of the matrix 
elements J, I,,, and I;, (Eq. (7.11), B-M ]. The symbol 
| means perpendicular to k. In the case of no screening, 
it is possible to solve Eq. (5.2) exactly, and the integrals 
/;, I,, and I; can be expressed in terms of hypergeometric 
functions, as was done by B-M. (See also Sommerfeld, 
reference 3.) 

If screening is of importance one has to find other 
methods as Eq. (5.2) cannot be solved exactly, par 
ticularly since the screened potential is given only 
numerically. In order to find this new method the fol 
lowing considerations are helpful. 

Consider the typical integral] 


I; [ drkstes ‘F. 


In the Born approximation (4.2) it is seen that the 
order of magnitude is determined by the exponential 
e‘*’", Since the exact treatment of the F’s may only 
introduce corrections to the Born approximation, it is 
clear that the same conclusion holds for the exact F’s. 
(Compare also B-M Sec. IX.) The integrals /,, I,, and 
I, are therefore largely determined by the exponential 
factor. The most important values of r in the integrals 
will therefore be those which makes q:r~1. We now 
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introduce cylindrical coordinates with z axis along k. 
The contributions to the integrals then come from 


p~1/q, and |z|~1/q. (5.4) 


At the high energies considered here, the important 
angles of emission of the fast particles are clearly of 
order 1/e. It then follows from momentum and energy 
conservation that q, is of order 1/e, while g, generally 
is of order 1, but may become of order 1/e when the 
three vectors k, p;, and py, are of the same order of 
magnitude and very nearly coplanar. The Born ap- 
proximation then tells us that these two regions of q, 
are of equal importance, and again we suppose that 
this is also true for the exact cross sections. For the 
case of complete screening, €>>137Z~-4, the lower region 
of q, is gy~Z*/137. For simplicity, however, the lower 
region will always be referred to as gy~1/e. 

We thus conclude that the important regions for the 
interaction of the electron with the photon field are, in 
the case of gq1: 


(I) p~1, |z|~e 


while in the case g~1/e: 


(II) p~e, |zl~e. 


Again, since the coordinates in the ‘‘wave functions” 
F \(p;,21) and F2(p2,z2) refer to only slightly different 
directions (angles of order 1/¢) of the z axes which now 
are along p; and pe, respectively, the regions in both 
these sets of variables are simultaneously exactly either 
(I) or (II). 

We will therefore solve the wave equation (5.2) (see 
Secs. 5a and 5b) in the two regions (I) and (II), and 
in Secs. 6 and 7 use these solutions to obtain the 
matrix elements /;, I, and I, for the cases of momentum 
transfer g~1 and gq~1/e, respectively. 


a. Wave Functions for p~1, |z| ~e 


These are the regions close to the z axis where #, the 
polar angle of r, (tand=p/z) is either of order 1/e or 
else r—JW is of order 1/e. Because of these very small 
forward (and very large backward) angles involved, 
this may be called the scattering region, and the 
Rayleigh expansion should accordingly be useful: 


1 
- > 1'(21+-1)e** ui (r) Pi(cosd), 
pri 


eP "Fy, 


outgoing 
ingoing 
specifically because we have here |z| of order e, but p 
of order 1 that d~1/e (or r—d9~1/e) and thus that 
l’s of order ¢ give significant contribution to this sum. 
Therefore, in this region we may approximate P;(cos#) 
by Jo(/#) and later we shall also replace the sum by an 
integral over /. 


spherical waves. It is 


where {+} refers to 
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The above sum thus simplifies to 


1 
eR TF, =— > i'(214+-1)e**® 1 (r) J (1d) 
prt 


\! (z>0) 


x (5a.1) 


| ( 1)! (<0), 
where from now on # is the angle between r and p 
for z>0 and the angle between r and — p for z<0. 
This method in its present form therefore cannot be 
applied to obtain good approximations to the wave 
functions in the other region (|z|~e, p~e). The latter 
case is treated by a different approach in Sec. Vb. 
u;(r) is the solution of the radial equation 
l(l+1) 
2 Ve ui(r) (0, (5a.2) 
dr’ “a 


Using the WKB method as outlined in Appendix A, 
one finds, in the region r~e, 


lr P _ 
u(r) = sin| 7 +-6,4 f Vdr' +0019} 
2 2pr , 


(5a.3) 


We have here kept terms including those of order 1. 
Especially the term [*/2pr should be noted. This is 
necessary because the two radial functions from the 
initial and final states together with exp(—ik-r) from 
the electromagnetic field will give 

exp{i(pi— po)r—ik- 1} = exp{i(pi 
(for bremsstrahlung), i.e., terms of order 1 in the ex- 
ponent. For details see Sec. 6, where the actual calcu 


lations are carried out. 
The phase shift 6; is [see Appendix A, (A.27) ] 


po—k)r+ikrd?/2} 


D 


5)= -f V(Ceet (U/p)? Pde. 


0 


(5a.4) 


This expression is valid for electrons. For positrons we 
have only to change the sign of the charge, 


6," 6, ¢)), 


The wave functions for z>0 are, from (5a.1) and 
(5a.3), 
e'Pr 
ev th, = 
ipr 


> (1+4) 


2 L 


il" 
xexp( bib ri f var’ ) (0) 
2pr 


r 


~ipr 
~—— F(—1)#5-+-4) 
ipr 


il? 
xexp( bib 161— if Vir’) Ju(t0) (5a.5) 
2pr 
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In (5a.5) the important difference between the terms 
in the first sum and those in the second is the additional 
factor (—1)! in the latter. In the first sum successive 
terms add constructively up to / of order e. The indi 
vidual terms being of order /, this sum is of order e’. 
However, in the second sum, because of the factor 
(—1)!, successive terms will, for / of order €, cancel and 
leave a contribution of order 1. The second sum is 
therefore of order « and may be neglected. 

Thus for z>0 the wave functions simplify to 


t 


exp ior t if vir’) 
fu 
ipr 


Kexpli(+6:+-6,+-2/2pr) J o(ld) 


ee rk, 


(Sa.6) 


In the ingoing type wave function, e'? 'f_, the phase 


shifts cancel giving essentially a plane wave 


s 


exp ir +7 | vir) 
. fu 
ipr 


xX exp(1P/2 pr) (ld) 


ee t hh 


ie P 
-ep| ior(1 - ) { if var 
2 , 


exp( ivr t if vir) (5a.7) 


The normal scattering wave function, ¢'? 'F’,, is 


x 


exp ior if vir’) 


fu 
tpr . 


Kexp (216, til? 2 pr) T,(1d) 


ee of 


(5a.&) 


(5a.7) shows that the plane wave is given as a super 
position of only outgoing spherical waves in the present 
region, z>0, r~e, and small angles of order 1/e¢ about 
p. This may be expected by simple geometrical con 
siderations: In this region spherical outgoing waves 
themselves are almost plane waves traveling in the 
direction of p, away from the origin, while ingoing waves 
are almost plane waves moving in the opposite dire 
tion. The latter waves must therefore be absent in a 
description of the plane wave 

The plane wave part of the scattering state wave 
function e'? Ff, can likewise be represented as a super 
position of only outgoing waves in this region, Thus 


this wave function has only outgoing waves; all ingoing 





34 OLSEN, 


waves are absent. This is indeed indicated by the result 
(5a.8). 

The phase if,”Vdr' is of no importance to us as it 
drops out in the matrix elements. In fact, since this 
phase does not depend upon energy, and is the same 
for the outgoing type wave function as for the ingoing 
type [see (5a.7, 8) and later (5a.10, 11) ], these phases 
from the initial and from the final state will exactly 
cancel in the case of bremsstrahlung. In pair production, 
where both particles are created, the corresponding 
factor in the matrix element would be, for z>0, 
exp —i S77 V adr’ —i S,* Vposdr' |. Because of charge con- 
servation, these phases again cancel. It is shown, more- 
over, in (6a.2), that derivatives of exp[iJ/{*Vadr' | in 
the matrix element will always give contributions which 
are negligible. 

We note [(A.21), ff.] that in the case of a pure 
Coulomb potential the term if°,“Vdr’ must be replaced 
by ia log2r which is the well known anomalous term! 
in the asymptotic radial wave function, (5a.3). Again, 
in this case, the deformation of the plane wave 1s, 
according to (5a.7), exp[ialog2r]|. This is clearly 
effectively the same as the usual expression 


exp ia log(r+-z) | 


in the present region of small angles. 
It is interesting to calculate the wave functions 
explicitly for the case of a pure Coulomb potential. 


Then 6, a log(l/p) [note (A.11), ff.] and 


eiprtia log2r 
fawn ate 
ipr 
Kexp(iP/2pr)Jo(ld) 
40) 


x iF (ia; 1; fiprd?). 


eo” fh, 


prem@r( —10) expLipr(1 
(5a.9) 


This is indeed the small-angle approximation to the 
exact Sommerfeld-Maue wave function 
p@eiT'(1—ia)e®* Fy (ia; 1; ipr—ip-r). 

The difference in normalization from customary usage 
has already been discussed in Sec. 5. The constant 
phase factor p'* [note (A.11), ff.] is of course com 
pletely unimportant. It is a remarkable feature of the 
WKB method to give these accurate wave functions. 


For z<0 we find corresponding to (5a.7, 8), 


wo 


exp( ipr if vir’) 
" f ldl 
ipr . 


x exp(—2i8;—iP/2pr)Jo(Id), 


uN. F. Mott and H. S. W. Massey, The Theory of Atomic Col- 
lisions (Clarendon Press, Oxford, 1949), second edition, p. 46 


(5a.10) 
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exp( —ipr— if var’) 


- | ldl 


AND 


e” ‘PR, = 


Xexp(—il/2pr)Jo(ld) 


D 


x? 
exp| -ipr(1——)-if var | 


“ r 


vw 


-exp( inti f vir’). (5a.11) 


r 


It should be remembered that according to the definition 
(Sa.1), # is the angle between r and —p in the present 
region z<0, and that here p-r~ — pr(1—v*/2). 

It is easy to see that the ingoing type wave function 
(5a.7 and 10) is indeed the space and time reversed 
outgoing type wave function (5a.8 and 11). 


b. Wave Functions for 9~e, |z| ~e 


This is the region of angles 3 of order 1; hence we 
cannot use the method applied in Sec. 5a. In the 
present case, as we shall see, we may obtain a good 
approximation to the wave function by applying the 
WKB method to the wave equation (5.2) for F itself 
rather than to the radial wave equation, as was done 
in the case of small angles in Sec. 5a. We therefore write 


(5b.1) 


F=e"*, 
The equation for x is then, from (5.2), 


—~iVx+(Vx)?+2p-Vx+2V=0. — (5b.2) 


Since both p and z are of order ¢, both 0x/dp and dx/dz 
are of order x/e, and the terms in (5b.2) are of orders 
x/e, x*/é, x and 1, respectively. It follows that x is 
of order 1. Expanding x in powers of 1/¢ 


X=xotxt’::, 
one easily finds 
Pp: VxroteV=0, 
and 
2p: Vxi-1V*x04 (Vxo0)?=0. 


From this it then follows that 


€ £ 
Xo — f V (p,f)de, 
p Y—« 


which is of order 1, while x; is of order 1/e*. As is shown 
in Sec. 7, it is really necessary that the error in x be 
of order 1/é rather than 1/e for the approximation to 
be applicable. This is required since an important part 
of the difference x¢inai—Xinitiat is Of order 1/e. In fact, 
this part accounts for the Born approximation result. 

It should be pointed out that the procedure used 
here in Sec. 5b, i.e., a WKB method applied to the 
wave function F, is not feasible in the region considered 


(5b.3) 
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in Sec. 5a, viz., 2 of order € but p of order 1. In this 
latter case each of the terms in (5b.2) is of the same 
order of magnitude and hence the first two terms cannot 
be neglected. 

The xo we have written down is zero for z—— ©. The 
wave function y in (5.1), therefore, is a plane wave in 
this limit, and thus describes the normal scattering 
state. It is shown in Appendix B that this state is really 
an approximation to the state satisfying the Sommerfeld 
radiation condition: plane wave plus outgoing spherical 
wave at infinity. We denote xo in (5b.3) by x, (dropping 
the subscript zero). But we shall also need y_, the wave 
function describing a particle /eaving the nucleus, which 
therefore must reduce to a plane wave for z+. It 
is clear that the corresponding x must have the form 
(e/p) S.”V (p,¢)dt. However, the sign has to be deter- 
mined by space and time reversal of ~,. These two 
transformations applied to an “‘outgoing” state change 


«ts 


it into an “ingoing” state.!? 
y_(r,t)=STy,(r,1), 


where S=8X space inversion and T7=i0,X complex 
conjugation. It is easy to see that space and time 
reversal, ST, commutes with the factor 


ia:V 
e'P (: ) 
2¢ 


in the wave function y. The effect of the spin flip” 
caused by fo, is of no importance to us, since we sum 
over spins. The only relevant change is in F: space and 
time reversal changes the sign of y and of z. Since 


€ Zz 
] V(p,f)dg, 
p 


D 


x+°"(p,2) (Sb.4) 


€ se 
x-""(p,2) = —x4°"(p, + i) V(p,¢)dt. (Sb.5) 
ps 


The expression for x and the phase shift 6; of Sec. Va 
look very much the same. Their appearance in the 
wave functions y are however completely different: 
while 6, is the usual scattering phase shift, x(p,z) is not. 

The x of (5b.4) and (5b.5) describe electrons. The 
corresponding x for positrons is obtained by reversing 
the sign of the charge: 


(5b.6) 


x+°"(p,2) x4°'(p,2). 


6. MATRIX ELEMENTS FOR “LARGE” VALUES 
OF THE MOMENTUM TRANSFER, (q~1) 

In this section we calculate the bremsstrahlung and 
pair production matrix elements in the upper range of 
values of the momentum transfer, g~1. We then use 
the wave functions for p~1, |z|~e« according to Sec. 
Sa. 

18 Rose, Biedenharn, and Arfken, Phys. Kev. 85, 5 (1952). 

3 Haakon Olsen, Kgl. Norske Videnskab. Selskab, Forh. 28, 10 
(1955). 
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a. Bremsstrahlung 


Here the initial state is a normal scattering state, y,, 
while the final state has the asymptotic form: plane 
wave plus ingoing spherical waves, y.. The matrix 


element is 
t / % 
[vn Hyaa Wor, 447 


In pair production, when both particles are produced, 
both states in the matrix element are “ingoing”’ states, 
y_. As will now be seen directly, this causes a big 
difference between the differential cross sections for 
bremsstrahlung and for pair production, 

The J/’s of B-M, which we write /~ + to indicate the 
types of the initial and final states, are found by using 
the expressions for e'® ‘Fy, from (Sa.7, 8) and (5a.10, 


11): 
1 | dr 
fea fra f J (ld) To (U2) 
pips LJeo0 # 


z 


ikr P he 
xexp( ir | *) exp i( ) | vn] 
2 2pr 2pew 
dr 
| j J (ld) Jo (Ue) exp( 16r 
ac r 
L 
xexn| ( ) +- 216, |}. (6a.1) 
2pir 2 por 


where 6= pi— po—k for bremsstrahlung. J; and WJ, are 
the angles between rand p;, and rand py, respectively, 
for z>O (the first integral), and between r and — py, 
and r and —pz, 
integral). They are always assumed to be small of 


I, 4 


9 


respectively, for 2<O (the second 
order 1/e. 
We may write 


I~ +=1,(2>0)+1,(z<0), 


where /;(z>0) is given by the first term in (6a.1) and 
I,(z2<0) by the second. 

Before calculating /;(z2>0) and /,(2:- 
the expressions for I, and I). It has been shown in B-M 
(Eq. (7.12)] that only the components of I, and |, 
perpendicular to k, [,, and I,,, are of any importance 
for high energies. 

According to the definition of I), (4.2), we find, using 
the wave functions (5a.7, 8) and (5a.10, 11) 


()), we « onsider 


s 


I, If d*r eo if vir’) are ks 
26; z>0 


r 


{ f dP, *e'4'e, exp if vir’) 


a<0 r 


magnitude of the second integral relative to the 
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Kc. 1. Angles occuring in the matrix elements 
for momentum transfer g~1 


p OF 1 
ve / ~ > 
r Op @ 
and may be neglected. Performing a partial integration 
on the first integral we find, again neglecting a term of 


first one is 


relative order 1/é: 


wes ~qi 
In, f d®re'4 "Phi, T\(z>0). (6a.2) 


Je; s>0 26 


Similarly 


qu 
Des I \(2- ()) 


2€2 


(6a.3) 


For the actual calculation of the /’s, we recall the 


definition 


] d®r 
I,(2>0) fu rar f JT (ld) J o(U'd») 
; Pips + « Jo 


ike c |’ 
xen 16r+ w+ i( ) +216; (6a.4) 
) 2pur 2per 


Now we express Jo(/,) and Jo(l'd.) by the addition 
theorem 
te 


To(1d;) 2. 


m= oe 


J m(ld)T mlb etme "ev, 


Jo(t'd.)= > 


m’ « 


Tne (UD)T m: (UOg)eim "3 
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The angles are indicated in Fig. 1. Because of the rapid 
oscillations of the integrand in (6a.4) for large values 
of J, the integration over # is extended to ©. We now 
perform the straightforward integrals over y, 3 and /’ 
in this order, using integrals'* of the form 


F kr? 
{ DADS (UI) T m(U'9) exp(# -) 
0 2 
1 P+1" ll’ mr 
‘ exp(-i )r(—) exp “), (6a.6) 
ky 2kr kr 2? 


This gives 


2r a pe 
I\(z>0)= fuss: Jal) Jn{ Ue ee 
pi m pi 


62 pok 
x fa exp (64 - )r| 
2p 


Now the sum over m can be performed, giving Jo(/q./p1), 
where 


(6a.7) 


q2= pO + p70. — 2p: p00. cosp = (u— v)’. 
Thus the integral becomes 
4rreo 


‘the(1 + p278,") 


f Idle'Jo(lqs/pi). (6a.8) 


In the / integral only /~pi/q,~p, will contribute. 
Accordingly in the phase shift [see (7b.12) and (A.27) | 


x 


adx 
6,=lim taf [1—F (x) |Jo(al/pi) (6a.9) 
70 P 4? 4 n’ 


only values of the argument «x of order 1 in the atomic 
form factor F(x) will be of importance. But for such 
values F(x)=0, so that 


5:= —a log(l/p) (6a.10) 


i r'(1—ia) 
gi? \ 4 T'(ia) 


in the present range, giving 


“ l 2 qa 
J uat( +) s0(! +) 
0 pi pi 
Thus 


I'(1—ia) /q.’\ “ 
I,(2>0)=— (’ ) 
l'(1+ia)\ 4 


Sra €i 
i Ha 
qi? ] (k/ es) (1+ p83?) 


1,(<0) is obtained from /,(z>0) by the transforma- 
tions pir2?+px, k->—k, 0:2262, as is clear from the 
4 W. Magnus and F. Oberhettinger, Formeln und Sdtze fir die 


Spesiellen Funktionen der mathematischen Physik (Springer-Verlag, 
Berlin, 1948), second edition, p. 49 and reference 18, p. 395 


(6a.11) 
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definition. Thus 


l'(1—ia) / qu”\ * 
h(z<0)=— (=) 
l'(1+ia)\ 4 


(6a.12) 


Sra — €2 
ae 
qu*/ (k/e1) (1+ p1'6,") 


The three /’s are, therefore, in the present range g~1, 

equal to the Born approximation values apart from 

the unimportant common phase factor 
(q.?/4) “0 (1—1a)/T (1+ ia). 


/ 


This is easily seen by comparison with the Born ap- 
proximation expressions (4.2) for the case of no 
screening, V= —a/r, as then 


fes 'V (r)d*r= —41ra/¢’. 


The present result, including the phase factor, coincides 
with the result of B-M, apart from the factor I'(1—ia)/ 
I'(1+ia) which appears because we have used different 
normalization than in B-M [see (5.3) ]. 

It is interesting to note that the Born approximation 
cross section comes out, although the wave functions 
are not the Born approximation wave functions. In 
fact, it was shown in Sec. 5a that our wave function 
e‘?'*F, is, in the case of no screening, the small angle 
approximation of the exact wave function. This is 
analogous to and closely related to the fact that the 
Born approximation cross section is exact for the scat- 
tering of a (spinless) particle in an unscreened Coulomb 
potential, and in the case of small angle scattering even 
for a particle with spin. The case of scattering will be 
discussed in greater detail in Sec. 9. 

The present effect is probably the reason why the 
correction to the Born approximation is so much smaller 
than expected. In the case of lead, for instance, the 
Coulomb correction amounts to about 10% '® instead 
of a?= 36%. 


b. Pair Production 


The matrix element 
fv. He mag W pes, « *d'7 


has ingoing type wave functions in both initial and 
final states. The J integrals are accordingly J~~. In 
the present case it is advantageous to consider J) and 
derive J,, I,, and I, by means of the rules given in B-M. 
This is possible since screening is unimportant in the 
present range. We will accordingly immediately use 
the phase shifts for an unscreened Coulomb potential 


‘6 Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954) 
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Fa/r: 
6f'=5,=—a log (//p)+-const, 


6b.1) 
5° = +-a log(1/p)+- const, one 


as given by (5a.4). 
Using the wave functions (5a.7) and (5a.10), one 
easily finds 


dr d'r 
Iy f eu + fran fra f To(U9,) J o(I' ds) 
>0 r “710 r 


ikri? ry FF 
xexp| -16r-+ t i( t ) 
2 2p 2pewr 


+ 215,299 +- 216 ,-°! (6b.2) 


Here 6=k—pi— 2 for pair production. Since, as was 
shown in Sec. 5a there are no scattered waves in the 
forward direction, the phases drop completely out of 
the integral for z>0. In fact, the contribution to /, 
from the first term in J) would be 


f dre'4 '~5(qu), 
>0 


2 


which is zero in the present region, g~1. 

It was shown in (5a.9) that our wave functions are 
the small angle approximation of the exact Sommerfeld 
Maue wave functions. The integral J 
be evaluated using the method first given by Sommer 
feld.* (See also Bess* and Nordsieck.'*) ‘The result could 
be written down immediately and must coincide with 
the result of B-M. However, the integrals in their 
present form are much simpler, because of the small 
angle approximation. The calculation is somewhat 


may therefore 


analogous to Bess’s computation. There is no need of 
introducing parabolic coordinates, however, which sim 
plifies the calculation considerably. 

Using the addition theorem (6a.5) as in the case of 
bremsstrahlung, the integrals over g and WJ are readily 
done by means of (6a.6). 

In the case of bremsstrahlung, as can be seen from 
the position of the terms exp(2ié,) and exp(2ié,) in 
(6a.1), only the initial state wave function is scattered 
in the region z>0 and only the final state wave function 
in the region z<0. This is the situation which obtains 
for simple scattering and leads us in that case, as well 
as for bremsstrahlung, to the Born 
matrix element. For pair production, however, both 
states are scattered in the region z<0 and this gives 
a result different from the Born approximation. 

It is convenient to introduce as a new variable the 
l'/l. This removes 


approximation 


ratio of the two angular momenta, s 
the phase from one of the / integrals. From (6b.2) we 


© A. T. Nordsieck, Phys. Rev. 93, 785 (1954 
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find, therefore, 


2nri (pr\** dr 
ly ( ) . fe veds [pat [ 
pipak\ pid om r 


I's 
Jaf ) 1(0) I(t.) 
kr zh 


if? p2 pi T 
xexr| -( +s? ) tor + im(o+ )| 
2kr pr pr 2 


Introducing now the new variable ¢=/*/r instead of r, 
the integral over / involves only the product of two 
Bessel functions and can thus be done, again using 
(64.6). Then the sum over m can be performed as in 
bremsstrahlung, giving 


T 
I, f stds f edt 
pipok 
it dD, dD, po 410 
xen] ( +- 5? ) frorase( ) ' 
4kbX py p2 pi 


] O:02\? 6:02 
‘a 
k? 26 bk 


D=kpO2+2p5 and Dpo=kph?+2pi6. 


The & integral is elementary, yielding 


— 16irké D, Ds 
Io fs veds( { *) 
Pipa + Pi pr 


dD, D» 2 4 po 2ia 
x| (4kébas )* -( { *) | ( ) 
pi pre pi 


§*(D2/D,)(pi/ pz), the 
integral is seen to be a function of only one variable, 
x= 4a*p pok’6?/D,\D». With these new variables the 
integral simplifies to 


Saki (pid p* 
( yf dt t-*(1+-4)? 
DD, pd, ( 
4at 
x|1-—] 
(1+)? 


By expanding [1—4xt/(1+4)*}', the pertinent in 
tegrals are very simple: 


° I'(1+-1a+n)0 (1—1ta+n) 
f t wtn(] | t) 2n {di 
. I'(2n+-2) 


Introducing the new variable ¢ 


and accordingly 


Srkd (“ 


) |I'(1+-ia) |*#(1+ia, 1—ia; 1; x), 


D,Do\ pd, 
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F being the hypergeometric function. Using the trans- 


formation 


1 
F(1—ia, 1+-ia; 1; x)=- 
1-—x 


F(ia, —ia;1;*%), 
and the fact that 
2ké 


(D\D.—4a*k® ppd?) = ——q,’, 
“_— DD, 


1-—x= 


we may write 


=( pb» 


) \I'(1+ia)|*# (ia, —ia;1;x). (6b.3) 
pid, 


qu” 


q, is the transverse momentum transfer: q,= —u-—v. 
To derive the quantity /,~ ~ it should be noticed that 
1, = 1010/06; thus 6 (as well as p; and ps) has been kept 
as an independent variable. In contrast to the Som- 
merfeld rules'* no extra parameter \ is therefore 
necessary. This simplifies the derivation of J). 
From the definitions it follows that 


aD, aD» 


=2p2, ——=2hi, 
06 06 


Ox 2 ( 2p25 ) 
= ~ 1 -————_— — ’ 
06 DD, dD, Dz 
and /;~ ~ is easily written down. (V=F, W=a*dF/dx 
as in B-M.) 


Sra ps ” po pi 
S022)" rs ie (2-2) 
qa? pid; dD, Dz 


q2kW {2p 2pab 
ia (: salen ) | . (6b.5) 
DD» a» 


Before I, and I; can be found by the differentiations 


pr “a 1 pr “a 
( ) I,= v»| ( ) 1, 
po 2 po 
pr ry 1 pi “7 
( ‘) I,= o> ( ) | 
p2 2 p2 


one should substitute 6=k—pi— p2 and k=q+ pit p2 
in accordance with the fact that J) should be a function 
of q, pi and pz in order that the Sommerfeld rules may 
be applied. The factor (1/2) ‘* should also be noticed. 
It comes from the different normalization condition for 
the wave functions. 

As in bremsstrahlung, Sec. 6a, we shall only be 
interested in the components of I, and I; perpendicular 
to k, as only these are of importance for high energies 
[see B-M, Eq. (7.12) ]. It should also be noticed that, 
the z components J2, and J, being of relative order 1/e 


(6b.4) 
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compared to I,, and I;,, they do not follow correctly 
from our approximation. 
One easily finds 


V v,k=k/k, V7:b=k/k—pi/ pi, (WriD2)s=2q1, 
ao u -25q1 | v =] 
<i Raat ; face | 


(Vrixt)i= ‘ on 
DD, D,\Delpo Dy 


| (Vv pox) 1 


pi Ds 
Thus 


4ra [ poD2\ * 
l.=— ( = ) |I'(1+-1a) |? 
qu” pd; 


4a { p2D2\ 
aw (~~) |I'(1+-éa) |? 


qa? pd, 
qu qa’k vy 2dqu 
x| V—+ia w(—+ - ) ; 
dD, DD, po D, 

It should be noticed that the sign of I, in B-M Eqs. 
(6.3a) and (6.10) is incorrect!” ; the final expression for I, 
in (6.23) ishowever, correct. Our result is consistent with 
the B-M result [ B-M Eq. (6.23) }. Itiscomforting that our 
result agrees, to first order in a, with the Born approxi- 
mation for pair production, as obtained from the 
bremsstrahlung result (4.2) by changing the sign of «. 


7. MATRIX ELEMENTS FOR SMALL VALUES OF 
THE MOMENTUM TRANSFER (q~1/e) 

We now calculate the matrix elements for pair 
production and bremsstrahlung for the range of mo- 
mentum transfers gq~1/e. (See lig. 2.) The appropriate 
wave functions are given by (5b.1) and (5b.4-6). In 
the present region screening will be of importance, and 
the matrix elements will be given for arbitrary screening. 
We again start with the simplest case, which here is 
pair production. 


a. Pair Production 


The matrix element /; is 
r--= f exp ix2*') exp(iq:r) exp(—ix1”*)d"7, 


where x2°!-+-x 19° = xo, _°!+- x1, °° as ingoing waves have 
to be taken for both states. 

We now separate the difference in energy from the 
difference in directions of p; and p> in the x’s: 


x1?" (1,21) +-x2°! (91,21) 
— x2"! (p1,21) +-x2"" (p2,22). 


x2"! (p2,22) +x 1?" (p1,21) 
(7a.1) 
It should be remembered that y°°*= —y*!. Since the 
angle between p,; and p> is small, of order 1/e, and both 
p and z are of order ¢ in the present region we may 
expand, taking for the moment the direction of p2 as 


~ 17 This is also clear from B-M Eqs. (6.10)-(6.12). 


ENERGY 


BREMSSTRAHLUNG 


Vz/p, 








~J 


x 


Fic. 2. Cylindrical coordinates used in the matriy 
elements for momentum transfer g~1/¢ 


z axis, and omitting the subscript 2: 


OX» Ox» 
X2(p1,21) (p—pi) + (2 
Op Oz 


X2(p2,22) 2:)+0(1/é) 


Using, from geometry, 
u V 


p(p— pi) z(z—21), pp “o( ), (7a.2) 
Pp pi pr 


we find 


€. € “ 
dee ia ( yf V (pt) de 
po pi ‘ 
ou ov\[z 0d ~O 7 
( JI If V (p,t)dt (7a.3) 
pi po p Op Oz I, 


The first term here is of order 1/e? and should accord 
ingly be dropped, while the second term is of order 1/e. 
Thus we may expand the exponent, giving 


ou py 
I; if are ( ) 
Pri po 


zo 0 ’ 
x| | Vip,t)dt. (7a.4) 
» OZld,~ 


p 


We have here dropped a term proportional to 6(q), 
which is always zero. Since J; as given in (7a.4) is 
proportional to the charge number, it must be the Born 
approximation result. In fact, this may be written 


ou pv\l d 
I, ~i f are’ ( ) 
Pi pr p Op 


x f (2—t)V(p,t)dk, 
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using the fact that for a spherically symmetric potential 


14 
VL (o'+$7)*}. 


10 
—VU (+ 4)"}= 
9 p dp 


C¢ 


Now the ¢ integration gives 


1/qi'u qi:v fa] 
( Jar f opss(as) - 
qs pi ps Op 


x f dei f (2-4) (par. 


Integrating by parts once with respect to p and twice 
with respect to z, we are left with 


1 qu qi’y¥ 
l--=- ( ~ Jar f ode) 
qe \ pr pa 


x f dav he (7a.5) 


1 /qi:u qi:V 
- ( _ ) ferenevn 
qe pi pe 


In order to compare with the Born approximation we 
substitute q,=—u-—v, taking into account the fact 
that for gq1/e: 


u—v=O(1/e) (7a.6) 


angle between u and — v=O(1/e). 


(= =") k(u—v)u 
qe \ pi pa qepipr 


On the other hand, since 


Therefore 


(7a.7) 


I+ 1+” k 
qs= + (14+), Di=2eq., D2=2ergs, 
Je, 22 e162 


the factor in the Born approximation for pair production 
corresponding to (4.2) is, in the present region, 


6 €2\ ku(u—v) 
Gore 
D, D, qe pipr 
which indeed coincides with (7a.7). 
The calculation of I, and I, is even simpler. Dropping 
terms of relative order 1/e, we find 


i 


1--= -f ex’ ix2*'+iq-r)¥ exp(—tixi*) 
1 


1 ~ iq 
foes Wy Pdr : fe iq Fy  Poed*y, 
2 1 26, 


ze 


2 


the last step by partial integration. Substituting for x 
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the expression 


—— f V(p,)dr, 


and performing a partial integration with respect to z, 
I,= 


we obtain 
f et *Vd'7, 
2p24s 


which is the Born approximation result (D2=2p,q,). 
In the same way 


I,=——— feervar, 
2p19s 


We have thus proved explicitly that the pair production 
cross section is given by the Born approximation in the 
region g~1/e, for any amount of screening, a result 
which was anticipated in B-M. 

It is interesting to note that the terms of order 1 in 
the phases /”V (p,¢)d¢ from the initial and final states 
just cancel [see (7a.3)], leaving exactly the Born 
approximation matrix element, (7a.5). This is true for 
any potential V(r). This is then in a certain sense to be 
contrasted to the case of bremsstrahlung for g=1, in 
which case we also obtained the Born approximation 
result. In that case it was only because the potential 
was the pure Coulomb potential, V= —a/r. 


(7a.9) 


(7a.10) 


b. Bremsstrahlung 


Here the final state describes an electron leaving the 
nucleus so that the matrix element is 


[t= exw — ixe, "Ye" exp(ixs 4°)er, 


Handling the phases in a manner analogous to (7a.1) 
we find 


X1,4—X2,—=X1,4 (91,21) — x2, (p1,21) 
+X», (p1,21) 7s (p2,22) 
(7b.1) 


® 


€) €2 
=— ~ f Vdt—- f Vdt 
pi acd po 2 
0 0 


p « 
~~») | - \f V (p,o) de. 
Op 202}, 


The first two terms add up to /_,.”V (p,¢)d¢. This is the 
important difference when compared with pair pro- 
duction, (7a.3), where this term was absent. Using the 
relation (7a.2) we may write 


a9 ou pv 
X14" Ne f pega ot) 
vw 1 2 


a 81°" 
x- ——| f V(p,t)dt. (7b.2) 


pop dzi/, 
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The farst term here is of order 1 and must be kept in 
the exponent, while the second is of order 1/e, and may 
be expanded as in (7a.4) : 


I; += f tres iar if Voeit| 


xf Vota | (7b.3) 


The first term is proportional to a 6 function: 


2na(q) [a exp iqu'o if 


and is to be dropped. This term will be discussed 
further in Sec. 9 for the case of scattering. 
In the present case we have, rewriting as in Sec. 


a 


Vota (7b.4) 


wo 


7a, 


L 


is* i fer exp incr if vir ) 


ou ov\ld 
x( m ) f (2—t)V (p,t)dt. 
Pi P2 pops, 


The angular integration gives, exactly as in (7a.5), 


nr qi-u qir 
( ) frets a0 
qa pi pe 
e - 0 
exp - if V (po )de Lf eta 
i Op 


” 


I+ 


Zz 


xf (z—¢)V (p,¢)dtdz. 


2 


Furthermore, integrating by parts twice with respect 
to z we have, finally, 


2dr qi‘uU  qu’V¥ 
i* - ( - ) fotos so 
419s" Pr po 


2 7) 4 
xexp| _ if V (ota f e'4*V (p,z)dz 
- Op 


i (7b.5) 
ku(u— 


v) 2x 
nan = fedoss(as0) 
Qa Pipe Ys 


£ ’ 0 x 
xexp| if V (og) J e'4*V (p,z)dz, 
Op 


—e —e 
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where we have used the fact that q,=u-—v, and that 
in the present range (¢~1/e) [ see (7a.6) |: 


u—v=0O(1/e), (7b.6) 


angle between u and v=O(1/e). 


We now turn to I, and I; and, as before, we shall be 
interested only in the components of these quantities 
perpendicular to k: 


1 
I. fare XB, —F 0G Fey @IXI.+ 
2é1 
1 ne 
fo exp] 1q-r if V (p,¢)dt Jpn. 
) . 


€) s 


up to relative order 1/e. 

Because of the small angles between pi, pz, and k, 
and since p and z are of order e¢, it is of no importance 
whether we take the direction of pi, po, or k for the 
z axis. The symbol 1 then denotes the component of 
any vector perpendicular to any of these vectors. For 
the moment we take the z axis along py and q in the 
x-z plane. Then 


fee exp(1qi +0) Vix 


Ox 
fac exp(tqip Cosg¢){cos¢, sing} 

Op 

; Ox Ur 

2miJ; (quip) {1,0} J \(qup) 

Op qa Op 


Ox 


Performing a partial integration with respect to z, we 
find 


qi 2r¥ ¢ 
I,,~+ 2D ~ | dp Js(qu) 
€192 Ja 


® a s 
xexp(—if V (ost) f eV (p,z)dz. (7b.7) 
Op . 


—C 


I,, is obtained from I,, by substituting the index 2 
for 1, as is evident from the definition 


1 
fev x2e rd tt xifsy 
22 


qu lr ad 
= J eto ts(qo) 
2€24: qa 


= 7) 
xexp( if V (ott) 
Op 


s 


Tus +s 


xf e%#*V(p,2)dz. (7b.8) 


“ 
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Now it is also clear that for gq~1/e: 


dD, 2624s, 
€) €2 ku(u—v) 
D, D, qi pips 
Our results (7b.6-8) are therefore equal to the Born 
approximation times the common factor 


dr 
an—~ J 
qa 0 
xf Vipadewrds / f dre 'V(r). (7b.10) 


Since the cross section is a homogeneous, quadratic 
function in the /’s, the result is that the Born approxi- 
mation gels multiplied by | A \*. 

Again we obtain the B-M result in the case of no 
screening'® : 


Dz . 2619. 


and 


(7b.9) 


4 


° é 
pdpJ \(qsp) exp| -if Vota | 
wn dp 


Y's a 
f pdpp *“J\(qap)K s(qep) 
a 0 


(q’/4) “]"(1 


g\“V(l—ta) ma 
( ) {F (1a, 
4 I'(1+-ia) sinhre 


ia(q,?/q¢’)F(1+ia, 1 


ia) (2—ia)F (ia, 1—1ta; 2; gu?/q’) 


ia; 1; qu”/q’) 


ia; 2; qx"/q’)}, (7b.11) 
which is exactly their result [B-M Eq. (8.20) ], as 
1—x=D,D./4e,eq’=92/¢ in the present range [see 
(7b.9) |. The phase factor is of course the same as in 
(6a.11). 

We may express A in terms of the atomic 
factor F(x): Let aO(r) be the charge. Then 


form 


1—F(p) fe PO (r)d*r. 
The potential is 


2a d*pe'?*[1—F(p) | 
V(r) =lim J ; 


n 0 (23)? p’ +-7? 


and the integrals 


« 


f e'4* V (p,z)dz 


« 


3 pidpi{1—F(ps?+q,")"}) 
im | 2a f 


2 —— Jo( pip) |, 
ptgq?t+n 


70 


(7b.12) 
‘5 ; pidps(1—F(pu)) 
J V (p,z)dz= lim —2a Jo( psp). 
ra _— ps? +n? 
8G. N. Watson, A Treatise on the Theory of Bessel Functions 


(Cambridge University Press, New York, 1952), second edition, 
p. 410. 


MAXIMON, 


AND WERGELAND 


This expression was used in (6a.9). » is necessary in 
order to obtain the correct expressions for the un- 
screened case F(x) =0. 

The expression for A is then 


Ei geese 


A=lim ——— — 
m— 1—F(q) 4 pit+g?+n? 


x f 40s(qu0)1s(p) 


xdx 
xexp|2ia f = i(t- F(a) Joa) | (7b.13) 
x +n? 


In cases where screening is important [/'(x) #0] this 
expression must be handled by numerical calculation. 
This will be left for later work. 


8. INTEGRATION OVER ELECTRON ANGLES IN THE 
BREMSSTRAHLUNG CROSS SECTION 


Now we may show that our result for the brems- 
strahlung cross section agrees with the result previously 
shown more generally’. The cross section integrated 
over the motion of the electron is additive just as in 
the case of pair production: one part is the Born 
approximation cross section including screening ; to this 
is then added the effect of the Coulomb correction, 
which is independent of screening. 

The expression for the square of the matrix element 


[B-M Eq. (7.11) ] is 


1 1 
z | 49" |?= D <— | 2 5 teneee [k+ €2u? + €;"v" hi? 


y €\€2 €\€2 
+211, (eu: | Ea + e1V° 13,1) 


+ Reventon) (8.1) 


This expression is the same for pair production as for 
bremsstrahlung. 

The cross section differs from the Born approximation 
only in the region g~1/e. Here we find 


D | His’ |?= |C’|?| |? 
1 1 Rwy? gqZvf/a € 
x | pe (< + 
greier gi’! gfere? 2\e «& 

where x= u—»v, and 


{~=- an f 
0 


an 


S 0 
pdpJ \(qup) exp| _ if V (ota | 
= Op 


xf e4*V(p,z)dz. (8.3) 


a 


We now choose the variables g,, a= x/q, and g,. The 
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angular part of the phase space volume element is then 
udu vdv dy dqdaqidq,/[ 26( 1- a) ' 

With these variables the explicit dependence on q, in 

(8.2) vanishes and the differential cross section depends 


on gq, only through | 7|?g,dq,. The integration over ¢, 
which is equivalent to integration over q,, therefore 


gives 
WoL “04 
foder f equi f | T'|*qudqu, 
0 0 


where qo, is a number small compared to 1, but large 
enough so that all screening effects are contained below 


You: 
1 /y 
qos? / screening 


Now the integral is 


Gos 
f |T|*qudqu 
= (any f odo f pds’ f qudquJ \(qup)J (qup’) 
0 0 0 


- “ 00 
xexp| ~if V (p,¢)de + if V (p’ ode 
20 Op Op’ 


r 


xf f e idee iaet' V (9.2) V (p' 2’) dzdz’. 


Let us now subtract from this the Born approximation 
contribution for the screened potential : 


Ws x w 
f ada, f nlp f p'dp' J \(qup) J 1(qup’) 


x [exo “if Viosyar+if 
00 ae 
OT meron 
Op Op! YoY 


x V(p',2’)dzdz’. 


vio" | | | 


(8.4) 
But now since” 


a 


f qudguJ 1(qup)J 1(qup’) = 62(p—p’), 


and 


exe _ if V (p,¢)de4+ if vio' at | 1 | 


x ap’ 


it is clear that with the integrand as in (9.4) 
4 


qo. Dn qos 4 
f dqs _ f ds + f dq , f dq, 
0 ( 0 d04 


” The function b2 (p p’) is defined by S 0'dp'f(p')b2(p . p’) == f(p). 
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so that the integral over g, may be taken in the upper 
range of g,. But in this range screening is of no im 
portance : 
1 
pyu~1 andhence prw—< 
qs 


In (8.4), therefore, the potential may be taken to be 
the unscreened Coulomb potential, although 9, < qo. 
Thus we simply find 


screened screened 
( ( 
for dQ. fe Born dQpy 
no screening 
+ fo: 
exact 


as mentioned at the beginning of Sec. 
lead to Eq. (4) in reference 2, if the integrations are 


carried out 


no screening) 70 
eo dQ po, 


8, which will 


9. SCATTERING 


The scattering amplitude for high-energy small angle 
scattering was derived by Moliére,* from the phase 
shifts obtained by the WKB method. In this section 
we rederive his results using the wave functions of 
Sec. 5. Scattering is closely related to bremsstrahlung: 
The S matrix for scattering is 


S fv Wer, 4d°r [v. *elath, udv=J],t, 


in which q= pi— po. It is therefore obtained from the 
I; * of bremsstrahlung by putting k 
pi and p, arbitrary. It should be noticed that, although 
the z axis is now arbitrary, it has to be chosen so that 


0, and leaving 


qi~1/e, as before. 
From (6a.7), we find, in the case g1, 


dr l yn 
finesor i) | e'rdr, 
,? pi * 


I 


I,\(2>0) 
where 6= pi— po. Now 


£ 


fo evar 5, (pi-— po) = Wb(pi— pr) 
Pi- pr 


Thus, using (5a.4) 


j 
|7o( p2) j2a faa 


I\(z>0) | 
pi po 


ZL 


exp 2i| Vt) Ca), 


with the substitution x=//p,. Only the term corre 
sponding to i/(pi-—p2) was kept in bremsstrahlung, 
(6a.7). As in (64.12) we find /,(z<0) by the substi 
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tution pye*pz in 1,(2>0): 


1 
| aa po) + 
pi- pr 


I \(2- 0) 


dn f ds 


xexy| vif V(t Lolon) 


Thus 


/; [\(2>0) +], (2° 0) 


2nd (pi pide | rds 


xex| 2i f V(x) [ola (9.1) 


since q,<q, for g~1. The T matrix is defined by 


Sai ba1- 2rib(€,— €2) 7°91. 


‘Therefore, 


] dni Soa) [exo] ~24 f V(x) | i}. 


(9.2) 


The wave functions used in calculating (9.2) are, 
however, only valid in the case g~1, in which case the 
screening is of no importance, thus reducing 7 as 
given in (9.2) effectively to the Born approximation 
value as was true in the case of bremsstrahlung [see 
(6a.11, 12) |. For g~1 (9.2) thus reduces to 


: hora q’ ‘a [*(] ia) 
/ ani f vdx J o(xq)x?"* ( ) 
q \4 I'(1+-ia) 


for scattering angle 3d #0, which gives the Rutherford 
formula. 

But now the expression for 7 in the region g~1/e 
happens to be exactly the same as (9.2): Using our 
result (7b.4) we find, for g~1/e, 


S=/],;* 2w(q.)2x f dp Solo) 


xexp| 2i| Vos 


which is the same as (9.1), since 


p»)| 1 + u*, (2pips) J+ O0(1/&) 
(pi- p2o)[1+0(1/e) J. 


We thus find the same expression for the scattering 
amplitude (9.2) in both regions, g~1 and g~1/e. 
Therefore the distinction which must be made in the 
case of bremsstrahlung and pair production between 
the wave function for the region g~1 and the wave 


Ye Pre Pr (pi 
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function for the region g~1/e need not be made in the 


case of elastic scattering. 
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APPENDIX A 


The radial wave equation is 


du, l(l4 1) 
(p20 . Jum 


dr’ r 


(A.1) 


Since we want for /’s of order ¢, there is effectively 
only one nondimensional parameter in (A.1), viz., «. 
We then use a WKB technique to obtain an approximate 
solution of (A.1) for large «, expanding the solution in 
powers of 1/e. 

We require a wave function which agrees to within 
terms of relative order 1/e with the exact solution of 
(A.1) having the proper behavior at r=0. Using the 
method of Langer,”°~** we have found that for r~e this 
approximate wave function should be taken as 


ui= cos| ff n(r)dr’—tr}, 
ro 


n= p—2eV— (4+ 4)/r, 


and 9 is defined by n(%o)=0. Since for r~1, 2eV 
<(l+4)*/r’ for the Coulomb potential (with arbitrary 
screening), 


(A.2) 


where 
(A.3) 


ro= (14+-4)/pt+-O(1/e)=O(1). (A.4) 


Since we only need the wave function for both / and r 
of order € one might be inclined to presume that it is 
immaterial whether we choose, in the last term in 7’, 
(l+-4)* or l(l+-1). Inspection of the error by means of 
an iteration procedure shows that we must indeed 
choose 7’ as given above, even in this case. Now if V 
is a screened potential then we may write 


| ndr’ = lim 
N-+% 


“To 


N N 


| | ndr’ f na | 
“TO ri 
N 
+ lim | f nodr’ 
N +m r| 


p— (+4) 


where 
(no)? 
and 
r,= (l+ } //p 


*R. E, Langer, Phys. Rev. 51, 669 (1937); Bull. Am. Math. 
Soc. 40, 545 (1934). 

21. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Part IT, 
pp. 1092-1106. 


2. E. Langer, Trans. Am. Math. Soc. 37, 397 (1935). 
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is the zero of mo. The first term in (A.5) is the phase 
shift, 5): 


aN N 
| ndr’ - ; nodr’ ; 
r0 rl 


The second term may be written in the form 


f nuir'+ f (no—n)dr’. 
rl r 


The first of these two integrals may be evaluated 
exactly. Making the transformation of variables 


t= (4+4)'/p%, 


6,= lim (A.6) 


N-+-@ 


(A.7) 


we find 


f nodr’ = ps— (14-4) tan~[ps/(1+-4) J, 
rl 


which, for r~e, /~e, simplifies to 


f nod’ = pr—4ler—Aw+P/(2pr)+O(1/e). 


rl 


In the second integral in (A.7), since the lower limit is 
of order ¢, we note that, for re, 


no— = (no — 9°)/ (non) = 2eV/(no+ 1), 
not n= 2p[1+-0(1/e*) ], 


and hence 


{ (no—n)dr’ f Vdr' 


r 


+terms of relative order 1/é€. (A.8) 
Thus, substituting (A.5-8) in (A.2) we have, for r~e, 


P P 
+6.4+ Var' 4011/0}. 
2pr atl 
(A.9) 


u(r) = sin| pr—4lr+ 


For the case of an unscreened Coulomb potential 
V = —a/r the integral in (A.2) can be evaluated exactly: 


' 2ea (1+-4)?)3 
(aan 
ro r’ 3 


yr’ 


= [p?r?+-2ear— (1+-4)? }} 
(l+-4)?— ear 
+ (14-4) sin : - - | 
r[ (l+-3)*p?+ a? | 
€a : 
+— log{2p[_p’r? + 2ear— (14-4)? ]!4-2p'*r+2ea} | 
p 


ro 


(A.10) 


Neglecting terms in (A.10) which are O(1/e) for r~e 


ENER 


GY BREMSSTRAHLUNG 


and substituting in (A.2), we have 


| P 2pr | 
u(r) =sin} pr—4lr4 ta on( ) 
| 2pr l | 


for an unscreened Coulomb potential. It may be noted 
that the term alog(2pr/l) in (A.11) is exactly that 
given in Mott and Massey,” where in our notation 
6,= argl'(/+-1—1a) a logl+O(1/e) for l~e. How 
ever, as will be shown in the following paragraphs, for a 


(A.11) 


screened potential 6; can be written as a function of the 
single variable //p. Hence also for an unscreened 
potential we choose to write 6; as a function of //p, 
v1z., 8) alog(l/p), rather than 6, alogl. ‘Thus 
the term replacing /7*Vdr’' in (A.9) is a log2r. Defining 
51 a log(l/p) is convenient for the evaluation of the 
matrix elements for g~1 (see Sec. 6) and changes the 
wave function only by an inconsequential factor p 
{note (5a.9) and comments immediately following that 
equation in the text | from customary use.”* 

Finally, we simplify the phase shift defined in (A.6), 
neglecting terms of O(1/e). Since the term 2eV is small 
compared to the remaining terms in 9 except near 
r=ry, let us write (A.6) in the form 


Dn R wih 
by f (n—no)dr’4 f ndr’ | nor’ (A.12) 
Rk r0 ra 


where R is chosen so that |2eV| is of order 1 
to p’— (1+-4)*/r* for r= R and hence R is greater than 
either ro or r;, but nevertheless of order 1. In the first 
integral in (A.12) we may expand the integrand in a 
series in V/e: 


e relative 


n= m—V/no+0(V2/6), 


and hence the first integral is 


« 7” V (r’)r'dr’ 
J tO(1/e). 
p e [r” (1 { } )?/ p |) 


The second integral in (A.12) may be evaluated using 
(A.10), since R™1 and hence the potential is unscreened 


(A.13) 


over the range of values of r’ in the integrand. We thus 
substitute V a/r in the second integral and find for 


the second and third integrals in (A.12 


R R 
f ndr’ — f nodr’ 
ro r) 


(ca/p) {loglR+ (R?+- (14-4)?/p?)*} 


logl (1+-4)/p]}+O(1/e) (A.14) 


noting that ro= (/+-4)/p+O(1/e) and that 2ea/R is 
O(1/e) relative to p’— (1+ 4)*/R*. However, the inte 
grand in (A.13) may be integrated exactly over the 


% Reference 11, p. 53, Eq. (28 
* Reference 11, p. 48, Eq. (15 
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range r3Sr'SR since in this range, as just noted, 
V=—a/r: 


¢ f V (r')r'dr’ 
pny [r?—(1+})/p'} 
| (1+-4)* 4 l+4 | 
| R4 (x } ) | lo ! 
p | p’ p 


K kK 
ndr’ f 
o TO Le | 


nolr’ +O(1/e) 
Hence, substituting (A.13, 15) in (A.12) we have,?® 
neglecting terms of O(1/e), 


-f V (r')r'dr' 
pr, [r’?— (14+-4)*/p? } 


f V((¢?+ (14-4)*/p* }yde.  (A.16) 
p 0 


Since /~e, this may be written in the form 


(A.15) 


61 f VLC? + (L/p)? ye (A.17) 


-“@ 
Thus 4; is a function of the single variable 1/p. 


APPENDIX B 


We want to show here that the functions 
p,=e'P rtixt with x, given by (5b.3) and (5b.5) are 
the approximations in the region r~e of wave functions 
which satisfy the Sommerfeld radiation condition: 
outgoing | 
ingoing 
sponding to y, and y_. These boundary conditions can, 
however, only be satisfied by solutions of the second- 
order equation. We accordingly include the term V*y, 


wave 


plane wave plus spherical waves, corre 


% See reference 4, Eqs. (2.2) and (4.4) 


AND WERGELAND 

neglecting only the nonlinear term (Vx)? in (5b.2) in 
the text, since this term is small in the region p~e, 
|z|-~e and does not change the character of the solution, 
{+}. Two solutions are then clearly 


etk-(r s*) 


2t¢ 
lim for [or V(r’) 
0 (Qqr)8 J B4+2p-k-Fin 


1€ etip|t—r’| 
e'? far V(r')e'P er’, 
2n ir- r’| 


The wave functions yy=e'?'+'x+ then satisfy the 
outgoing 
ingoing 


waves: 


Sommerfeld radiation condition with 


€ et'pr 


V4 (r+) =e? "(1 +1x4) =e — fer 
r 


2r 


r 
xexp( —ip Verve r’ (B.2) 


i 


It should be noted that neglecting the term (Vx)? in 
the equation for x; introduces errors of relative order 
Z/137 in the wave function (B.2). On the other hand, 
when r~e the major contribution to the integral in 
(B.1) comes from k~1/e. Thus, in (B.1), significant k’s 
are <p and the term k? in the denominator of the 
integrand may be neglected: 


ikg(2-2') 


1€ . e 
fovece over) f dk, 
1 ' 2pk.Fin 


» 


x, =lim 


n-0 


The k, integral is a step function, so that 


r 


€ ’ € 
f V(p,z’)dz’, x f V (p,2’)dz’, 
p pe, 


” 


which are the results given in (5b.3) and (5b.5), 


respectively. 
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Evaluation of Some Nonlocal Theories for a Thin Superconducting Film* 
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The magnetic susceptibility of a thin superconducting film has been evaluated as a function of film 
thickness on the basis of nonlocal theories proposed by Pippard, Bardeen, and Schafroth and Blatt. Two 
limiting boundary conditions corresponding to specular reflection and random scattering of the electrons 
at the surface have been applied, and the susceptibility appears to be insensitive to the boundary condition 
Deviations from the London theory occur for a thickness less than twice the penetration depth and give a 
susceptibility smaller than the London value. Largest deviation is found for the Pippard theory and least 
for the Schafroth-Blatt version. The experimental data of Lock are inconclusive with regard to the validity 


of the nonlocal theories. 


1. INTRODUCTION 


ECENT experimental and theoretical investiga- 

tions'~> have indicated that a generalization of 
the London phenomenological theory of the electro- 
magnetic behavior of a superconductor should be carried 
out. On the basis of experimental studies of high- 
frequency surface impedance of superconductors, Pip- 
pard® has proposed a specific form of nonlocal theory 
which accounts for many of the observed effects. Using 
an energy gap model, Bardeen‘ has derived a theory 
for T=0 very similar to Pippard’s proposal. Schafroth 
and Blatt® have suggested another form of nonlocal 
theory based on a theorem dealing with the behavior of 
the nonlocal kernel in momentum space. In order to 
determine the validity of the nonlocal theories, the 
magnetic susceptibility of a thin superconducting film 
has been calculated on the basis of these theories as a 
function of film thickness. It is well known that the 
predictions of the local theory of London agree well 
with the experimental results of Lock® on tin films; 
however, it was suggested by Ginsburg that a nonlocal 
theory would give a susceptibility considerably smaller 
than the London value for film thickness of the order 
of the penetration depth. 

Lock’s measurements were carried out for a fixed 
film thickness. By varying the temperature he was able 
to change penetration depth so as to cover a large range 
of effective thicknesses, since the quantity which enters 
the London theory is the ratio of film thickness to 
penetration depth. The nonlocal theories, however, 
contain another physical length whose temperature 
dependence is not well known and for this reason direct 
comparison with experiment is difficult. If one assumes 
that this new physical length varies with temperature 
in a manner similar to that of the penetration depth, 
then these calculations show that the resulting suscepti- 
bility is indeed smaller than the London value. 


* Supported by the Office of Ordnance Research, U. S. Army 
1A. B. Pippard, Proc. Roy. Soc. (London) A203, 98 (1950) 
2A. B. Pippard, Proc. Roy. Soc. (London) A203, 829 (1950). 
3A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953) 
‘J. Bardeen, Phys. Rev. 97, 1724 (1955). 

5M. R. Schafroth and J. M. Blatt, Phys. Rev. 100, 1221 (1955). 
* J. M. Lock, Proc. Roy. Soc. (London) A208, 391 (1951). 
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The calculations are carried out for two limiting 
boundary conditions corresponding to (1) specular 
reflection of the superelectrons at the surface and (2) 
random scattering at the surface. The first condition 
admits an exact solution as a rapidly convergent series 
while the second condition is handled by a variational 
technique. The results are relatively insensitive to the 
boundary condition 


2. TIME-INDEPENDENT SOLUTIONS OF 
MAXWELL’S EQUATIONS 


We shall discuss only time-independent solutions of 
Maxwell’s equations because a complete nonlocal 
electrodynamics for a superconductor has not been 
worked out at this time. 

The relation of primary interest is that between the 
vector potential A and the supercurrent density j. The 
relations are given both in momentum space and 
We to 


configuration space for convenience choose 


work in a gauge with V-A=0 
London: 


1 
A(k), 
Ac 


A(r), (kk) 


Ac 
Pippard 


3. pRER-A(r’) Je“! 


j(r) dr’, Rer—r’, 


J 
| 


—tky A(k)~ 


Aart oAc R‘ 
3a? 

{(1+- (Ek)? | tan-'tk 
a(tk)? 


j(k) | 


toAck 
2 


A(k) 
toAck 


bar 


for tk>>1. 


Bardeen: 


c 
Siac fri R-A(r’) ]fn(R)dr’, 
4 


(2) o(o- Aw 


(2.3) 

—3 
j(k)= 

4Ac 
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Schafroth-Blatt: 


c 
ihe - RRA) sn(R)d7’, 
4n 
(2.4) 


j(k) = — A(k). 


Actk +) 


The functions f{(R) are obtained from the scalar 
kernels in momentum space by 


C k 
f(R)=-— ff WK (W) dk! le Rath, (2.5) 
32x' | 


where 
4 
j(k) = K(k) A(k) 


( 


(2.6) 


The coherence length, &, in the Pippard theory is 
qualitatively related to the minimum size of the wave 
packets which can be made from a group of states near 
the Fermi surface with energy spread ~kT,. The 
quantity £ is an effective coherence length which is 
determined in part by the electronic mean free path in 
the normal state. The parameter yw in the Schafroth- 
Blatt theory is of the order of Pippard’s coherence 
length. The parameter Ak in the Bardeen theory is 
related to the energy gap model by f*kyAk/m= e, 
where ky is the magnitude of the wave vector at the 
Fermi surface and ¢€ is the width of the energy gap at 
T=0. 

It should be noted that the Pippard theory reduces 
to the Bardeen theory for £k>>1 except for a slowly 
varying logarithmic term. Also, the Schafroth-Blatt 
theory reduces to the London theory for k/u>>1. 


tid 
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Fic. 1. A superconducting film of thickness 2¢ in a uniform 
external field Ho with the supercurrent j, shielding the interior 
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3. MAGNETIC SUSCEPTIBILITY OF A THIN FILM 


We consider an infinite superconducting film of 
thickness 2a with the normal to the surface in the z 
direction. A uniform external magnetic field Ho is 
applied parallel to the surface in the y direction. 
Diamagnetic supercurrents will be established along 
the x axis which shield the interior of the film as shown 
in Fig. 1. The magnetic susceptibility of the film is 
given by 


(3.1) 


” ’ 


i a [Ho~Hy(2)) A,(2a) 
0 Ho aH; 


KO 2a 


—A,(2a), 


where Ko 1/42, and we have used A ,(0) 
which can be chosen because of symmetry. 


(A) Specular Reflection 


We shall solve for A,(z) by introducing image current 
sheets placed periodically along the z axis, parallel to 
the film surface as shown in Fig. 2. Due to the anti- 


CURRENT SHEETS 


—_ * 


i 
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Fic. 2. An array of image current sheets introduced to solve for 
the susceptibility for the specular reflection boundary condition 


symmetry of the solutions for reflection in the plane 
at z= 2a, for example, one can see that, for each electron 
in region I approaching the surface with a component 
of velocity in the positive z direction, an electron in 
region II is approaching this surface with the same 
velocity parallel to the surface but the opposite z 
component of velocity. Hence, we may consider that 
these electrons exchange roles as they pass through the 
surface z==2a and thus an apparent specular reflection 
of the electron in region I has occurred. The magnitude 
of the image surface current is 


o=CHo/2m. (3.2) 


Fourier-analyzing this array of image sources leads to 
the following expression for the source current density : 


cH roll 
} cosk,z, 


Qra n=O) 


jx*(2)= oe (3.3) 


where k, = (2n+1)2/a. 





NONLOCAL THEORIES FOR 

Introducing this source distribution into Maxwell’s 
equation and using the momentum space relation 
between the supercurrents, j*, and the vector potential, 
we obtain 


kA 2(Rn) K(k,)Az(Rn) —2Ho/a 


4a 
[j2"(Rn)+j2%(kn) |, (3.4) 

tf 

COSK nz 


2H a 
=F 
a nk +K (Rn) 


A,(z) (3.5) 


Combining (3.1) and (3.5) gives the susceptibility for 
an arbitrary nonlocal! kernel, 


2 « ) 


‘ af K (Rn) 
-=] y & ¢ . too 
ano k2+K(k,) a? no k,t+k,2K(k,) 

Figure 3 shows the ratio «/xo plotted as a function of 
the half-thickness of the film divided by Xo, the pene- 
tration depth at 7=0, with 


f0o/AL =6, 


where \, is the London penetration depth. These values 
were computed from the work of Pippard and Faber,’ 
Schafroth and Blatt,’ and Bardeen.* Lock’s experi- 
mental data on tin films are seen to be in agreement 
with the London theory as well as the Schafroth-Blatt 
theory. Because of the similarity of these theories for 
k/u<1, it is not surprising that they give virtually the 
same susceptibility, since the most important fourier 
components for the penetration law satisfy this in 


AkX1, 0.13, Az,_/Ao=0.7, and MA =0.05, 


equality. 

The results of the Pippard and Bardeen theories fall 
below the experimental curve for a<2d 9, with the 
logarithmic term in the Bardeen kernel increasing the 
susceptibility for small a relative to the Pippard value 

The penetration law follows from (3.5) and is 


H,(z) 2 # 
Ho an~0 ka2+K(kp) 


k,, sin(k,2) 
(3.7) 


In the limit of an infinitely thick film, the penetration 
law is 


k (3.8) 


’ 


H,(z) “f k sin(kz) 


d 
Ho k?+-K(k) 


and the penetration depth is given by 


“H,(z)dz 2 r* dk 
0 Ho To k? + K(k) 


Roy. Soc 


(3.9) 


7A. B. Pippard and T. E (London) 
A231, 336 (1955). 
8 J. Bardeen, Handbuch der Physik (Springer-Verlag, Berlin) 


to be published), Vol. 15. 
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(\) London and Schafroth-Biatt 
(2) Bardeen - Specular Reflection 
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(4) Pippard- Random Scattering 
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Fic. 3. Susceptibility of a film, as a function of the half-thickness 
of the film, calculated on the basis of several theories. Lock’s 
experimental data agree rather well with curve 1 


(B) Random Scattering 


We now impose the boundary condition that each 
electron approaching the surface has an equal proba 
bility of being scattered into any solid angle within the 
film. An equivalent problem is that of solving the 
Maxwell equation over all space but requiring that the 
electrons crossing the surfaces from outside the film 
come from a field-free region and hence have a random 
velocity distribution. Thus, we wish to solve 


tor . 
V*A(r) j(r) [Ri R-A(r’) |f(R)dr’, (3.10) 


( 


where the integral is to be performed over the film. 
Using the plane symmetry of the problem, (3.10) can 
be reduced to a one-dimensional problem, where we 
have chosen the origin of coordinates at the center of 
the film. 


2A ,(z) ‘s 
-f G(z—2')A,(2')dz’, 
dz _ 


(3.11) 


“ 


G(z—2') rf n(n? — |2—z'|*) f(n)dy 


' 
l|e~a’| 


(3.12) 
For Pippard’s kernal 


nr f ( 
EoAc je~s’| 


G p(z—2’) 
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The boundary condition to be imposed is 
dA, dA, 
—| =— Ho. (3.14) 
dz ima dz im @ 


A variational equivalent of (3.11) incorporating the 


boundary condition (3.14) is 


1p ydA(x)P 1% 
| fl | act ff 2@aoree ~y)dxdy 
2 a dx 2 ~a"~—a 


a dA (x) | 
“Hof dx; =0. 
« a | 


Choosing a trial function of the form 


A(z)= > Cys". 


nodd 


(3.15) 


(3.16) 


(3.15) leads to the following set of equations for the C,: 


| mna™t—! 


LU Cn 


m | m+n—1 


a a 
Gan f f amy"G (x on y)dxdy. 
a —a 


The calculation of A has been carried out analytically 
retaining cubic terms in z for the Pippard kernel. The 
corresponding susceptibility is shown in Fig. 3. We note 
that the curve for specular reflection lies very close to 
that for random scattering over the entire range of 
a/Xo. The calculation for random scattering with the 
Bardeen theory becomes quite involved due to the 
complex form of the one-dimensional kernel in configur- 
ation space and for this reason the calculation has not 
been carried out explicitly. However, because of the 
strong similarity between the Bardeen and Pippard 


(3.17) 


+ Gna} Ha", 


where 
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theories, it is felt the Bardeen theory should also be 
insensitive to the nature of the scattering at the surface. 
A similar argument holds for the Schafroth-Blatt theory 
with respect to the London theory. 


4. DISCUSSION 


In comparing the theoretical susceptibilities based 
on the nonlocal theories with Lock’s experimental data, 
it is important to realize that the data for which the 
deviation is large (a/A9<2) were taken close to the 
critical temperature. The temperature dependence of 
€) in the Pippard theory is not well known and for this 
reason there is considerable doubt about drawing con- 
clusions as to the validity of the theory. Direct com- 
parison of theory and experiment in Fig. 3 implicitly 
assumes that the temperature dependence of & is the 
same as that of A,. Thus, it appears that the Pippard 
theory in its present form with this dependence of & 
on temperature is incorrect. If one assumes, for ex- 
ample, that & increases somewhat more slowly with 
temperature than A,, the theoretical curve would come 
into closer agreement with experiment. The Bardeen 
theory has only been worked out for 7=0 and again 
direct comparison with Lock’s data is inconclusive. 
Thus, until the theory has been extended to higher 
temperature, the present experimental data give little 
insight into the validity of the nonlocal theories. It is 
hoped that experimental techniques will become avail- 
able in the near future so that measurements can be 
made on very thin films and give a critical check of the 
existing theories. 


ACKNOWLEDGMENTS 


The author is pleased to express his gratitude to 
Professor John Bardeen for suggesting the problem and 
for many helpful discussions. The author is also grateful 
to Mr. D. C. Mattis and Mr. W. P. Eatherly and their 
continued interest in this work. 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 1 APRII 
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Infrared transmission of intrinsic germanium was examined at wavelengths from 1.44 to 1.6u in constant 
magnetic fields up to 36 000 gauss. The magneto-absorption showed oscillatory behavior at photon energies 
greater than that of the direct transition. The energy gap of the direct transition was determined experi 
mentally to be 0.803 +0.001 ev at room temperature. The effective mass of the electron in the I'y- conduction 
band was found to be +0.042mp. Anisotropy of the oscillations was observed as a function of the orientation 


of the sample in the magnetic field. 


N a previous communication! we reported fine 

structure of the magneto-band effect of the direct 
transition in germanium. The present note is intended 
to describe more fully this new phenomenon, which we 
shall call the oscillatory magneto-absorption effect The 
effect was studied at room temperature by observing 
the transmission of infrared radiation at wavelengths 
near the direct 
manium in the presence of a dc magnetic field. The 


transition? absorption edge of ger- 


samples* were thin single crystal specimens ~0.240 
inch in diameter and ~4u thick, as estimated from the 
percent transmission. The magnetic field was parallel 
to the sample surface which had an arbitrary orien 
tation relative to the crystal axes. The magnetic field, 
B, was kept constant at selected values up to 36 000 
gauss, and the wavelength region was carefully scanned 
from about 1.4u to 1.64 by using a monochromator 
with a dense flint prism to obtain maximum resolution. 
The tungsten lamp source was stabilized so that 
successive measurements containing the oscillatory 
magneto-absorption traces could be compared directly 
with the zero-field to one another. Such 
superimposed transmission traces are shown in Figs. 1 
and 2. Note that with increasing B there is a shift to 
higher energies of the absorption edge of the direct 
transition and that a pronounced minimum occurs at 
the foot of the transmission curve, indicating an 
absorption at that energy greater than that for B=0. 
This minimum corresponds to the transition from the 


trace and 


highest Landau level of the I'x5+ valence bands to the 
lowest band.® 
There are also other minima at higher photon energies, 


Landau level of the I'y- conduction 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force, under contract with the 
Massachusetts Institute of Technology. 

! Zwerdling, Keyes, Foner, Kolm, and Lax, Phys. Rev. 104, 
1805 (1956). 

2A similar effect observed in InSb by the Naval Research 
Laboratory group was reported by E. Burstein concurrently with 
our report of this effect in germanium at the Semiconductor 
Symposium, October 1956, Washington, D. C. 

4The threshold for direct transition has been measured by 
W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955), to be 
0.81 ev at 300°K and 0.88 ev at 77°K. 

4 Mounted polished samples were prepared at General Electric 
Research Laboratories, Schenectady, New York, and generously 
provided by W. C. Dash. 

5 F. Herman, Phys. Rev. 95, 847 (1954) 

* Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 
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corresponding to transitions between higher Landau 
levels for quantum numbers n>0O in the conduction 
and valence bands. It is apparent that the amplitude, 
spacing, and number of the observable oscillations 
increase; with magnetic field. The spacings between 
the minima are unequal, indicating the presence of 
“quantum effects” predicted by Luttinger and Kohn.’ 
They suggested a nonuniform energy spectrum of the 
Landau levels in the degenerate valence bands for low 


BOe4 A206 


PHOTON ENERGY (electron volts) 

Fic. 1. Transmission versus photon energy for several values of 
B through a 4y-sample of intrinsic germanium. The trace for the 
intensity of the incident radiation, /», has been scaled down by a 
factor of 0.412 
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traces showing the oscillatory 
above the direct transition absorption edge 


hic. 2. Enlarged 
absorption at energies 
in germanium 


7 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955) 
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hic. 3. Energies of the consecutive transmission minima as a 
function of magnetic field. Curve 1 corresponds to transitions 
between Landau levels with n= 0; the successive curves correspond 
to transitions between higher quantum states of both conduction 
and valence bands 


quantum numbers. Laura M. Roth of our laboratory 
has obtained semiquantitative correlation between the 
level structure observed and the calculations, using the 
modified theory given by Luttinger.* Furthermore, 
these calculations indicate the existence of fine structure 
associated with each minimum, which apparently has 
not been resolved by the present measurements. 
Figure 3 shows a plot of the positions of the consecu 
tive minima in terms of photon energy as a function of 
magnetic field. The figure shows a series of straight 
lines through the experimental points, converging to a 
single point at B=0. The significance of these curves 
is that the bands are quadratic in & for the range of B 
up to 36 000 gauss and that all the Landau levels which 
are linear in B collapse to the bottom of the band at 
B=0. This appears to be an accurate method for 
measuring the gap spacing at k=O and gives a value of 


* J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 
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().803+0.001 ev at 24°C. The change in the gap 
energy at k=O with magnetic field is given by 


 AE=}h(weatwer), where w. is the cyclotron frequency 


for the conduction band and w,2 that for the valence 
band at k=0. We shall assume that for the latter the 
Landau level for n=0 corresponds approximately to 
that of the large hole mass, m,~0.33mpo. This leads to 
1/m* =1/m,4+-1/m,, where m* = (0.038+-0.003) mp is the 
mass determined from the slope of the magneto-gap 
shift. Since m,>>m*, m,~m*(1+m*/m,) ~0.042my. 
This value is in reasonable agreement with the theo- 
retical estimate of ~0.034m, by Dresselhaus, Kip, and 
Kittel® from cyclotron resonance data.t These results 
and the relative shape and position of the absorption 
edge curves suggest why the data previously obtained! 
from iso-transmission lines gave estimates of the gap 
shift which were too low and estimates of effective 
masses which were too high. The gap shift is actually 
represented by the motion of the first transmission 
minimum. 

Experiments are now in progress to search for the 
possible fine structure of the oscillations and to obtain 
quantitative correlation with theory. Anisotropy of the 
oscillatory magneto-absorption has been observed with 
B in the (110) plane. In order to sharpen the lines, 
experiments are being performed at 77°K and 4°K. 
Finally, magneto-absorption of the interband transitions 
between the three valence bands is being investigated 
in 0.06 ohm-cm p-type germanium, at wavelengths 
from 3u to 25u. At these wavelengths the resolution 
and anisotropy of the magneto-absorption spectrum 
should be enhanced. 

We should like to thank J. P. Theriault and P. C. 
Hohenberg for assistance with the experiments. We 
have benefited from discussions with L. M. Roth, R. J. 
Keyes, and H. J. Zeiger. We are grateful to W. C. 
Dash for providing us with the thin samples of single 
crystals of germanium. 

* Burstein, Picus, Gebbie, and Blatt, Phys. Rev. 103, 826 
(1956). 

t Note added in proof.—Since this article was submitted, another 
theoretical estimate of the conduction band electron effective 
mass at k=0 has been published by Dumke [W. P. Dumke, 
Phys. Rev. 105, 139 (1957) ]. He finds a value of m-~0.037mo, 
which is in closer agreement with the present experimental value 
than that of DKK®*. The theoretical estimates neglect the influ 
ence of higher conduction bands at k=O which, according to 
Herman [F. Herman (private communication) ], decreases the 
curvature of the IT’-band and should improve the agreement 
between theory and experiment 
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An analysis is made of the magnetization of the conduction 
electrons in a ferromagnetic material induced by their exchange 
interaction with the d electrons. The problem is set up by using 
the density matrix, some special properties of which are proved in 
the Appendix. When this formalism is used, the exchange inter- 
action between a conduction electron and the inner as well as the 
d electrons associated with a given atom are found as a function 
of the relative spin orientation of the atom and the conduction 
electron. The problem is treated for T7<Tc¢ and for T~T¢. 
Results for Fe have been calculated by using the nearly free 
electron method and the cellular methods. The effect of correlation 
is taken into account by the Bohm and Pines technique. A 
magnetization of about 0.2040 per atom is found. An antiferro 
magnetic coupling is found to be possible between magnetic ions 
in dilute alloys such as has been found experimentally in Cu-Mn 


I, INTRODUCTION 


N the last ten years the exchange interaction between 
the conduction electrons and d electrons in magnetic 
materials has been the subject of a number of investi- 
gations. One of the first to examine this interaction was 
Vonsovskii! who treated it as a perturbation acting on 
the conduction electrons. Due to the net spin of the 
d electrons in a ferromagnetic there is a stronger 
exchange interaction between a conduction electron 
with spin parallel to the net d-electron spin than for a 
conduction electron with opposite spin. Vonsovskii 
concluded that this would lead to a different E(k) 
dependence for conduction electrons of different spin 
and would furthermore, give rise to a net magnetization 
of these electrons. In other words there is an exchange 
polarization? of the conduction electrons. He suggested 
that the fractional magnetic moments observed in 
ferromagnetics is a manifestation of this effect. The 
conduction electrons were treated by a nearest-neighbor- 
only, tight-binding method which puts many of his 
results on a phenomenological basis. More recently he 
and others have applied this approach to a number of 
other problems.’ Zener‘ has proposed a theory in which 
the d-electron conduction electron exchange interaction 
is the basic source of ferromagnetism. Kasuya® has 
recently examined Zener’s model and points out that 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology. 

1S. Vonsovskii, J. Phys. (U.S.S.R.) 10, 468 (1946). 

2G. W. Pratt, Jr., Phys. Rev. 102, 1303 (1956). 

3S. Vonsovskii and K. Vlasov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 28, 327 (1953); E. A. Turov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 25, 352 (1953); A. V. Sokolov and S. M. Tsips, Soviet 
Physics JETP 1, 218 (1955); A. V. Sokolov, Soviet Physics JETP 
1, 333 (1955). 

‘C. Zener, Phys. Rev. 81, 440 (1951). 

* T. Kasuya, Prog. Theoret. Phys. Japan 16, 45 (1956). 


The mechanism is a superexchange coupling of the magnetic ions 
through the conduction electrons. A molecular field theory has 
been worked out for this case on the basis of an antiferromagnetic 
coupling between the magnetic ions and a ferromagnetic coupling 
between these ions and the conduction electrons. This theory is 
found to admit the possibility of an antiferromagnetic-ferro 
magnetic transition. Application of this theory to the Cu-Mn 
alloys shows that it is unnecessary to assume that the s-d exchange 
interaction is as weak as previously believed. It is, furthermore, 
suggested that the combination of direct and superexchange 
interactions between the 4f and conduction electrons in the rare 
earths is responsible for their magnetic properties and in particular 
is the source of the observed 
transitions in erbium and dysprosium 


antilerromagnetic-lerromagneti 


since the 4/ orbitals in the rare earths probably have no 
direct overlap, their magnetic properties are very likely 
derived from the 4f electron-conduction electron ex 
change interaction. The role of the exchange interaction 
between conduction and d electrons in the relaxation 
process in ferromagnetic 
examined.®? 

In this paper the exchange polarization of the 
conduction electrons is investigated with particular 
reference to Fe. The model used for Fe is that of the 
conduction electrons moving in a periodic lattice of Fe* 
cores, an isolated core having a 3d’ configuration. In 
the crystal a given d orbital is assumed to have a form 
such that it can be identified with a particular core and 
such that it is orthogonal to all other orbitals associated 
with that core and orthogonal to orbitals on all other 
cores. Therefore, the d orbitals behave much like 
Wannier functions. Each core is assumed to be in a 
state of maximum multiplicity (S=4 for Fet). Well 
below the Curie point each core is taken to have its 
maximum M, value (M,=4 for Fe*) while above the 
Curie point the average of M, over all cores is zero. 
The conduction electrons occupy 
orbitals spread out over the entire crystal and when the 
core spins are perfectly ordered at 0°K, to satisfy the 
Bloch condition. The total wave function is set up in 
terms of the individual core states and the conduction 
electrons. By finding the expectation value of the total 
energy and varying this with respect to the conduction 
electron orbitals, regarding those functions associated 
with different spin but the same & as being independent 
in accord with the unrestricted Hartree-Fock method, 
the variational equations for these orbitals are found. 
These equations involve the exchange interaction be 


resonance has also been 


are assumed to 


*T. Kasuya, Progr. Theoret. Phys. Japan 12, 803 (1954) 
7C. Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956) 
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tween the conduction electrons and the cores. This is 
found to be a function of the spin of the conduction 
electron orbital and the M, value of each core. The 
variational equations are written down for 7<T¢ and 
T~Tc. Use is made in this paper of the density matrix 
and a number of properties of this matrix are stated 
with proofs given in the Appendix. 

By using the results of a self-consistent field calcu- 
lation on Fe based on the unrestricted Hartree-Fock 
method in which there are separate exchange potentials 
for electrons of different spin,* an estimate is made here 
of the magnetization of the conduction electrons. This 
was done by using both a nearly free electron description 
and a cellular description of the conduction electrons. 
Correlation effects between conduction electrons of 
opposite spin tend to decrease the magnetization. This 
was taken into account by a method used by Pines? in 
discussing spin paramagnetism. Including correlation 
the nearly free electron method gives a magnetization 
of 0.20u per atom and the cellular method 0.16u per 
atom. Callaway” was the first to estimate the magnet- 
ization of the conduction electrons in Fe and he arrived 
at a value of 0.074 per atom. He also gives a discussion 
of the exchange splitting of the d band and conduction 
band in the magnetized state of Fe. 

In order to investigate the s-d exchange interaction 
Owen, Browne, Knight, and Kittel!’ examined the 
properties of dilute alloys of Mn in Cu. It was expected 
that the s-d interaction would at low temperatures 
couple the spins of the Mn ions, which they thought 
would be in the Mn** state with S= 5/2, ferromagneti- 
cally. Their experiments showed that the coupling was 
antiferromagnetic instead. A possible mechanism for 
antiferromagnetic coupling in dilute alloys is given in 
this paper. It is based on a superexchange interaction 
in which the conduction electrons play a role similar to 
the electrons associated with the Om ions in MnO. This 
model leads to a prediction of the dependence of the 
Néel temperature as a function of alloy composition 
which is in agreement with that found by Owen et al. 

A molecular field theory is worked out in the last 
section of the paper based on an antiferromagnetic 
interaction between the magnetic atoms or ions and a 
ferromagnetic coupling between the magnetic atoms 
and the conduction electrons, Two transition tempera- 
tures result from the molecular field equations, one 
being re—rv—CT and the other ry. Here re is the 
ferromagnetic Curie point that would arise if the anti- 
ferromagnetic coupling between magnetic centers were 
absent. rw is the Néel temperature which would arise 
if the ferromagnetic coupling were zero. I’ is a molecular 
field coupling parameter and C a constant. If r¢>rw 
+4CT, one can show that at 0°K the ordering must be 

* J. H. Wood and G. W. Pratt, Jr. (to be published). 

* 1). Pines, Solid State Physics (Academic Press, Inc., New York, 
1955), Vol. 1, p. 367. 

J. Callaway, Phys. Rev. 99, 500 (1955). 

' Owen, Browne, Knight, and Kittel, Phys. Rev, 102, 1501 
(1956). 
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ferromagnetic. However, ry may be greater than 
to—tn—CT. In that case a remarkable thing occurs. 
As the material is cooled from high temperatures the 
temperature ry is reached first. Just below this point 
the magnetization of the conduction electrons is zero 
and the magnetic ions are antiferromagnetically ordered. 
Somewhere below the temperature r¢—ty—CT the 
ordering becomes ferromagnetic with a net magneti- 
zation of the conduction electrons appearing. It seems 
that some of the experimental! results of Owen et al." 
can be explained by the molecular field theory given 
here making it unnecessary to assume that the s-d 
exchange coupling is as weak as the theory given there 
implies. 

It is to be noted that the rare earth metals erbium” 
and dysprosium™ do show the magnetic transitions 
paramagnetic to antiferromagnetic to ferromagnetic 
with decreasing temperature. It seems very likely that 
a combination of direct exchange interaction between 
the 4f and conduction electrons acting ferromagneti- 
cally and a superexchange interaction between the 4/ 
and conduction electrons acting antiferromagnetically 
will explain these properties. The writer is presently 
engaged in a complete molecular field analysis of this 
problem. 


II. EXCHANGE INTERACTION BETWEEN THE 
CONDUCTION ELECTRONS AND 
d ELECTRONS 


This section contains a formal analysis of the ex- 
change interaction between the conduction and the 
d electrons. This is based on setting up the variational 
equations for the conduction electron wave functions, 
where functions associated with a spin are varied inde- 
pendently of those associated with # spin as in the 
unrestricted Hartree-Fock method.? Although the dis- 
cussion deals primarily with the case of Fe, the results 
can be readily generalized to other ferromagnetics. The 
situation of perfect ferromagnetic alignment at low 
temperature is considered first. The equations for con- 
duction electron wave functions are simplified by using 
the density matrix notation and an averaged exchange 
interaction. The case of T7~T¢ is discussed next. More 
complicated equations are arrived at due to the disorder 
in the spin orientations of the ferromagnetic atoms. By 
invoking some special properties of the density matrix 
and an averaged exchange interaction these equations 
may be put in a very convenient form. 

In setting out to examine the exchange interaction 
between electrons in the conduction band and electrons 
associated with the d band as well as the very tightly 
bound electrons there is an underlying assumption that 
it is indeed possible to distinguish a single conduction 
band. In Fe this band is commonly called the 4s band. 
At those places in k space where the conduction band 
crosses the d band, a mixing of levels takes place and 


2 Elliott, Legvold, and Spedding, Phys. Rev. 100, 1595 (1955). 
8 Elliott, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954). 
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the assumption breaks down. However, if the s band 
varies rapidly in energy with &, these intersections will 
be sharp and the over-all approximation should not be 
too bad.!°"4 There is evidence that this is the case. 
The model on which this discussion is based has been 
described in the Introduction. Because of strong intra- 
atomic exchange forces each Fe core is assumed to be 
in a state of maximum multiplicity at all temperatures. 
Well below the Curie point, the conduction electrons 
are viewed as moving through the crystal with the spins 
of all of the cores being aligned. There is an exchange 
interaction between the conduction electrons and the 
cores which in this case will be the same for all cores 
and will only depend on the spin of the conduction 
electron. As the temperature approaches the Curie 
temperature, the spins of the cores are rotated in a 
random fashion with respect to the direction of net 
magnetization. Therefore, the exchange interaction of 
a conduction electron with a core will depend on the 
direction of the core spin as well as that of the conduc- 
tion electron and it will vary from core to core. Above 
the Curie point, the average exchange interaction over 
the cores will be independent of the conduction electron 
spin. These cases will be treated separately below. 


A. TK<Te 


Let yp{S= 4, M,(P)} represent a product core func- 
tion constructed from the orbitals regarded as being 
tightly bound to the pth core. The total wave function 
corresponding to our model for T<T¢ is 


¥r=A{il5,3)W2(8,9)- + Wn (9,3)bi01- won). (1) 


Here A is the antisymmetrizing operator, N is the 
number of Fe atoms in the repeating volume, and ¢,; 
represents the ith conduction band orbital which has 
the spin o; associated with it. 

Wr as it stands is not a state of definite multiplicity ; 
however, the total core spin is diagonal. This can be 
seen as follows. Let S* operate on (1). Since S? and A 
commute, S* can operate on the product function with 
A operating on the result. In the product form the 
electrons are distinguishable so that the first 25N 
electrons are associated with the N cores, and the 
remaining N electrons with the conduction electrons. 
Let S be 


25N 26N 
ym S; r : S, Seere + oe (2) 
i=! j=25N+1 
Then 
. Score + Seona’t 28. ie’ bends (3) 


Application of S.or.2 to the operand of A in (1) yields 
N($)($+1)/ times the original product while operating 
with Second? OF Score’ Scona Generates a linear combination 
of products. Therefore, Yr takes into account the spin 
degeneracy problem for the cores but not that between 
the cores and conduction electrons nor among the 
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conduction electrons themselves. This is equivalent to 
saying that the exchange interactions within and be- 
tween the cores is strong while all other exchange 
forces are much weaker and may be treated as pertur 
bations. 

When one assumes the form (1) for the total wave 
function, the best ¢’s are found by the usual variational 
procedure. The expectation value of the total Hamil 
tonian 


H=> 82 al 


2m 0 | at. ota 


is taken with respect to (1) and this varied with respect 
to the @’s assuming that the core orbitals are known 
Since we are interested in how the conduction electrons 
will behave if those associated with a spin are regarded 
independently of those with # spin, @ functions with a 
spin are varied independently of those with f# spin. 
The resulting equation for a @ with @ spin is 


U4” (ro) U4 (12) 
ef dr \p\(r,) 
T\2 


‘ uj*(r2)pi(r2) 
[se f dralus(r Edi(r;), (5) 
1 


Ti2 


Hpi(r1)4 


where /#/, is given by 


h? ; ] 
H 1 Vv? e 2 
2m g 


lr R,| 


The one electron function u,(r,) stands for any orbital 
in the problem and the sum over & in the second term 
of (5) is over all functions including u,=¢;. The sum 
> ;* in the third term is over all orbitals associated 
with @ spin including ¢;. The variational equation for 
a ¢ associated with # spin is exactly the same as (5) 
except that the sum }° ;* is changed to ) /’. 

A great simplification of these equations is brought 
about by averaging the exchange interaction according 
to Slater’s method.'® In the case where there is an 
unequal number of electrons of each spin, the averaged 


exchanged charge density for spin a is!® 


> m7 Dk Mm* (11) Um (12) Uy* (72) Ue (71) 
po(11,72) (7) 
Dm tm* (11) Um (11) 


The >_,,” stands for a sum over all orbitals m having 
spin @ associated with them. 

The averaged exchange interaction reduces the vari 
ational equations to eigenvalue type of the form 


Hh,’ Ei’°¢;', (4) 


© J.C. Slater, Phys. Rev. 81, 385 (1951) 
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where 


Die Ue" (12) U4 (12) — palti,%2) 
I cause {| dr2 (9) 


"12 
and 


H? = H+ fea aan 
= 1 “€ 


1a72. 
T\2 


(10) 


H* operates only on @’s with @ spin and H® only on 
those with @ spin. 

The solutions to (5) and the corresponding equation 
for a @ with # spin or the solutions of the averaged 
equations (9) and (10) define the two conduction 
bands and the energies thereof. 


B. T Comparable to 7; 


In this case the intercore exchange energy is of the 
same order as the thermal energy and the alignment of 
the core spins begins to break down. Let the total wave 
function now be written as 


vr=A[Yil3,M (1) phol9,M.(2)}--- 


Xv {3,M.(N)} oii: -bwon |. (11) 


Each core is in a state of maximum multiplicity with 
S=4, but with the z component of the core spin left 
free. Thus each ¥,{4,M,(i)} now is a linear combination 
of products. The total core spin is no longer diagonal 
whereas the spin of each separate core is diagonal. 

The result to which we will be led in the following 
analysis is that the exchange charge densities become 
functions of the M, values for the individual cores. 
This is just what one would expect since a conduction 
electron will have an ever decreasing exchange inter- 
action with a given core as the spin of that core rotates 
away from the direction parallel to the spin of the 
conduction electron. 

The exchange energy of an electron in the orbital ¢, 
and with @ spin for the new state (11) will be derived 
below. We need not consider anew the average of H, 
given by (6) with respect to ¢; nor the Coulomb 
interactions between an electron in ¢; and the other 
electrons since these two energies are completely inde 
pendent of the spin orientations. The total exchange 
energy for the system is given by 


(12) 


Rois 7 foemorinar 


>) 


where x is the operand of A in (11) and Py; is the 
permutation which interchanges the space and spin 
coordinates of the ith and jth electrons. 

x is a linear combination of products and in each 
product a definite association may be made between 
the electron index and orbital index. That is, it may be 
said that the jth electron occupies the gth orbital. Let 
us define the set of electrons i, i+1, ---i+K to be 
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associated with the orbitals about the Rth core. Let 
electron 7 be taken to occupy a particular @ function 
say $, with @ spin. By considering only those permu- 
tations where i ranges over the set 1, i+1, ---i+K 
and keeping j fixed, we limit ourselves to the exchange 
between @, and the core R. Keeping j fixed and taking 
all i gives the total exchange interaction for an electron 
in j. 

We first consider the exchange between ¢; and core 
R as a function of the M, of that core. The exchange 
interaction of ga with the core state Yr{.S,M,(R)} is 
the same for the doubly filled orbitals of the core for all 
M, values. Therefore, it must be found how the ex- 
change interaction changes as a function of the spin 
orientations of the unpaired orbitals. When M,=S, Pr 
is a single product and the exchange interaction with 
pa is 

Des'{os*(1)ms*(2) | ws(1)p5(2)} 

— Di {s* (1) u* (2) | us(1)6;(2)}, (13) 
where >," runs only over doubly filled orbitals and >> /’ 
only over singly occupied orbitals. Therefore, we con- 
sider how the >,’ term changes with M,. 


In the 5°,’ term of (13) we recognize a density 
matrix formed from the unpaired orbitals 


p’(2,1 )= > u;*(ro)uj(r;) = ps’ (a, M,= a, To, r)). (14) 
The exchange interaction with the unpaired orbitals is 


$* (r1)b(1r2)ps' (a,S,r2,r1) 
eff dT». 
r 


12 


(15) 


The subscript S on p’ specifies the spin of the core. 
The parameter a in the argument of p’ is used to indicate 
that this is the charge density which interacts with a @ 
function associated with a spin. Since this charge 
density will be found to be a function of M, of the core, 
it is so indicated. Obviously, for the core where all 
unpaired orbitals have a spin, we have 


ps’ (B,S,r1,%2) Q). (16) 


To proceed further we need to use some properties of 
the density matrix formed from the singly occupied 
orbitals. These properties will be stated below as a set 
of theorems the proofs of which are given in the 
Appendix. 

Theorem 1.—The density matrix of any order for a 
state ¥(.S,M,,7) is independent of the M, value of the 
state. 

Theorem 2.—For any many-electron state of definite 
M, the first order density matrix p(r,,r2) can always be 
separated into two terms; one a sum over orbitals 
associated with a spin and the other a sum over orbitals 
associated with 8 spin. We define that sum only over a 
spin orbitals as 


ps(a,M ,,71,72), (17) 
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and that over 8 spin orbitals as 


ps(8,M,,r1,72). (18) 


Therefore, 


ps(r1,%2) _ ps(a,M,,71,%2)+ ps(B,M ,ri,72). (19) 


Theorem 3.—For the state of maximum multiplicity 
S and arbitrary M,, 


ps'(a,M,ri,72) = {(S+M,)/2S}ps' (11,72) (20) 


and 
(21) 


ps’ (B,M 91,72) = {((S—M,)/2S)ps' (11,72), 


where the prime denotes the restriction that we only 
sum over the singly occupied functions. If po(a,ri,r2) 
denotes the contribution from the electrons in doubly 
filled orbitals with @ spin and po(8,71,r2) that coming 
from the electrons in doubly filled orbitals with 8 spin, 
then 


ps(a,M,,r1,72) 
= po(a,ri,f2) + ps (a,M 471,72) 
= po(a,r1,%2) + { (S+ M,)/2S}ps' (r1,92) (22) 


and 


ps(8,M 71,72) po(B,r1,r2) 


+{(S—M,)/2S}ps'(ri,72). (23) 


The exchange interaction between ¢,a and the core 


[a +L (S+M,)/2S ]ps' (11,72) }bj*(r2)b4 (11) 
é 
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state Wr{S,M,(R)} can be written 


) 


Pi; 
-¢ EF f vel S(R)}6," j) 
, r 


es] 


KWerlS,M,(R)}os(pdri;, (24) 
where the }_,* is over the set of orbitals i, i+-1, ---i+K 
associated with the Rth core. The only permutations 
which yield a nonvanishing result are those for which 
a(i)=o(j)=a. Every allowable permutation gives rise 
to a term of the form 


OT; j. (25) 


———— 
e 
Vij 


In general Wr{.S,M,(R)} will be a linear combination 
of products each distinguished by a different spin 
assignment to the singly occupied core orbitals. It is 
readily seen that there will be no contributions to (24) 
from cross products. The sum over i of the terms (25) 
gives just 


e Ary (26) 


pa 


T\9 


Writing this as an explicit function of the M, state of 
the core, we have 


aT \2 


Ti2 


The total exchange interaction between ¢,a and all of the cores is given by the sum of (27) over the cores 


cae {po(a,rire) +((S +M,(R))/2S lps’ (ri,72)} 2bj* (r2)b5(r1) 
e ref 


dr yo. 
T\9 


Similarly the total exchange interaction between @¢,8 and the cores is 


(k0(B,r1,72) +L0S— M.(R))/25 Jos’ (11,72)} ebe® (r2)be (11) 
Dn J 


(29) 
119 


In addition to the exchange interaction between the conduction electrons and the cores, there is the exchange 
interaction between the conduction electrons themselves. For ¢,a, this can be written as 


a la 
é 


where 


Pe(@,71,%2) sain ) Fa "(nr )p;(12) 


The situation for 8 spin is exactly the same. 


(30) 


G7 \2, 


12 


(31) 


A Slater averaging procedure can be carried out for this more general case. The exchange charge density which 


interacts with ¢,a is 


| > rl pola,rer1) +L (S+ M,)/2S los’ (72,71) Ir + Pe (@,% 2,71) | 
| o;*(ri)b;(n1) 


[os° (r1),(12) (32) 


The probability that the conduction electron associated with @ spin at 7; be in @, is 


05° (11)65(11)/pelayrini) 





58 G. W. 


PRATT, JR. 


Therefore, the average exchange charge density for a conduction electron with @ spin is 


£(a,F2,71) 


A similar expression can be written for the 6 spin case 
where in (34) @ is everywhere replaced by 6 and M, by 

M,. If p(ro,r;) denotes the total second-order density 
matrix made up from all cores, all conduction electrons, 
and both spins, we can write the equations for the 
conduction electrons as 


p(r2,01) — E(a,ro,71) 
[1 | ef drs pp? (r;) 
‘ . \ 


Ep’op"(m). (35) 
Equation (35) is to be used to find the two sets of 
conduction band wave functions, one for o=a and the 
other for o=8, when the exchange polarization by the 
cores is included 


II]. EFFECT OF EXCHANGE POLARIZATION ON 
THE BAND STRUCTURE 


Since we are treating the conduction electrons 
associated with @ spin independently of those with # 
spin, two conduction bands will be obtained, one for 
electrons of each spin. In the case of Fe where the cores 
have a net spin, there will be unequal exchange inter- 
action with the conduction electrons. As a result the 
bottom of the @ spin conduction band will occur at a 
lower energy than that of the @ spin band, if one 
assumes that the M, of the cores is positive. This 
separation of the conduction band has been pointed 
out by Callaway.” Aside from being shifted in energy, 
the bands will have slightly different shapes and 
effective masses. 

Although the emphasis here has been on the conduc- 
tion band, the d band can be similarly treated, the 
fivefold d band for @ spin lying lower than that of 8 
spin. Callaway estimates this splitting to be of the 
order of the band width for the unmagnetized state. 
He is led to a picture of the magnetized state of Fe in 
which the d band is split into two halves with a gap in 


between. 


A. Nearly Free Electron Treatment 


In this section an estimate of the exchange splitting 
of the conduction band in Fe will be made using first 
order perturbation theory and by representing the 
Bloch functions of the conduction band as plane waves. 
If we regard the conduction electrons as forming a 
degenerate electron gas, the net magnetization of the 
conduction electrons by the core exchange interaction 
may be simply carried out. 

The energy as a function of & to the first order is 


{ X xLoo/a,rs,r1) + [(S + M,)/2S \ps'(ro,71) |r +p,.(a,f2,71) 


| p-(a,r1,"1) 


(34) 


Ppe(@,71,72). 
given in the nearly free electron approximation as 


E(k) V 000 + (h?/2m*) k?. (36) 


The Fourier coefficients of the crystal potential V(r) 
are given by 


V(K,)= a1/a) f vine iKi-tdy, 


(37) 


where the integration is over the unit cell whose volume 
is A. If we represent V(r) as the sum of cellular po- 
tentials, ie. V(r)=>0>,V(r—R,), such that the po- 
tential V(r—R,,) is zero outside the nth cell, then the 
V(r) function in (37) is the cellular potential about the 
origin. Let V(r) now be split into a Coulomb part and 
an exchange part. The exchange potential which a 
conduction electron sees depends of course on the spin 
of that electron. Therefore, the energy of an a@ spin 
conduction electron will be given by 


E-(a,k) = V o90(Coulomb) 


+ Vooo(a,exchange)+ (h?/2m,)k® (38) 


and for 8 spin 


E(B,k) V ooo (Coulomb) 


+- Vo00(B,exchange)+ (h?/2mg)k?. (39) 


Regarding the exchange potential as a perturbation, 
we see that the first-order theory displaces the two 
bands by a constant amount equal to 


E(a,k) — E(B,k) 


V ooo (a,exchange) 


— Vooo(B,exchange). (40) 


Second-order perturbation theory introduces k-de- 
pendent terms in E(a,k)— £(8,k). Callaway" has made 
a Fourier analysis of the exchange potential used in his 
Fe calculation. It turns out that while the Fourier 
coefficients of the Coulomb part of the crystal potential 
do not fall off rapidly with increasing K, the coefficients 
of the exchange potential do fall off rather fast. There- 
fore, in this case the major effect of the exchange 
interaction with the cores is just to displace the bands. 
This effect is shown in Fig. 1. 

The number of conduction electrons with @ spin is 


1 Ko(a) 
Na f kdk 
2r’ 0 


and the number with £ spin is 


1 Ko(B) 
nNg* k'dk, 


Qn’. 0 


17]. Callaway, Ph.D. thesis, Princeton University, 1953 
(unpublished). 


given by 


(41) 


(42) 
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where Ko(q) is the k value of the highest occupied level 


in the a spin conduction band and Ko(8) is the k value 


of the highest occupied level in the 8 spin conduction 

band. For Fig. 1 we see that'® 

(h?/2ma)[ Ko(a) = (h?/2mg)[ Ko(8) ? 
+ Voo0(8) (43) 


V ooo (av ). 


Therefore, 


Ma 
ms 4 V oo0(B) oe V oo0(a@) 

4 
Ma (h?/2mg)K (a)? 

m and using the relation that 


[ Ko(B) ] is 


Setting ma= mg 
Na—Nng= (1/6n){[ Kola) } 
we find that 


Na—ng= { Ko(a)/4n*)} (2m/h*){ V o00(8)— Vooola)}. (46) 


The exchange potential can be conveniently treated 
using the &(o,ro,r;) function defined in (34). If the 
density matrices p.(a,r;,72) and p,(8,r1,r2) due to the 
conduction electrons are constructed from an unper- 
turbed set of plane waves with ma=mg, then p.(a,r1,r1) 

p-(B,r1,71)=n/2, where n is the total conduction 
electron density. One finds then that 
£(B,ro,71) — E(a,r2,71) 

(e/n)>- n{{M.(R)/S |ps' (r2,71)} rpe(rijr2). (47) 


> 5 o;*(ri)b;(r2), where 7 runs over all 
The 


Here p.(11,72) 
occupied conduction band levels of both spin. 
difference in exchange potentials is 


; E(B,ro,r1) — E(a,r2,71) 


ri» 


(48) 


This shows the expected result that if the net M, of all 
the cores vanishes, V(8)—V (a) is zero and the two 
conduction bands are coincident. The (0,0,0) Fourier 
coefficient of (48) is to be used in (46), 

In order to obtain a qualitative numerical estimate 
of the extent of the exchange polarization in Fe the 
results of a self-consistent field calculation on the Fe 
atom by Wood and the author*® were used. In this work 
two potentials were constructed for the atom, one for 
all electrons of a spin and another for those of @ spin. 
The exchange terms were averaged according to Slater’s 
free electron calculation was 
based on a 3d°, 4s* configuration. In order to apply this 
work to the present problem two new exchange po- 
tentials were calculated. One was for a 3d’, 4sa con- 
figuration and the other for a 3d’, 458 configuration. 
The exchange potential for the crystal was represented 


method.'® The atomic 


16 For brevity Vooo(B8,exchange) and Vogo(a,exchange) are 
written in the following equations as Vo00(8) and Vooo(a), respec 
tively. 
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« (B) + a x (a) 
Ko(a) 
Fic. 1. Schematic representation of the splitting of the conduc 
tion band due to exchange interactions with the cores. The abscissa 


to the right of zero represents the @ spin conduction band, and 
that to the left of zero the 8 spin conduction band 


ae V (a, r 


and a similar expression for the 8 spin exchange po 
tential. V(o,r 
potential for the atom with the modified configuration 


W (ar) R,), 


R,) was taken to be the exchange 


The quantities Vooo(o,exchange) in (40) were taken as 


R 
V ooo (o exchange) (44/a) f V (or)r'dr. (49) 


The radius R of the S sphere replacing the Wigner 
Seitz polyhedron is given by Callaway’ as 2.667a, 
The result of the calculation was 

V ooo (8) 


V oon (a) = 0.36% 10-" erg, 


resulting in a value of ng—ng from (46) of 


Na—Ng=0.22K 107 /cm? 


The total conduction electron density ma+ng is 0.85 


< 10*/cm* assuming one 4s electron per atom. 

This treatment of the magnetization of the conduc 
tion electrons has so far neglected the effects of corre 
lation. Such a neglect always tends to favor the case in 
which there is a net spin alignment due to the corre 
lation introduced between electrons of parallel spin by 
the exclusion principle. If one could take into account 
the correlation which must exist between electrons of 
antiparallel spin, the tendency for electrons to align 
their spins would be reduced. An estimate of the 
reduction by correlation of the exchange polarization 
can be obtained in the following way. Let the exchange 
interaction with the cores be represented by a fictitious 
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internal magnetic field H whose strength is given by 


2uoll = E(B,k) ~ E(a,k) 


V 000 (B) — Vooo (a) , (50) 


This suggests treating the problem as one of spin 
paramagnetism and using the collective electron treat- 
ment of correlation as applied to spin paramagnetism 
by Pines.’ In this theory n,—ng is given by 


Na—ng= (2npoll)/a. (51) 


The value of a as given by Pines is 


a= (20/9) E+ (8/9) Eexcn tie. +s.r., (52) 


where /, is the Fermi energy of the conduction elec- 
trons, Eexch their exchange energy, a.,, accounts for 
their long-range correlation, and a,.,. for their short- 
range correlation. The ratio of nma—mng as calculated 
with correlation to that found with no correlation is 


(Na—np)w e /(na—MNpg)n o. An « ‘ew Cc. (53) 


This turns out to be 
(Na—Ng)w.o.= 4(Ma—Ng)n.c.= 0.17 XK 104 /cm*, 


This amounts to a magnetization of the conduction 
electrons of 0.2040 per atom. 
The magnetization of the conduction electrons is 


proportional to Vo00(8)—Vooo(a). Equations (28) and 
(29) show that this is in turn proportional to M,/S 
where M, is the average M, over all the cores. Thus at 
T>0°K the magnetization of the conduction electrons 
is directly proportional to the net core magnetization. 


B. Cellular Method 


A second estimate of the separation of the two 
conduction bands at k=0 was obtained by taking the 
expectation value of 


V (B,r)— V(a,r) 


with respect to the cellular function found by Callaway” 
for the J’; state in his investigation of the band structure 
of Fe. The resulting separation was found to be 0.29 
«10-" erg. Using this separation to define a fictitious 


’ 


magnetic field, Pines’ treatment leads to a value of 
Na — ng including correlation of 0.14X 10%/cm!* or 0.160 
per atom, 

The values obtained here are in every case larger 
than the values obtained by Callaway" who found that 
the two conduction bands would be separated by 
0.14 10-" erg for two excess d electrons per atom of a 
spin which he calculated would produce an excess 
conduction electron spin per atom of 0.070. 


J. Callaway (private communication). The writer is indebted 
to Professor Callaway for the use of this function. 
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IV. SUPEREXCHANGE COUPLING BETWEEN THE 
CONDUCTION ELECTRONS AND d ELECTRONS 
IN DILUTE ALLOYS 


Owen, Browne, Knight, and Kittel! investigated 
the magnetic properties of dilute alloys of Mn in Cu. 
In these alloys it was felt that the Mn would go in as 
Mn*+ which has a spin of 5/2. If these Mn** ions were 
to partially line up their spins, one could picture the 
conduction electrons as moving in an internal magnetic 
field due to this partial alignment. This is not a true 
magnetic field but is the electrostatic exchange coupling 
which is often equated to a fictitious internal magnetic 
field. The theory of spin paramagnetism of conduction 
electrons shows that the total energy of the conduction 
electrons decreases as the square of the field.” There- 
fore, at O°K the Mn*+ ions, which are assumed to be 
coupled only to the conduction electrons through the 
Coulomb and exchange interactions, would be aligned 
ferromagnetically to produce the maximum internal 
magnetic field. Owen ef al. discuss the s-d exchange 
coupling in the Cu-Mn case in terms of molecular fields 
using a single ferromagnetic coupling between the Mn 
ions and the conduction electrons. They find that the 
Mn** ions should be ferromagnetically coupled with a 
Curie temperature of 3.5/°K, where f is the atomic 
percent of Mn in Cu. 

The experimental results indicated that the s-d 
exchange coupling was apparently much weaker than 
it would be for a free Mn* ion and furthermore that at 
low temperatures the alloys were antiferromagnetic 
instead of ferromagnetic. Even the 1.49% Mn alloy was 
antiferromagnetic with a Néel temperature of about 
12°K. 

These results lead one to question the molecular field 
treatment given for the dilute alloy problem and 
further suggest that the source of the antiferromagnetic 
coupling is through the interaction of the Mn ions with 
the conduction electrons. It is true that Owen ef al. 
were unable to determine the state of the Mn in the 
alloys, for example whether it was Mn** or neutral 
Mn. As they point out, if it were neutral Mn, it would 
completely alter the interaction with the conduction 
electrons tending to decrease the exchange interaction. 
Let us simply assume that the Mn does go in as Mn*+ 
and ask the question, can the interaction of these ions 
with the conduction electrons lead to an antiferro- 
magnetic coupling of the Mn** ions? 

The answer to this question will be sought by intro- 
ducing the superexchange mechanism. In MnO the 
antiferromagnetic interaction has been discussed on 
the basis of a very simplified model. Two Mn** ions 
whose charge densities are assumed not to overlap are 
separated by an O™ ion. One takes into consideration 
those configurations in which an electron from the O~ 
is transferred to one of the Mnt* ions and also in 
which two electrons are transferred from the Om, one 


*” F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 601. 
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to each of the Mnt** ions. It is supposed that the 
solution of this configuration interaction problem will 
result in the situation in which the two Mnt* ions 
prefer not to align their spins. One can say that the 
theory can lead to this case but no one has actually 
carried out the calculation because the number of 
possible configurations is very large. Instead an even 
more simplified model is treated in which the Mn** 
ions are replaced by centers with only one electron 
about them and the O™ is replaced by a center with a 
doubly filled orbital. Such a system has been discussed 
by the writer,”* and it was found that the theory does 
admit the possibility that the lowest state is that in 
which the spins about the centers which replace the 
Mn** ions prefer not to align. A numerical example 
was worked out there in which this was found to be 
the case. 

A superexchange mechanism which can lead to the 
observed antiferromagnetism in the Cu-Mn alloys is 
simply that in which the conduction electrons play the 
role of the O™ electrons in MnO or those of the non- 
magnetic center in the very simple four electron problem 
described above. Consider then the simplified model of 
two centers A and 8B, each with one electron about 
them in a crystal and so far apart that there is no direct 
interaction between them. They represent a very 
simplified picture of two Mn** ions in Cu. The point 
to be examined is whether, as a result of their interaction 
with the conduction electrons, the electrons on these 
centers will or will not align their spins. Let these 
electrons be in localized orbitals o(r—R,) and v(r— Rp) 
and consider their interaction with a particular Bloch 
function b(k,r). The configurations which must be 
taken into account are 


o1= v(r,;—Ra a(1)b(kyre Ja (2)b (kyr) 
XB(3)v(r4- Rp) B(4), 
~R4)B(A)b(R,r2)a(2)b(k,r5) 
XK B(3)0(r4 


R 4 )B(2 )b(k,rs) 
Kal3)o(r, 


(54) 


go2= u(r) 


Rp)a(4), (55) 


Ra)a(l o(rs 


= v(r; 


Rp)B(A), (56) 


Ry )a(1)v(r2— R4)B(2)b(k,r3) 


XB(3)v(r4 
Ra)a(1)b(k,r2)8(2)0(rg— Rg) 
Xa(3)o(r,— Rp) B(A4), 
R,)B(1)b(k,r2)a(2)0(r7,— Rg) 
Xa(3)v(r4— Rp) B(4), 
R4)B(2)0(rs— Rp) 
Xa(3)o(r4- Rz)B(A4). 


=v(r; 


Rz)a(4), (57) 


. v(r; 
(58) 
- v(r; 
(59) 
ne= 0(ry— Ra )a(1)o(r2 
(60) 
¢; and ¢2 represent the two ground configurations. 7 


through 75 represent the excited configurations in which 
various charge transfers are made and all possible spin 


1G. W. Pratt, Jr., Phys. Rev. 97, 926 (1955). 
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orientations taken for each configuration of charges 
with the restriction that the total M, be zero. 

The configuration interaction may be very conveni- 
ently discussed by using Kramers’ method.**? The 
unperturbed states of the problem (54) through (60) 
are separated into two classes, the ground states and 
the excited states. The excited states are incorporated 
into an effective Hamiltonian matrix l/,,,, where k and 
m refer only to the ground set. Thus the effect of the 
excited states is that of a perturbation on the ground 
states. The matrix U/;,, is given by” 


Usm= Himt da Atal am/(E—Haa) 
+ ¥ axe Hall apll am/(E—Haa)(E 


where # is the actual Hamiltonian for the four electron 
system and the Greek indices refer only to excited 
states, i.e., m to ns. Since U\,;= U, this can be set as 
the zero of energy. If Uj. is negative, the spins of the 
electrons localized about the centers A and B will be 
aligned in the lowest state, that is this state will have 
S=1. If Ui: is positive, these spins will not be aligned 
and the state have S=0. The matrix 
element U/;. turns out to be 


Hya)+ cee (61) 


lowest will 


Ure=+62/(E2— E) — 2d? +-)/(Ei— E)? 
A4hdg/(E,— E)(F2— FE), 


where 


b(k,r1)b* (k,r2)v* (71 — Ra)v(r2— Rp) 


Ti2 


(63) 


(64) 


dr \2, 


b*(k,r1)b(k,r2)0(r71— Ra)v*(r2— Ra) 
op promo 


Ti2 


d -f otin- Ra)Hyb(kyr\)dr; 


v*(r,— Ry) b*(kyre)v(r1— Ra) v(re 
ref f 7 
T\2 
b*(k,r1)b* (k,r2)b(kri)u(r2— Ra) 
opie 
Ti2 


Ar yy 
v*(r7;— Ra)v(r1— Ra) 


Kv* (re Ry)v(r2 
ref f 
T\9 


and 


Ra) 


dry» 


Rx) 


dry», (65) 


h fre Ra) Hb(kyridr, 


v*(ry3— Ra) b*(k,r2)u(r1— Ra)v(r2— Ryu) 
pe ff dry» 


Vi2 


b*(k,r1)v* (r72— Ra)v(r1— Ra)v(r2— Ra) 
ref f dry» 


\2 
(66) 


7H. A. Kramers, Physica 1, 182 (1934) 
™ P.O. Léwdin, J. Chem. Phys. 19, 1396 (1951) 





62 G. W. 
E, is the diagonal energy of the excited states 4; to 
corresponding to the case where one of the conduction 
electrons is captured by a magnetic center. 2, is the 
diagonal energy of ns where both conduction electrons 
are trapped. The configuration ns; must be included 
otherwise it can be proved that Uy, can only be nega- 
tive.“ The first term in (62) comes entirely from ns the 
contributions from ; to 4 cancelling out completely. 
Since /,> E, the first term*® in (62) is positive definite. 
Therefore, if the higher order terms in Uy, do not 
reverse the sign, the magnetic centers A and B do not 
align their spins in the lowest state. Under these 
circumstances the superexchange coupling of these 
centers via the Bloch function 6(k,r) is antiferromagnetic 
in character, 

Suppose the term + ¢’/(£,—£) is taken to represent 
the source of the antiferromagnetic interaction in a 
dilute alloy. Then it is possible to estimate the depend- 
ence of the Néel temperature on composition. The 
separation between the S=0 and S=1 states due to 
Uj. is 2g*/E». Therefore, let the Néel temperature be 
taken proportional to g*/». It remains to determine 
the dependence of g and /, on composition. 

The integral g defined in (63) is the electrostatic 
energy of two charge distributions, 


a(r;) = b*(k,r,)0(r71— Ra) (67) 
and 


a’ (f2)= b*(k,r2)v(r2— Rp). (68) 


Since v(r;— Ra) is localized about Ry, so must be o(r;). 
Similarly o’(r2) is concentrated about Rg. If these 
charge distributions are non-overlapping, as we assume 
for a dilute alloy, g is essentially 


e 
g foirdan forars 
Ran 


Let N, represent the number of magnetic atoms per 
cm’ in the alloy and N be the total number of atoms 
per cm*, The assuming a uniform alloy Ras'is (V/N4)Ro, 
where Ro is the average nearest neighbor distance. 
Thus g’ is proportional to (N,/N)?. In any actual case 
there will be many different g integrals. However, they 
will all have the same dependence on Rpg. 

The quantity /, depends on R,x, or composition, 
only through an integral of the form 


(69) 


tf Tia, 


(70) 


[= Ra)o(ni —~Ra)v*(r2—Rz)v(r2 — Rp) 


Ti2 


“ The proof is given in reference 19. 
* Unfortunately this term was omitted in Eq. (29) of reference 
19. The inequality given in (34) there should read 
g?/(E.— E) —4hdg/(E, — E) (E.— E) > 20 (J +-g)/ (Fi — £)*. 
In the numerical example considered, the omitted term must be 
taken as zero owing to the very small value of g. Therefore, 


Eqs. (40) and (41) and their consequences apply for the example 
as stated. 


PRATT, 
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which is essentially a constant over Rag by the same 
arguments used with the g integral. Therefore, F»2 
may be written 


Eo=Ci+Co/Raz. (71) 


Using the relation between Rug and N, the Néel 
temperature is 


Na 1 
(Messin) 

N 7 \C+D(N./N) 
For a sufficiently dilute alloy T7y~(N,/N). This is 
shown to be true in the Cu-Mn case." Although this 
result cannot be regarded as a very stringent test of 
the theory it does indicate that a model for Cu-Mn in 
which the Mn ions are uniformly dispersed can be 
consistent with the concentration dependence of the 
Neél temperature. Furthermore uniform dispersion 
with an antiferromagnetic coupling going as 1/Ras 
would result in an ordered, probably two sublattice, 
structure in that nearest neighbor spins are antiparallel 
on the average. 


(72) 


V. MOLECULAR FIELD THEORY FOR A DIRECT 
EXCHANGE AND SUPEREXCHANGE 
COUPLED SYSTEM 


In this section a molecular field description is given 
of a magnetic material which has an antiferromagnetic 
superexchange coupling between the magnetic ions 
(cores) and a ferromagnetic direct exchange between 
the cores and conduction electrons. The results obtained 
here will be applied to the experimental results of 
Owen ef al." on Cu-Mn alloys. 

Let the magnetic atoms be assigned to two sublattices 
A and B. In the dilute alloy this corresponds to the 
idealized situation where the magnetic atoms are 
uniformly dispersed in the host crystal. The phenome- 
nological Hamiltonian is taken to have the form 


K =>’ —1hS4i-Sp; 1(Sai:Se+ S2S.) 
v7 


-13(Sa Sa; +SpSz;) |. (73) 


Here S, stands for the net spin of the conduction 
electrons. J; may be called the interaction integral 
coupling the spins of atoms on sublattices A and B. In 
the very simple four electron problem discussed above, 
I, is g’*/E2; and in a more realistic problem, J; is 
derived from (61). For an antiferromagnetic coupling 
between sublattices A and B, J, is negative. There will 
be a coupling of the atoms on sublattice A with each 
other and of B atoms with each other. This is given in 
the last term of (73). The factor J, represents the 
direct exchange interaction between the conduction 
electrons and magnetic atoms. It is positive, indicating 
a ferromagnetic coupling. Equation (73) may be re- 
written in terms of the total magnetizations of the 
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sublattices A and B and of the conduction electrons as 


, 1;Z4nBMa-Me [2(Ma+Mz)-M. 
X=— — ——_—— 
3N (gun)* 2gur” 
I; 
aba -(ZasMa-Ma +ZpeMy- Msp). 
>-V (gun)? 


(74) 


Where Zaz is the number of nearest neighbor B sites 
to a given A site and vice versa and Z,4,4 is the number 
of nearest neighbor A sites to a given A site with Zpz 
similarly defined in the B sublattice. 

From (74) the fictitious internal magnetic field 
acting on an atom in sublattice A is 


1\Z an I, 
H, . : Me4 M. + 
SN (gue)? 2 gun” 


2132 AA 
Ma. 
} V(gun)* 


The internal field acting on a B atom is 
Zan IM, 203Z44 


Hy : : -M it nae : Mz. 
4N (gun)? 2gun’ 4N(gup)? 


(76) 


The internal field acting on the conduction electrons is 


I, 
H, (M,+Mz). 


Z fun 


(77) 


Let 1;Z4p/}N(gup)’ A, where A _ is_ positive; 
1;Z44/4N (gus)?= —V'/2, which can be positive or nega- 
tive; and [,/2gun’=n, with n positive. Then above all 
transition temperatures the magnetizations of the 
sublattices and conduction electrons in an applied field 


Ho are given by 
M,=(C (78) 
Mp=(C 


M. (M A 4 M w)nxet Hoxe, 


2T)(Ho—AMpt+nM, 


AM4+nM.-T'Ms), 


Ma), 


2T) (Ho (79) 


(80) 


where C= Ng’up’?S(S+1)/3k and xc is the paramagnetic 
susceptibility of the conduction electrons. Setting Ho 
equal to zero the possible transition temperatures are 
found by setting the determinant of the coefficients of 
M4, Mp, and M, in (78), (79), and (80) equal to zero. 
There are two possible transition temperatures 


T:=}4C(A-l)=ry, (81) 


T2=Cr’xe— $C (A+T) =te—tw—CT. (82) 
Here ry is the Néel temperature which would be found 
if the ferromagnetic coupling were absent, i.e., 7=0 
and rc is the Curie temperature which would be found 
if both A and I’ were zero. 

The susceptibility above the 


highest transition 
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temperature is readily found to be 


C(1+ xe) 


(83) 
T'—{Cr’xce—4C(A+lr)} 


Xe { 


The ordering at 0°K may be found by writing (74) as 


3e= AM4-Me+T'/2(M4-Mi+Ma- Ma) 


n(Mit+Man):-M, (84) 


and comparing the energies of the ferromagnetic case, 
where M,= Mz both of which are in the direction of 
M.,, and the antiferromagnetic case, where M , Mz. 
The condition for antiferromagnetic ordering at 0°K is 

A> 2n’xc. (85) 
Therefore, if I’ is positive, a high temperature suscepti 
bility of the form 


x= const /(T—98), (SO) 


with 6>0 means that unless 7, 4, and I’ are tempera 
ture-dependent, the material must be ferromagnetically 
ordered at O°K. 

This molecular field treatment admits the interesting 
possibility of an antiferromagnetic-ferromagnetic tran 
sition. If 

2Cr’xc>CA, (87) 


the material is ferromagnetic at 0°C. However, the 
temperature ry in (81) corresponds to a spontaneous 
antiferromagnetic ordering, i.e., M4 M,, and M,=0. 
It is possible for (87) to be satisfied and at the same 
time to have ry>re—ry—CTr if 


2Cn’xc>CA > Cr’xe (88) 
Under these circumstances, as the material is cooled 
from high temperatures it reaches ry first, at which 
point it orders antiferromagnetically. This must change 
to ferromagnetic ordering at some lower temperature. 

The equations for the magnetizations in the ferro 
magnetic case below the transition temperature are, 
for zero applied field, 


\ a. —~AMe~TM, 
M 4 wngsBs( ) Sim ’ 
2 kT 


\ eit ~ AM s~T ile 
My wg ( ) Sim | { H)) 
2 kT 


a 


(89) 


M, (M4 + M x)nxc. (91) 


If M, is eliminated in (89) and (90) by (91) and the 
argument of the Brillouin 
small, the temperature at which the ferromagnets 
ordering disappears can be solved for and turns out to 
be rc—tw—CTI, i.e., the same as (82). Therefore, the 
antiferromagnetic-ferromagnetic transition must occur 
between 0°K and T'=r¢—ry—CTl. 

There is also the possibility that @ be positive in 


functions is taken to be 
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(86) and that the material never order ferromagneti- 
cally. This comes about if 

9= Crxe—4C(A+)I>0 


and the antiferromagnetic conduction (85) is 
satisfied. For this to obtain 


—CT>CA—2C7’xc, 


(92) 


also 


(93) 


which can be satisfied for negative I’. As such a material 
is cooled from high temperature, it reaches ry first, at 
which point M,= — Mz which persists to 0°K. 

No choice of constants will allow the possibility of a 
change in ordering from ferromagnetic to antiferro- 
magnetic as the temperature is decreased. That is, the 
conditions t¢—rTrw—CI'>ry and (85) cannot both be 
satisfied. 

It is of interest to see how this molecular field 
treatment might serve to explain some of the experi- 
mental results of Owen et al." on the dilute alloys of 
Mn in Cu. This theory can lead to the observed high- 
temperature susceptibility given in (86) with positive 
6 as is shown in (83). Furthermore, for a positive 6 it 
can lead to the observed antiferromagnetic ordering 
below ry. The results of Owen, Browne, Knight, and 
Kittel indicate an s-d exchange interaction in the alloys 
somewhat stronger than that of the free ion on the 
basis of the predicted and observed Curie points while 
all of their other results pointed to a considerably 
weaker exchange interaction. In particular, their 
analysis of the Knight shift of the Cu nuclear resonance 
of a 0.03% alloy at 1.2°K was interpreted on the basis 
of their theory to mean that the actual s-d exchange 
interaction was very weak, perhaps one-fiftieth that 
of the free ion. They reasoned that if the alloy were in 
the paramagnetic state at that temperature, a Knight 
shift four times that in pure Cu should be observed as 
the result of the exchange coupling between the con- 
duction electrons and the Mn ions. As shown in Sec. 
III a magnetization of the conduction electrons pro- 
portional to that of the magnetic cores due to direct 
s-d exchange comes about by the lowering of the energy 
of the conduction band of one spin with respect to the 
band of opposite spin. The superexchange effect de- 
scribed in Sec. IV is based on the capture by the core 
of a conduction electron of spin opposite to that of the 
core due to the Exclusion Principle. Consider the case 
of Cu-Mn where a net magnetization of the Mn** ions 
has been induced by an external magnetic field. The 
conduction band with spin parallel to the net Mn** 
spin will have its energy lowered by direct s-d exchange 
while the conduction band of opposite spin will have 
its energy lowered by the exclusive ability of these 
electrons to spend part of the time in a bound 3d 
orbital which partly screens the extra positive charge 
of the Mn*+. Thus the net lowering of one conduction 
band with respect to the other may be very small 
resulting in a very small net conduction electron magne- 
tization. 


Pow. t, JR. 


The screening charge about an Mn** has a contribu- 
tion from conduction electrons of the same spin as the 
core. This is described by excited states where the 
conduction electrons have normally unoccupied k 
values. These states lead only to a ferromagnetic 
coupling, i.e., Usm of (61) negative to second order. 
It would be interesting to investigate a dilute alloy 
where the core has less than a half-full d shell so that 
the Exclusion Principle would not operate as in Cu-Mn. 

Unfortunately there do not appear to be enough data 
in reference 11 to estimate the coupling constants 9, A, 
and I’. It would be particularly interesting to see 
whether neutron diffraction experiments show an anti- 
ferromagnetic-ferromagnetic transition. It seems that 
one can conclude that an s-d exchange coupling whose 
strength is comparable to that for the free ion is not 
inconsistent with the experimental results obtained on 
the Cu-Mn alloys if the more general molecular field 
treatment given here is used. 

As pointed out earlier, the existence of an antiferro- 
magnetic-ferromagnetic transition has been observed 
in the rare earths erbium and dysprosium. Since the 4f 
or magnetic electrons do not overlap between neighbors, 
the usual exchange mechanism of ferromagnetism in 
the transition elements does not apply here. It is the 
opinion of the writer that the direct and superexchange 
interactions between the 4f electrons and the conduc- 
tion electrons is the basis of the magnetic properties of 
these metals. A complete molecular field treatment of 
this situation is being carried out and will be reported 
in a subsequent publication, 
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APPENDIX 


Theorem 1.—The density matrix of any order for a 
state ¥(.S,M,) is independent of the M, value of the 
state. 

Proof.—Consider the first-order density matrix 
formed from the state ~(.S,S). This is 


ps(fi,n1') = fr: ries tn)W(S,S3 r++ ry) dry’. 


The first-order density matrix for the state y(S, S—1) is 

$= Ss 
ps—i(niny’) - {— V*(S,S\ri- + °tn) - 
h(2S)' h(2S)* 


KW(S,S; y's ra)dry’, 


which equals 


lig r,)dry’. 


1 
f StS-W*(S,S3 11+ WSS yn’ 
2Sh? 
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But S+S-/2Sh? operating on ¥(S,S) is equal to ¥(S,S), 
so we have shown that 


Ps- 1(71,71') = Og (ri,71'). 


Let us assume that ps_n(r1,71')=ps(r1,71'). If we can 
establish that the same is true for S~n—1, then the 
theorem is proved by induction. We have 


' r,)dry" 


fuss S—n—-1; 11° °-r)W(S, S—n—1; 11'°° 


1 
= ———___— fs V(S, S—n; r1- °° 1p) 
h?(2S—n)(n+1) 
XW(S, S—n; r++ -rn)dry’. 
But 


StS -W(S, S—n; 11° ++tn) 
= h?(2S—n)(n+1)W(S, S—n;n—rn), 
and so 


ps—n—1("1,%1') =ps—n("ir1'). 


Since the above proof is independent of the order of 
the density matrix, the theorem is proved. 

Theorem 2.—¥ or any many electron state of a definite 
M, the first-order density matrix can always be sepa- 
rated into two terms; one a sum over orbitals associated 
with a spin and the other a sum over orbitals associated 
with 8 spin. We define that sum over only orbitals of a 
spin as ps(a,M,,7:,r:') and that only over 6 spins as 
ps(8,M 71,71’). 

Proof.—First consider a single determinant of one 
electron space and spin functions whose spatial parts 
are orthonormal. For this determinant, 


p(ri,ri’) = » ar Uy* (1) )Un(ry )oxn(1)ox(1’). 
ok 


Obviously one can separate >> ,, into one part in which 
all o,=a and another in which all o,=£. 

Any many-electron state of definite M, can be 
expanded as a linear combination of determinants 
composed of orthonormal! one-electron functions. Since 
in finding the first-order density matrix one integrates 
over all spatial coordinates but one, because of the 
orthogonality of the orbitals the only nonzero cross 
products will be between determinants differing only in 
the replacement of one spatial orbital by another. If 
u, is replaced by u,, the contribution of the cross 
product to p(r1,7;') will be 


Uy (11)Ug(r1')op(1)o,(1’). 


The total M, can be preserved in two ways: first, 
0,=0,, in which case the cross product contributions 
can always be classified according to ¢,=0,=a or 
o,=0,=8; second, if ¢,~o, with other spin differences 
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arising to compensate this difference preserving the 
total M,. But this must result in terms in the summation 
over all spins of the form 


Comat Fg a(x) 


which is zero. Therefore, the only contributions to the 
first order density matrix are for ¢,=0,. Since we have 
shown that the direct products between determinants 
as well as the cross products can be classified according 
to spin direction, the theorem is established. 

Corollary.—According to Theorems 1 and 2, the first- 
order density matrix for a state y(.S,M,) may always 
be written as 


ps(rini’)=ps(a,M,ri71')+05(8,M rin’). 


Here ps(a,M,,71,71') is the total contribution to ps(r,71') 
coming from the orbitals associated with @ spin and 
the second term is the total contribution coming from 
orbitals associated with # spin. 

Theorem 3.—For the state of maximum multiplicity, 


ps(a,M,,nini') =((S+M,)/25 lps(ni ry’) 


and 
Ps (8,M,,n1,r1') = [(s- M,)/2S los(riri’). 


A state of multiplicity S and arbitrary M, 


rt 


x (S-)5-Map(S,S). 


Proof. 
is given by 


M = M +1 1 
visM)= IT ( 


M=S 


h{ (S+M)(S- 


For the state of maximum multiplicity, ¥(S,M,) is 
symmetric under any permutation of spin coordinates, 
Such a state is a linear combination of determinants, 
each with S—M, spins reversed and each appearing 


with a coefficient 
M +1) ) 


M mM a1 1 
(S—M,)! II ( 
M=8S \[(S+M)(S 

No determinant appears twice, and with the above 
coefficients the state is normalized. If the one-electron 
function “, has @ spin associated with it in a given 
determinant, it will make a _ contribution to 
ps(a,M,,r;,r:') due to that determinant of 


M = M a4 1 | 
(S—M,)? u,;*(r;)u(r;’). 
m=s \(S+M)(S—M+1)} 
There will be no cross products, as proved in Theorem 2. 
The number of determinants in ¥(S,M,) in which « 


has @ spin is 
(2S—1)!/[(S—M,)!(S+M,—1)!]. 


The total contribution of u; with a spin to pg(a,M,ri,71') 





(2S—1)! 
(S—M,)? 
(S—M,)'(S+M,—1)! 


Vv Vaerl 
7 jut(riutn). 


I] i 
M=S ((S+M)(S—~M-+1) 
The sum over all u; gives just ps(a,M,,r,,7;'). Therefore, 


(2S—1)!(S—M,)! 
pla,M ,ryri’) 


(S+M,—1)! 


M = Ma+l ] 
x I ( Josirun 
M=-S \(S+M)(S—M+1) 


The product in the above equation is equal to 


aaa 


MM a41 1 (S+M,)! 
1 (—— 
ul (S+M)(S 


VIEW 


(28) '(S—M,)! 
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Therefore, ps(a,M,,r;,r1') is 
(2S—1)!(S—M,)!(S+M,)! 

ps(a,M,,r;,r71\')= ps(ri,ri') 


(S+M,—1)!(25)\(S—M,)! 


S+M, 


ps(ri,n1’). 
From the Corollary, we have 
ps(ry,r1') 7 ps(a,M,,ri,r1'). 


PSs (B,M, rir) 


Hence 


S-M, 
ps(B,M,,ri,r1') ( Jost’ 
2S 


Therefore, the theorem is proved. 
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Krom the anomalous rise of the thermal expansion near the melting point, a value of about 0.7 ev for the 


energy of formation of vacancies in copper and gold is found 


INTRODUCTION 
pete theoretical calculations it is known that the 
energy of formation of vacancies in copper and 


gold is of the order of 1 ev,' which is a value sufficiently 
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hic. 1, Upper curves: Temperature dependence of coefficient of 
thermal expansion 8 of copper. Circles refer to actual] measure- 
ments.° The dashed curve Gr represents the Griineisen curve 
obtained by Nix and MacNair‘ from the data below 500°C; the 
straight line a is the linear extrapolation of the temperature de 
vendence of 8 below 500°C. Lower curves: Smoothed differences 
yetween observed and extrapolated values of 8, obtained from the 
upper part of the figure, as a function of temperature. Gr: differ 
ences with regard to the Griineisen curve; a: differences with 
regard to the linearly extrapolated curve. 


'H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942); 
H. B. Huntington, Phys. Rev. 61, 325 (1942); A. D. Le Claire, 


low to expect appreciable concentrations of vacancies 
in thermal equilibrium at temperatures near the melting 
point. An anomalous rise of the electrical resistivity, 
which was attributed to the vacancies mentioned, was 
observed by Meechan and Eggleston’? in copper and 
gold above 500°C. The extra resistivity closely followed 
an exp(/;/kT) law, and values of the expected order 
of magnitude for the formation energy /’, of vacancies 
were obtained. 

When vacancies are formed the metal must expand, 
so an anomalous rise of the thermal! expansion will occur 
at sufficiently high temperatures. As far as we know, 
Gertsriken® was the first to deduce a value for the 
formation energy of vacancies in copper from this 
phenomenon ; however, the data he used were not very 
accurate. 

In the present paper we apply the same method, 
using more accurate data and a way of extrapolating 
the low-temperature values of the thermal expansion 
coefhicient to higher temperatures which has a some- 
what better theoretical justification. 


Acta Metallurgica 1, 438 (1953); F. G. Fumi, Phil. Mag. 46, 1007 
(1955). 

*C. J. Meechan and R. R. Eggleston, Acta Metallurgica 2, 680 
(1954). 

5G. D. Gertsriken, Compt. rend. 98, 211 (1954). 





FORMATION OF 


CALCULATION 


We used the results of Nix and MacNair,! who 
measured the thermal expansion coefficient 8 of various 
very pure metals between 77°K and 1000°K, and the 
results obtained by Esser and Eusterbrock® in the 
temperature region between 273°K and 1273°K. Nix 
and MacNair fitted their data to a Griineisen curve; 
Esser and Eusterbrock gave their results in the form of 
a power law which is, of course, not useful for our 
purpose. Therefore we recalculated 8 directly from their 
measurements by numerical differentiation. 

All data referring to copper are shown in Fig. 1. The 
values obtained from the measurements of Esser and 
Eusterbrock are represented by circles. The dashed line 
is the Griineisen curve, calculated from the constants 
given by Nix and MacNair and the Debye specific heat 
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Fic. 2. Total excess of expansion Av/v of copper at temperatures 
above 500°C, plotted logarithmically against the inverse absolute 
temperature. Curve Gr refers to the excess with regard to the 
Griineisen curve of Fig. 1, curve a to the excess with regard to 
the linear extrapolation also given in this figure 


(@= 325°K). Between 100°C and 450°C these sets of 
values of entirely different origin fit surprisingly well. 
At somewhat lower temperatures Nix and MacNair 
found an irregularity (reference 4, Fig. 1) which also 
seems to be present in Esser and Eusterbrock’s results: 
below 100°C the measured values tend to exceed the 
Griineisen curve. This may be considered as a warning 
that the Griineisen approximation is not a particularly 
good one, 

Since the temperature dependence of # is approxi- 
mately linear between 100 and 500°C, we also tried a 
linear extrapolation above 500°C, which does not 
deviate very much from the Griineisen curve. 

Above 500°C the experimental values exceed the 


‘F.C. Nix and D. MacNair, Phys. Rev. 60, 597 (1941) 
5H. Esser and H. Eusterbrock, Arch. Eisenhiittenw. 14, 341 
(1941). 
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Fic. 3. Upper curves: Temperature dependence of coefficient 
of thermal expansion 8 of gold. Circles refer to actual measure 
ments.® The straight line a is the linear extrapolation of the tem- 
perature dependence of 8 below 500°C. Lower curve: Smoothed 
differences between observed and extrapolated values of 8, ob 
tained from the upper part of the figure, as a function of tem 
perature 


extrapolated ones by amounts increasing with tem 
perature. This excess of expansion is shown on a larger 
scale in the lower right corner of the same figure. By 
numerical integration the total excess of expansion 
Av/v at various temperatures is obtained; attributing 
this excess to the presence of vacancies in thermal 
equilibrium, we can write 


Av/v=A exp(—E,/kT), (1) 
where /, is the energy of formation of vacancies and 
A is a constant which should be equal to unity in the 
ideal case that both the relaxation of the lattice caused 
by the presence of a vacancy and the entropy of for 
mation can be neglected. 

Plotting Av/v logarithmically against 1/7’, reasonably 
straight lines are obtained (Fig. 2). From their slope 
we deduce a value of about 0.7 ev for /y in copper. 

The case of gold presents more difficulties. The 
measurements of Esser and Eusterbrock (Fig. 3) show 
some irregularities near 400°C, which, although we can 
ignore them because they were not found by Nix and 
MacNair, make it difficult to decide where to start with 
the “theoretical” extrapolation. Moreover, between 100 
and 500°C the values of Nix and MacNair are some 
different 
Eusterbrock. Therefore, since the Griineisen curve, as 
computed by Nix and MacNair, can for all practical 
purposes be considered as linear up to 1000°C, we have 


what from those obtained by Esser and 


drawn a straight line (a) which is parallel to the 
Griineisen curve mentioned and joins the experimental 
100°C, 


3) between the observed 


curve smoothly at about rom the observed 
differences (also shown in Fig 
and extrapolated values of 6 the energy of formation of 
vacancies in gold is found, in the same way as in the 
case of copper, to be about 0.6 ev (Tig. 4) 

Owing to the relaxation of the lattice when vacancies 
are present, the excess of expansion Av/v is not equal to 
An/n, the fractional amount of vacancies. According to 


Eshelby,® the volume change @ on introducing a center 


* J. D. Eshelby, J. Appl. Phys. 25, 255 (1954) 
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Fic. 4. Total excess of expansion Av/v of gold at temperatures 
above 500°C, plotted logarithmically against the inverse absolute 
temperature. Curve a refers to the excess with regard to the linear 
extrapolation. 


of dilatation of strength c into a homogeneous isotropic 
body with a stress-free surface is about 6rc for metals. 
When 6 is the nearest neighbor distance and )\d the 
displacement of nearest neighbors due to the presence 
of a vacancy, we have c= —)b’, from which we deduce 
for a vacancy in a f.c.c, metal: 

(2) 


at —6rv2XQ, 


where @ is the atomic volume. Now for copper we have 
= (.015,’ and for gold we shall use the same value; so 
for both metals we find: a= —0.4Q. This means that 


Vacancies in Cu 
(4e = Li pNom/%vac.) 


\ 


— 4e(pAcm) 


Present work 
0.70 ev 
(0.71 ev) 
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Fic. 5. Resistivity increase Ap due to thermal vacancies in 
copper, plotted logarithmically against 1/7. The values of /, are 
given; the upper values are derived from the slope of the lines, 
the values in parentheses from the magnitude of Ap at 1000°K. 


7P, Jongenburger, Appl. Sci. Research B3, 237 (1953). 


the metal expands by an amount 2—0.4Q=0.62 when 
a vacancy is formed, so that we obtain: Av/v=0.6An/n. 
Still neglecting the entropy of formation, this means 
that we should take A=0.6 in formula (1). When this 
is done, Ey can be found directly by using formula (1), 
when Av/v for only one temperature is known. For 
T= 1000°K, taking the values of Av/v from Fig. 2, 
curve a, and Fig. 4, we find the results given in Table I. 
These values agree reasonably well with those obtained 
from the slope of the lines. 


DISCUSSION 


The way in which we determined E,, has in common 
with Meechan and Eggleston’s method, that the result 
is obtained from the relatively small difference between 
measured and extrapolated values, of which in par- 
ticular the latter ones are inaccurately known; it should 
be noted, however, that even an error of a factor 2 in 
Av/v would make a difference of less than 0.1 ev in Ey. 

In Table II the values obtained by a number of 
authors are compared with the present results. 
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0.62 ev 
(0.67 ev ) 


Bauerle 
0.99 ev 
(0.87 ev ) 


Kaufmann Lazarev 
llev 


(1.06 ev ) 





15 20 25 
—_———— 2- 104/ T 





Fic. 6. Resistivity increase Ap due to thermal vacancies in 
gold, plotted logarithmically against 1/7. The values of Fy are 
given; the upper values are derived from the slope of the lines, 
the values in parentheses from the magnitude of Ap at 1000°K. 





FORMATION 


For copper the results of some of the authors men- 
tioned in Table II are illustrated in Fig. 5; here Ap is 
the extra resistivity caused by the vacancies present. 
In our case we obtained the concentration of vacancies 
from Av/v by means of the relation Av/v=0.6An/n; 
from the concentration we obtained the resistivity by 
using a theoretical value’ for the scattering cross section 
of vacancies in copper. The present values of Ap agree 
reasonably well with Meechan and Eggleston’s results. 
The two lines have, however, a different slope, which is 
probably caused by the fact that the slope is more 
sensitive to the way in which the extrapolation is 
carried out, in particular towards the lower temperature 
values, than the magnitude of Ap. The value of Fy, 
calculated directly from Meechan’s value of Ap at 
1000°K, is 0.75 ev. 

Some results on gold are illustrated in Fig. 6, where 
our values for Ap are obtained in the same way as in the 
case of copper. Again the present values agree very well 
with Meechan and Eggleston’s results. However, all 
experiments of the quenching-type yield substantially 
lower values of Ap. The first experiments of this type 
were those made by Kaufmann and Koehler. In their 
two letters they give the value of Ap at three different 
temperatures. When these values are plotted in Fig. 5, 
a reasonably straight line is obtained; from both its 
slope and the magnitude of Ap we deduce a value for Ky 
of about 1.1 ev (a value of 1.28 ev is, however, men- 
tioned by the authors). Recently improved quenching- 
experiments were made by Bauerle, Klabunde, and 
Koehler. They obtained values for Ap which are nearly 
an order of magnitude larger than in the case of Kauf- 
mann and Koehler. From the slope of their curve a 
value of 0.99 ev is deduced for the energy of formation. 
From their value of Ap for gold quenched from 1000°K, 


TABLE I. Energy of formation of vacancies for T= 1000°K. 


An/n 


25x10* 0.7; 
4.7x10-* 0.61 


Ao/o 


1510-4 
2.8X 10~¢ 


Ey (ev) 


OF VACANCIES 


IN Cu AND Au 


TABLE II. Comparison of results. 


Type of work Author 


Le Claire* 
Fumi! 


Theoretical 


Kaufmann ef al.¢ 
Lazarev ef al,4 
Bauerle ef al.” 


Quenching experiments 


Meechan ef al.t 
Gertsrikené 
Present work 


Extrapolation 


* See Le Claire, reference 1, 

+See Fumi, reference 1, 

¢ J. W. Kaufmann and J. $ 
149 (1952) 

4B. G. Lazarev and O, N, Ovcharenko, Compt. rend. 100, 875 (1954), 

¢ Bauerle, Klabunde, and Koehler, Phys. Rev, 102, 1182 (1956) 

t See reference 2 

6 See reference 3, 


Koehler, Phys, Rev. 97, 555 (1955); 88, 


using the theoretical resistivity’ due to vacancies in 
gold, and again neglecting the entropy of formation, 
a somewhat smaller value for /, can be found: 0.87 ev. 
But even in these experiments Ap is still an order of 
magnitude smaller than in Meechan’s case and in 
our case. 

This large difference can be caused by the inaccuracy 
of our method, as pointed out above; the agreement 
with Meechan’s results would then be fortuitous. On 
the other hand, the low values of Ap found after quench- 
ing strongly suggest that, in some way or other, 
vacancies diffuse away during the quenching process; 
we think that Bauerle’s results show that they cer- 
tainly did in Kaufmann’s experiments; but even in 
Bauerle’s case one cannot be absolutely sure that their 
escape was completely prevented. One should also 
consider the possibility of clustering of vacancies; it is 
not clear, however, why this should happen only in a 
quenching experiment and not in a static one like 
Meechan’s. 

In conclusion we can say, that till now the extrapola- 
tion-type experiments on gold give a better mutual 
agreement than the quenching-type ones, but that a 
quite satisfactory explanation of the difference between 
the two types is not yet possible. 
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Further Ultrasonic Experiments in Superconducting Polycrystalline Tin* 


L. MAcKINNONT 
Physics Department, Brown University, Providence, Rhode Island 


(Received November 19, 1956) 


The effect of a longitudinal magnetic field on the sound absorption in a polycrystalline tin rod below and 
just above the superconducting transition has been studied. When the specimen is left with a frozen-in 
moment, the shape of the acoustic hysteresis loop is found to vary with change of path of the sound through 
the specimen. A reasonable qualitative explanation of this effect is given, but there is a shortage of infor- 
mation on other comparable phenomena in a rod of this shape and size; it does seem probable though that 
the core of the specimen remains largely normal in the intermediate state until an appreciable reverse 


field produces an escape of trapped flux 


I. INTRODUCTION 


N an earlier paper,’ the author described certain 

observations with 10-Mc/sec longitudinal 
sound waves in superconducting polycrystalline tin in 
the absence of a magnetic field. It was mentioned in 
that paper that certain effects, which had been found 
originally by Bémmel?*# in single crystals of lead and 
tin, when a magnetic field was applied, had also been 
found in the polycrystalline specimen ; it is the purpose 
of this paper to describe the results of the observations 
made on those effects, and to discuss briefly the inter- 
pretation of certain of these. 


made 


Il, EXPERIMENTAL METHOD 


The procedure for observing the sound waves has 
already been described in detail'; a brief review of it 
is as follows. A short (1-2 psec) pulse of 10-Mc/sec 
longitudinal sound was fed by a quartz transducer into 
one end of a cylindrical tin rod. The sound pulse which 
travelled down the rod to the other end was there 
reconverted into an electrical impulse by a similar 
quartz transducer; a rectified envelope of this was then 
displayed, after suitable amplification, on a cathode ray 
oscilloscope. About 200 pulses per second were fed into 
the rod. As the amplitude of the input pulses was 
constant, variation of the height of the pulse envelope, 
as seen on the oscilloscope, provided information about 
variation in the absorption of sound in the rod. 

The specimen was mounted as shown in Fig. 2 of the 
earlier paper,’ except that the Wood’s metal was re- 
moved and electrical connection was made by soldering 
the leads directly to the bellows at their open end. This 
was done to prevent disturbance of any applied mag- 
netic field by the superconducting properties of the 
Wood’s metal. To apply a magnetic field, two air-cored 
coils, originally wound for another project in the 
laboratory, were fitted around the outside of the 
cryostat Dewar vessels so that they provided a reason- 
ably uniform magnetic field along the length of the 


* Supported by the Office of Naval Research 
t Now at the University of Leeds, Leeds, England 
1L. Mackinnon, Phys. Rev. 100, 655 (1955). 
2H. E. Bémmel, Phys. Rev. 96, 220 (1954). 
4H. E. Bommel, Phys. Rev. 100, 758 (1955). 


specimen. Up to about 300 oersteds could be applied 
in this way before the coils overheated. 

The length of the specimen remained 8.67 cm 
throughout these experiments. 


III. EXPERIMENTAL PROCEDURE AND RESULTS 


When a magnetic field was applied to the normal 
metal, the amplitude of the observed transmitted 
pulse increased, indicating a decrease in the absorption 
coefficient. Figure 1 illustrates the effect at 4.20°K. 
This effect did not differ very much between this tem- 
perature and 3.73°K (the transition temperature), and 
the absorption in the normal metal without any applied 
magnetic field increased by only 0.035+0.005 neper 
cm™! as the temperature was lowered through this 
range. 

When the field was applied to the superconducting 
metal, the attenuation of the sound remained unaltered 
until the critical field was reached; there was then a 
sharp increase of attenuation as superconductivity was 
destroyed. Further increase of field produced an at- 
tenuation decrease ; lowering the field and reversing its 
direction then enabled the “‘hysteresis” loops, first 
observed by Bémmel* in lead, to be followed in the 
polycrystalline tin. Some of these results are shown in 
Fig. 2. The direction in which the graphs were obtained 
is shown by the arrows. 

To obtain Figs. 2(A) and 2(B), the sound pulse was 
directed through the center of the specimen as the 
quartz transducers had been attached approximately 
centrally on the ends of the cylinder. The difference 
between these graphs shows the effect of temperature; 
it may be noted that the kink in the graph at point X 
occurs at roughly 0.7 times the critical field; this was 
also true for the third temperature studied (1.71°K), 
the graph for which is not shown but is very similar to 
Fig. 2(B). 

The quartz transducers were 0.5 in. in diameter and 
the rod was about 0.9 in. in diameter. Therefore the 
path of a plane sound wave down the rod did not pass 
near the edge of the cylinder when the transducers 
were mounted centrally. To obtain a sound path near 
the edge of the cylinder, the specimen was moved to 
one side in its mounting so that the quartz transducers 
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Fic. 1. Variation in amplitude absorption coefficient with 
applied magnetic field (longitudinal) in the normal metal at 
4.20°K. 


were both at the same side of the cylinder, the edge of 
the transducers touching the edge of the cylinder, 
Figure 2(C) shows the resulting hysteresis loop at 
2.26°K, the same temperature as that at which Fig. 2(B) 
was obtained. On this diagram is also shown the result 
of reducing the field shortly before reaching the destruc- 
tion of superconductivity in the intermediate state; the 
reduction started at point Y, being followed by a 
reversal and then an increase to above the critical field. 
A similar curve (not shown) was also obtained at 
2.81°K. 

Throughout this set of experiments on the hysteresis 
effect it was found necessary to work slowly if the 
specimen was in the intermediate state. If, for example, 
the field were reduced rapidly to zero with the specimen 
in the intermediate state, about five minutes would 
elapse before the transmitted sound pulse amplitude 
increased to a steady value. 


IV. DISCUSSION AND CONCLUSIONS 


It is clear from the difference between Figs. 2(B) and 
2(C) that the absorption of the sound depends, in the 
intermediate state, on the path which the sound has 
followed. When superconductivity has been destroyed 
by the magnetic field, and the field then removed, sound 
traveling down the edge of the specimen [ Fig. 2(C) | 
is considerably less absorbed than sound traveling 
through the center [ Fig. 2(B) |. It seems reasonable to 
interpret this as an indication that the specimen has 
more of the normal metal in the center than at the 
edge (since the normal metal absorbs more heavily than 
the superconducting). Comparison with other observa- 
tions on this point is difficult as there are so few of 
them. The experiments of Schawlow‘ in fact seem to 
indicate that the opposite state of affairs occurred in his 
tin specimen (see Fig. 8 of Schawlow’s paper), but the 
shape of his specimen was very different from that of 
the specimen used here. It also seems reasonable to 
suppose that the bulk of the trapped flux in the center 
of the specimen does not begin to escape until a reverse 
field of about 0.7 times the critical field is applied to 


4A. L. Schawlow, Phys. Rev. 101, 577 (1956) 
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Fic. 2. “Acoustic hysteresis’’ loops, the amplitude absorption 
coefficient being relative to the absorption in the superconducting 
state. (A) and (B) have the sound path through the center of the 
specimen. (C) has the sound path along the edge of the specimen, 
In all cases, the applied magnetic field is along the length of the 
cylinder. 


the specimen ; this reverse field perhaps then encourages 
the escape by migration of the normal regions to the 
outside (that this seems to be the likely escape mecha 
nism is suggested by Schawlow’s experiments‘ and men 
tioned as a possibility by Faber and Pippard®) until the 
specimen is nearly entirely superconducting again; 
further increase of field will then destroy the super 
conductivity. The figure “0.7” should not perhaps be 
taken too seriously; the size of transducer may play 
some part in its determination. 

On the very simplest of pictures, the fractional pro 
portion of normal to superconducting metal in the 
intermediate state (f,), in the path of the sound wave 
would seem to be given by 


fn=(h,—h)/(he—hn), 


where h,, h,, and hare the received pulse amplitudes in 
the superconducting, normal, and intermediate states, 


°T. bE. Faber and A. B. Pippard, in Progre 


Physics (North-Holland Publishing Company 
Vol. 1 Chap 9 


in Low 1 em perature 
Amsterdam, 1955), 
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respectively. This assumes (a) that the intermediate 
state consists of long thin laminae in the direction of 
both sound and magnetic field, (b) that one can neglect 
any effect due to sound velocity difference between 
normal and superconducting states, and (c) that certain 
possible diffraction effects are negligible. This simple 
picture leads to the interpretation that quite a high 
proportion (around 90%) of the metal near the axis 
of the specimen contains trapped flux after the field 
has been removed. Assumption (a) agrees with present 
evidence on the matter, although evidence that the 
laminae are straight is lacking. Assumption (b) is 
reasonable, for the specimen is of the order of a few 
hundred wavelengths long and velocity differences be- 
tween superconducting and normal® are insufficient to 
produce any significant phase difference between the 
sound waves traveling in the two media. Assump- 
tion (c) may, however, be incorrect. If there are super- 
conducting regions having dimensions transverse to the 
sound wave of the order of a wavelength (about half a 
millimeter), then one might get diffraction from super- 
conducting regions into normal with a consequent 
increased over-all absorption. This seems to be reason- 
ably possible, so that the figure of 90% may be on the 
high side. 

The main conclusion then to be drawn from these 
hysteresis effects is that, when examined together with 
other experimental evidence, they give a good qualita- 
tive picture of the changes in the intermediate state 
during the magnetization cycle; this method too is 
unique in probing the inside of the specimen without 
physical disturbance. The action of the reverse field in 
encouraging apparent migration of normal channels fits 
well with the hypothesis® that contraction of lines of 
force provides a driving force for the mechanism ; so too 

*W. P. Mason and H. E. Bémmel, J. Acoust. Soc. Am, 28, 930 
(1956). 


does the observation that the state of the specimen re- 
mains unaltered by a reduction of the reverse field 
before the critical field has been reached. There have 
been insufficient magnetization studies to give a di- 
rect comparison between magnetization and acoustic 
hysteresis cycles; the most relevant work seems to be 
that of Shoenberg.’ There appears to be no comparable 
work on thermal conductivity. 

That equilibrium conditions were not realized until 
after a few minutes, following magnetic field change, 
is not unreasonable in so large a specimen; some of the 
scatter in the experimental points may be attributed to 
failure to wait long enough before making the observa- 
tion. The method clearly could provide information on 
the kinetics of the process, and this might be worth 
further study. 

Those (and other) experiments also clear up one 
point left rather indeterminate in the earlier work.! 
This is the electronic absorption in the normal metal in 
zero field, on which a lower limit of 0.6 neper cm~! had 
been put. It seems that the value should be 0.40+0.05 
neper cm™~! at the transition temperature (3.73°K), 
decreasing as stated earlier as the temperature is raised 
to 4.2°K. Other earlier conclusions are not affected by 
this. The absorption in the normal metal below the 
transition can be estimated roughly by suitably extrapo- 
lating the curve of Fig. 1 onto the curves of Fig. 2; it 
can be seen that it does not change very much over the 
temperature range used. 

The author wishes to thank in particular Mr. H. V. 
Bohm for his assistance in these measurements. This 
paper concludes the account of the work done during 
the author’s visit to Brown University and he would 
like once again to thank Dean R. B. Lindsay for his 
encouragement and for making the visit possible. 


7D. Shoenberg, Proc. Cambridge Phil. Soc. 33, 260 (1937). 
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Effect of Heavy Doping on the Self-Diffusion of Germanium*t 
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(Received December 17, 1956) 


The germanium self-diffusion coefficients for intrinsic, heavily-doped m- and p-type germanium were 
measured at several temperatures. It was found that the self-diffusion coefficient is greater for heavily-doped 
n-type than for intrinsic germanium and that the self-diffusion coefficient for intrinsic germanium is greater 
than for heavily-doped p-type. If one assumes that a vacancy acts as an acceptor and that germanium 
self-diffusion goes by the vacancy mechanism, the observed changes in the value of the self-diffusion coefhi 
cient with doping are in the direction and of the order of magnitude of changes calculated from the shift in 
the Fermi level alone. It is concluded that germanium self-diffusion probably proceeds by the vacancy 


mechanism. 


INTRODUCTION 


HESE experiments were performed in order to de- 
termine whether germanium self-diffusion occurs 
by the vacancy mechanism. If self-diffusion does occur 
by means of vacancies, the diffusion coefficient at a 
given temperature will be proportional to the concen- 
tration of vacancies. By changing the concentration of 
vacancies by a known amount, one would then be able 
to predict the variation in the self-diffusion coefficient. 
A method for varying the concentration of vacancies is 
suggested in the work of Reiss and Fuller if one further 
assumes that vacancies act as acceptors.'? They* have 
been able to confirm the predictions of the former 
author,' namely that the solubility of a donor increases 
with increasing acceptor content and that the solubility 
of a donor decreases in the presence of another donor. 
Similarly, Reiss' predicts that an acceptor would be 
more soluble in a donor environment than in an acceptor 
environment. Consequently, if vacancies behave as 
acceptors, one would expect that at a given temperature 
the equilibrium concentration of vacancies in n-type 
germanium would be greater than in p-type germanium,’ 
i.e., germanium self-diffusion should be greater in n-type 
than p-type germanium in the case of diffusion via 
vacancies. 

Evidence indicating that vacancies act as acceptors is 
found in data obtained from irradiated germanium.** 
The interpretation that the acceptors brought about by 
thermally quenching germanium from high tempera- 
tures are, in part, vacancies is as yet questionable.*’ 

* This research was supported in part by the United States Air 
Force through the Office of Scientific Research of the Air Re- 
search and Development Command and in part by a grant from 
Motorola, Inc. 

t Presented at the Symposium on Semiconductors of the 
American Institute of Mining and Metallurgical Engineers, Insti- 
tute of Metals Division, February 20, 1956. 

t Now at the Department of Applied Physics, Indian Institute 
of Technology, Kharagpur, India. 

1H. Reiss, J. Chem. Phys. 21, 1209 (1953). 

7H. Reiss and C. S. Fuller, J. Metals 8, 276 (1956). 

3R. L. Longini and R. F. Greene, Phys. Rev. 102, 992 (1956). 

4H. Y. Fan and K. Lark-Horovitz, Report of Bristol Conference 
on Defects in Crystalline Solids (The Physical Society, London, 
1955), p. 232. 

5 Cleland, Crawford, and Holmes, Phys. Rev. 102, 722 (1956) 

6 Blank, Geist, and Seiler, Z. Naturforsch. 9a, 515 (1953). 

7R. A. Logan, Phys. Rev. 101, 1455 (1956). 
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EXPERIMENTAL 

The diffusivity of the tracer Ge”! in intrinsic, heavily- 
doped n- and p-type, single crystal germanium was 
measured. In order to obtain significant changes in the 
concentration of vacancies, it is necessary to use heavily- 
doped germanium. About 6X10'*® arsenic atoms/cm! 
were present in the n-type specimens, while the p-type 
specimens contained about 5X 10" and 1X 10° gallium 
atoms/cm*, The heavily-doped single crystals were pre- 
pared by W. W. Tyler of the G. E. Research Laboratory. 
At any particular temperature, three germanium speci 
mens, one intrinsic, one n-type, and one p-type, were 
electroplated with neutron-irradiated germanium (from 
Oak Ridge), sealed in separate Vycor tubes containing 
argon at a pressure of about 30 cm of mercury, and then 
annealed in the same, constant temperature furnace for 
the same amount of time. Both sides of each specimen 
were simultaneously electroplated. Chromel-Alumel 
thermocouples were used to measure temperatures ; 
the error in the temperature values is estimated to be 
from +2 to +3°C, Care had to be exercised in polishing 
the heavily-doped specimens prior to electroplating and 
annealing, for otherwise the germanium surfaces would 
become markedly eroded. Argon was added with the 
hope of it aiding in the prevention of this thermal 
etching by decreasing the rate of evaporation of the 
doping materials. The composition of the electroplating 
solution® was: 50 cc of H,O containing 0.52 g of irradi 
ated GeOs, 0.86 g of KOH and 3.2 g of KxC,O,4-H,0. It 
was necessary to maintain this bath at about 85°C 
while electroplating. An advantage of this solution is 
that it will also dissolve, to a certain extent, the oxide 
coating of the germanium itself; this electroplating 
technique does have a disadvantage in that it is difficult 
to obtain uniformly deposited layers. 

Assuming that at t=0 we have plated onto our 
specimen a uniform Ge’! layer having a thickness d and 
concentration Cy and that no Ge’! is either leaving or 


entering the surface (Y¥ =0), then the concentration at 


* Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956) 
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Fic. 1. A penetration plot of the data taken at 841°C. These 


data were obtained from one side of each type of germanium speci 
men, Since it is assumed that the specific activity (concentration) 
varies as exp(—X*/4D1), the diffusion coefficients are inversely 
ple to the absolute value of the slope of the straight 
ines 


a time / is given by® 


Cy ec’? 
C(X,b) { exp(—v*)dt 
mw vy 


é 


J, 


exp( ede} (1) 


where Y = distance from the surface, D= diffusion coeffi- 
cient, w= X/2(Dt)', and 6=d/2(Dt)'. For 61, Eq. (1) 
becomes the familiar 


C(X,t) = (Cod/ (x Dt)* | exp(— X*/4D1). (2) 


Equation (2) was used in the determination of all of our 
diffusion coefficients. 

Sections, each having a thickness of the order of 1 u 
and a weight of the order of a milligram, were taken 
from the surfaces of the annealed specimens by using a 
precision grinding machine.'? Weight determinations 
having a precision of +0.01 mg were performed on a 
semimicrobalance. As Ge’! decays by electron-capture, 
Tracerlab Geiger-Mueller tubes particularly sensitive to 
x-rays were used in assaying; the magnitudes of the 


specific activities generally extended over approxi- 


*W. Jost, Diffusion (Academic Press, Inc., New York, 1952), 
p 23 
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Fic. 2. The observed germanium diffusion coefficient, D, at 
various temperatures and for different dopings. From the shift in 
the Fermi at 800°C: D/D;=14 for Nn=6X10!*/cm' and D/D, 
=0.17 for N4=5X10"/cm*. These ratios do not differ by more 
than 20% from those at 800°C over the temperature range in 
question (gradually decreasing with increasing temperature in the 
former case and gradually increasing with increasing temperature 
in the latter case). 


mately three cycles, the lowest specific activities being 
as low as a few counts/min/mg above background. 
Each section was counted until the statistical error was 
at most +2°%. From a plot of the logarithm of the 
specific activity vs the square of the penetration, the 
diffusion coefficient is obtained from the slope of the 
straight line. Figure 1 is a plot of typical data. 

The logarithm of the diffusion coefficient vs a multiple 
of the reciprocal of the absolute temperature is plotted 
in Fig. 2. Probably an important contribution to the 
scatter of the data is inherent in the use of Eq. (2) for 
determining the diffusion coefficients. Equation (2) was 
arrived at under the assumption that d/2(Dt)'#<1, but 
owing to the low specific activity of the irradiated 
germanium and the smallness of the diffusion coefficients 
it was difficult to maintain rigidly this inequality; 
consequently the diffusion coefficients obtained in this 
way were sensitive to the thickness of the electroplated 
layer and are generally too high. It is difficult to de- 
termine the error introduced by nonuniformity in the 
thickness of the electroplated layer for the case where 
d~(Dt)'. In the case where d<(D1)!, it has been shown 
that no error is introduced by nonuniformity provided 
the diffusion coefficient is determined by the above 





HEAVY DOPING 
method (Fig. 1).!! If surface diffusion were much greater 
than bulk diffusion, the error introduced by non- 
uniformity in the electroplated layer thickness would, 
of course, be small. 

In order to investigate the possibility of the heavy- 
doping producing appreciable strain in the germanium 
lattice, thereby influencing the concentration of vacan- 
cies, determinations of the lattice parameter were made. 
X-ray measurements made at the G. E. Research 
Laboratory revealed only small changes in the lattice 
constant and in the same direction for both the heavily- 
doped m- and p-type germanium (about a 0.02% 
decrease). 


INTERPRETATION AND DISCUSSION 


An expression for the ratio D/D;, where D is the self- 
diffusion coefficient for either n- or p-type germanium, 
can be arrived at by determining the change in the 
concentration of vacancies from the shift, due to doping, 
of the Fermi level. The concentration of neutral 
vacancies is maintained at an equilibrium value appro- 
priate to the temperature, while the concentration of 
charged vacancies depends on both the temperature 
and position of the Fermi level. If vacancies act as 
acceptors, the concentration of charged vacancies, [ v~ ], 
is given by 


Lv] 


where Fy, and Ey are the vacancy and Fermi levels, 
respectively, and [v] is the total concentration of 
vacancies (charged and neutral). Using (3) and the 
assumption that, to a first approximation, the concen- 
tration of neutral vacancies is independent of doping, 
we obtain 


[ov /{(At+exp[ (Lvac—Ev)/kT]}}, (3) 


1 $ exp[ (Ey = | a kT } 


D {[v] 
D, [ve], 1It+exp[(Lei—Eyuc)/RT] 


(4) 


where [v ], is the total concentration of vacancies and 
Er, is the Fermi level in intrinsic germanium. For a 
low-lying acceptor level (.¢— Evac>kT), (4) becomes 


D/D <= exp (Ee— Ev,)/kT )=n/ni, (5) 
where n and n, are the electron concentrations in doped 
and intrinsic germanium, respectively. Calculations of 
D/D; were made by using Morin and Maita’s" data for 
n, and the condition for charge neutrality. 

In Fig. 2, the n-type data agree fairly well with those 
predicted by Eq. (5). However, the p-type data are 
somewhat higher than would be expected from (5). 


DP). S. Tannhauser, J. Appl. Phys. 27, 662 (1956). 

These results on the lattice constant measurements were 
given to us by W. W. Tyler 

43 F. J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954) 


ON SELF 


DIFFUSION OF Ge 

A possible cause for the discrepancy may be the evapo 
ration of gallium from the surfaces of the p-type 
specimens. Spectrographic estimations showed that the 
evaporation of gallium was appreciable at 895°C, the 
concentration of gallium decreasing by about a factor 
of four in a region extending about (D/)! from the 
surface. It was not possible to estimate spectrographi 
cally whether evaporation of arsenic occurred; still one 
would not expect the evaporation of arsenic to be as 
great as that of gallium, since it has been found that 
gallium goes readily into the Vycor walls at these 
temperatures. Possibly the convergence at higher tem 
peratures of the doped germanium self-diffusion coeffi 
cients towards the values for intrinsic germanium could 
be attributed to the evaporation of doping materials. 
Another explanation for the p-type disagreement could 
be that the acceptor level is not far below the mid-gap 
position. In this case it would be necessary to use 
Eq. (4) instead of (5). Equation (4) would give sig- 
nificantly greater values for D,/D, (D, being the p-type 
germanium self-diffusion coefficient) than (5), if the 
Fermi level were nearer to /yac, Without significantly 
altering D,/D; (D, being the n-type diffusion coefh 
cient). Nevertheless, it is concluded that these data 
indicate that germanium self-diffusion probably occurs 
via vacancies. 

Extending the theory of the vacancy mechanism to 
the case of the diffusion of donors and acceptors into 
germanium, one might expect to account for the fact 
that donors and acceptors have diffusion coefficients 
greater than corresponding ones for germanium self 
diffusion by association effects," i.e., vacancies may be 
associated with the diffusing donor and acceptor atoms, 
Preliminary data taken with antimony by one of the 
authors (M.W.V.) tend to confirm that diffusion occurs 
by means of vacancies. Further experimental work 
along these latter lines is now in progress. 
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Absorption Coefficients for Exciton Absorption Lines* 
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The absorption coefficient for excitons is calculated in the effective-mass approximation. The coefficient 
is shown to be decreased over what one would expect for a collection of free atoms by the factor ¢(ao/ag)?, 
where ¢ is the dielectric constant and do/ag is the ratio of the lattice constant to the exciton radius. This 
result seems not inconsistent with the identification of the observed absorption lines in Cu20, CdS, Hgla, 


PbIn, and Cdl, as exciton lines. 


I, INTRODUCTION 


HE optical spectra of a number of insulating 

solids! have revealed sharp absorption lines 
located near the absorption band edge. These lines have 
been interpreted by observers as being associated with 
exciton formation. Unfortunately, most crystals ex- 
hibiting these spectra are rather impure, and hence it 
is difficult to rule out the possibility that impurity 
atoms or other crystalline defects may be the cause of 
the absorption lines. An estimate of the absorption 
coefficients for exciton lines is given below. It is shown 
that the experimental values are not incompatible with 
the identification of the observed lines as being due to 
the optical formation of excitons. 

Two formulations of the exciton problem exist in the 
literature. The original Frenkel-Peierls treatment? con- 
siders the electronic excitation as a superposition of 
atomic excitations at the various lattice sites in the 
crystal. The absorption coefficient associated with the 
Frenkel-Peierls formulation of the exciton problem is 
given by Seitz’ and is identical with that which one 
would obtain from a collection of free atoms. A treat- 
ment of the exciton problem in terms of effective par- 
ticles was first given by Wannier. The Wannier or 
effective-mass approximation has recently been ex- 
tended‘ to include degenerate bands and the energy 
band extrema located at general positions in the Bril- 
louin zone, The present paper contains a calculation of 
the absorption coefficient for exciton formation in the 
Wannier approximation. The coefficient is shown to be 
reduced from that obtained for a collection of free 
atoms by the ratio (ao/az)*, where do is the lattice con- 
stant and dz is a measure of the radius of the exciton. 
The reduction of the absorption coefficient for weakly 


* The work has been assisted in part by the U. S. Office of 
Naval Research, the U. S. Signal Corps, and the U, S. Air Force 
Office of Scientific Research. 

+t Now at Department of Physics, Cornell University, Ithaca, 
New York 

‘Gross, Zakharchenya, and Reinov, Doklady Akad. Nauk 
U.S.S.R. 99, 231 (1954); J. Apfel and L. Hadley, Phys. Rev. 100, 
1689 (1955); Nikitine, Perny, and Sieskind, Compt. rend. 238, 
67 (1954); E. Gross and M. Jakobsen, Doklady Akad. Nauk 
U.S.S.R. 102, 485 (1955); S. Nikitine, Helv. Phys. Acta 28, 307 
(1955); E. F. Gross and A. Kaplianski, Zhur. Tekh. Fiz. 25, 2061 
(1955); E, F. Gross, Nuovo cimento 3, Suppl. 4, 672 (1956). 

*J. Frenkel, Phys. Rev. 37, 17, 1276 (1931); R. Peierls, Ann. 
Physik 13, 905 (1931) 

5 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
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bound excitons was first discussed by Slater and 
Shockley® for an exciton in a one-dimensional lattice. 


Il, THEORY 


An exciton at wave vector K is formed from a wave 
packet in wave vector space of electron and hole states 
with wave vector k, and k, such that*t 


k,+k,=K. (1) 


Hence for the optical formation of excitons at K=0 
one has the selection rule 


k,+k,=0. (2) 


This is also precisely the selection rule for optical 
transitions from a filled valence state to a conduction 
state in the crystal. This selection rule corresponds to 
a vertical electronic transition, since a hole with wave 
vector k, corresponds to a missing electron state at 
—k,. One would expect the transition probability for 
the optical excitation of excitons at K=0 to be propor- 
tional to the transition probability for interband 
transitions at wave vector k weighted by the amount 
of admixture of the electron and hole states of wave 
vector k contained in the exciton wave packet; this 
result will emerge from the calculation below. 

A quantitative treatment of this simple model is now 
presented. The two-particle Hamiltonian for the exciton 
problem may be written 


pe ri 
Ho=—+V (re) +—AV p(tn)+Ven(rern), (3) 
2m 2m 


where the electron and hole coordinates and momenta 
are labeled with subscripts e and h respectively ; V ,(r) 
is the periodic crystalline potential; and V.,(r.,r1) is 
the attractive potential between the electron and hole. 
In the presence of a radiation field the gauge may be 
chosen so that the scalar potential and the divergence 
of the vector potential vanish. The Hamiltonian for 
the system is then 


é 
H=Ho——[p.- A(r.) +n A(rs) ] 


mc 2 
+—[A*(r.)+A%(rn)]. (4) 
2mc* 


6 J. C. Slater and W. Shockley, Phys. Rev. 50, 718 (1936). 
t Note added in proof.—See also the paper of H. J. G. Meyer, 
Physica 22, 109 (1956). 





ABSORPTION 


Only first-order processes are to be considered; hence 
the terms in the square of the vector potential can be 
dropped. The calculation is also to be restricted to 
electric dipole transitions, so that only the time de- 
pendence of the vector potential need be considered. 
The problem is tractable without these assumptions; 
however, the calculation embraces a particularly simple 
form under the above conditions. The Hamiltonian (4) 
is thus written 


H = Hy— (e/mc)e~**' Ao: (pet Pa), (S) 


where A= Age(*:*-*9=2 Ape ‘*t, Eigenfunctions of (5) 
can be expressed as a linear combination of products 
of Bloch functions for the electron and hole, i.e., 


L 


m,n, ke, kh 


p= Vinn(Re Rn) Wm(Re,%e)Wn( Rn Pr): (6) 


The expansion (6) represents a wave packet in k space 
with an envelope function Vmn(k.,k,). This treatment 
corresponds to the introduction of the crystal momen- 
tum representation discussed by Adams.® Substitution 
of (6) into the Schrédinger equation, 

(7) 


H& = ihob/ at, 


yields the matrix equation for Vinn(ke,Ra): 
{DHo- (e/mc)e ‘wtA,-[ B.(k,) +98 ,(R,) he 

ihow'/ dt, 
where 


P,, 





E,(k,.)— E(k») 0 
0 E\(k,) E2(kp) + V oh 


*E. N. Adams, J. Chem. Phys. 21, 2013 (1953 
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and 


(10) 


P;;(k) = fui k,r) py ,(&,r)dr. 


The term 


—/ 


$)' = — (e/mce)e~*Ag-[Bo(Re)+Brlka)] (AD) 


is to be treated by time-dependent perturbation theory. 
The unperturbed problem, 


Hoy EW», (12) 


gives the solutions of the exciton problem discussed in 
reference 4. 

The diagonal terms in $’ induce intraband exciton 
transitions, i.e., transitions for which the electron and 
hole remain in the same band. The diagonal term, 


(eh/c)e~** Ag 
| Vkelim(k.) { Vknlen(Ra) l, 


, 
» mn, mn 


(13) 


is identical with what one would obtain from the first 
term in a Taylor’s series expansion of the energy 
functions in the Wannier equation: 


é é 
| mh A) . Bak ) { V eh lw. 
he he 


0 
1h—WV mans 
at 


(14) 


The intraband transition probability per exciton for a 
hydrogenic exciton (an exciton formed by a hole and 
an electron on spherical energy surfaces) is given by 


fare? 
I (wen) (Ken - (15) 


€ h* 


where ¢ is the dielectric constant, /(w,,) is the intensity 
of the electromagnetic field at the angular frequency 
win=(Ly—E,)h, and (r)gn is the matrix element of 
the radius vector between the exciton states k and n. 
The usual f-sum rule applies for the intraband transition 
probabilities. The matrix element (r),, is of the order 
of magnitude of the exciton radius, ag; hence a weakly 
bound exciton with a large orbit has a large transition 
probability due to the large dipole moment. It seems 
unlikely however that intraband transitions could be 
of experimental importance because of the large exciton 
density which would be required for their observation. 
On the other hand, the interband transitions, i.e., 
transitions for which the electrons or the hole change 
bands, have presumably been observed experimentally. 
The calculation of the interband transition probability 
involves perturbation theory using the off-diagonal 
terms in §)’. Consider a transition in which an electron 
changes band while the hole remains in the same band 
The perturbation matrix element connecting these 

states is 
A») 


/ 


(e/mc)e~*** Ag: Pinm (Re) (16) 
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The solutions of the unperturbed problem in the crystal 
momentum representation are denoted Womn'™” (ke,ky) 
where m and n label the electron and hole bands, K 
the exciton wave vector; and s is the quantum number 
or set of numbers used to denote the state within the 


“ 


center of mass” of the exciton. The transition proba- 


, 


bility from a state Vomn"™” to a state Vom ,'*'*”? is 
given by 
4m? ] (wm) 
; (K! 4’) (Ka) 
Win’ n, mn 
EM hewn m2 
2 
- 4 f tthe ona® . Payim™(he)Voma =” ’ (17) 


where P* is the matrix element of the component of 
the momentum along the vector potential and mm 

hl En (O)—E,,(0) |. The dielectric constant enters 
into the denominator of (17) because in a solid the 
intensity of the electromagnetic radiation is related to 
the vector potential by’ 


2m 
: I (w) Aw. 


Ww 


€ Ay . 


An approximate evaluation of (17) can be made for 
transitions from a filled valance band to a simple 
hydrogenic exciton state. The results should be indi- 
cative of what is to be expected in the case of a more 
involved exciton spectrum. 

For a filled band, 


Vomn (Re Rn) =b(Re+R))bmny (18) 
and for a 1s state 
1 
Vomn =” feats ike-feg~ikh-t 
(2m) 
xel'* (ret (1, = rn) 
k, ky, 
5(ke +k), Kya ), (19) 
) 


where @;, is the wave function of an atomic Is state; 


2ani 14+Kapz 
Pmralt(K) = — (20) 


(2m)* (14+-K2ay?)? 


and dg, is the radius of the 1s orbit. The transition 
probability (17) is given approximately by 


N4r’e’l (Wm a dg 3 


Re °. 
em Wumrt Nap 


noo) (21) 


e 
Winn, n 


™M. Lax, J. Chem. Phys. 20, 1752 (1952). 
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where do is the lattice constant and N=ag~* is the 
number of atoms per unit volume. In deriving (21) 
the dependence of the momentum matrix element on 
wave vector and factors of the order of magnitude of 
unity have been neglected. It can be shown that the 
order of magnitude of the result is unaffected by the 
inclusion of the wave vector dependence of the momen- 
tum matrix element unless the transition is forbidden 
at the center of the zone. The integration reduces to an 
integral over the exciton wave packet. Hence the result 
expected qualitatively is obtained by the somewhat 
more quantitative treatment. If the exciton is tightly 
bound, having a radius of the order of magnitude of 
the lattice constant, the absorption coefficient is the 
same as that for a collection of free atoms. Hence, when 
the binding is such that the atomic orbital approxima- 
tion given in reference 3 is the more correct treatment 
of the problem, the effective-mass calculation of the 
transition probability has the correct limiting value. 


III. DISCUSSION 


In the observations of exciton lines cited in reference 
1, accurate determinations of the absorption coefficients 
have not been made, However, one would expect 
theoretically to have the absorption coefficient for 
excitons (bound with about 0.01 ev) decreased by 
about five orders of magnitude over the absorption 
coefficient for a collection of free atoms. This value is 
not inconsistent with the experimental results. The 
possibility of using careful absorption coefficient meas- 
urements to identify the source of the absorption lines 
should be emphasized. 

The exciton lifetime should also be about five orders 
of magnitude longer than the lifetime of an excited 
atomic state, ~ 10~* sec. 

A way of viewing this decrease in absorption coeffi- 
cient is that a large exciton wave function in space 
implies a sharply defined exciton in wave vector space, 
and hence the excitation of only a very few Bloch 
functions will be effective in exciton formation. 

The creation of excitons in excited states has a 
smaller transition probability owing to the increased 
wave packet size associated with such an exciton state. 
For a hydrogenic exciton the transition probability falls 
off as n~!, where n is the principal quantum number of 
the exciton. One has the further selection rule that 
only J=1 states may be excited by photon absorption. 
The possible spin states for a simple hydrogenic exciton 
are S=0, 1; hence only L=0, 1 orbital states can be 
observed by optical transitions. 

The author is indebted to Professor C. Kittel for 
discussions related to this problem and to the Berkeley 
solid state group for their hospitality during the 
summer of 1956. He would like to acknowledge the 
financial support rendered by the Nationa! Carbon 
Research Laboratories. 
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Twenty-Parameter Eigenfunctions and Energy Values of the Ground States of 
He and He-Like Ions 
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The nonrelativistic energies of the ground states of H~, He, Li’, 


Bttt, OSt, Ne*t, Mg* have been 


calculated by using 20-parameter Hylleraas functions. The coefficients of these functions are listed. The 
correction due to the motion of the nucleus (mass polarization correction) has been calculated on the 
basis of these 20-parameter functions. Except for He this correction is found to be quite different from 
earlier values in the literature. The present status of the problem of the Lamb shift of the ground state 


of He is briefly discussed. 


A. INTRODUCTION 


ie order to obtain experimental values for the Lamb 
shift of the ground states of two-electron systems, 
it is necessary to have not only accurate experimental 
energy values of these ground states, but also reliable 
theoretical values based on the Dirac theory so that, 
by taking the difference, the shift produced by electro- 
dynamic and other terms not included in the Dirac 
theory can be determined. For this reason, an attempt 
to obtain improved Dirac values of the energies of He, 
Lit, and O* had been made in two previous papers by 
Chandrasekhar, Elbert, and one of us.! The main 
problem is to obtain a sufficiently high approximation 
to the Schrédinger (i.e., nonrelativistic) energy values; 
a secondary problem is to find the relativistic cor- 
rections. 

In I a ten-parameter (nonrelativistic) solution for He 
was obtained. The resulting energy value was appre- 
ciably higher than the old Hylleraas value while one 
would have expected it to be lower since, in addition to 
Hylleraas terms, two additional terms had been intro- 
duced into the wave function. This indicated a slight 
error in the original Hylleraas solution, which has since 
been confirmed by Hylleraas. 

In view of the comparatively large discrepancy 
between the observed and the ten-parameter energy 
value, further parameters up to 18 were introduced 
into the wave function, as reported in II. In this way, 
the gap between observation and calculation was very 
much reduced and almost closed. 

All the calculations in I and II were carried out by 
desk calculators. It appeared of interest to check and 
extend these calculations by the use of FERUT, the 
electronic digital computer, at the University of 
Toronto. Up to now, 20-parameter calculations have 
been carried out for He and the He-like ions, H~, Lit, 
Btt+, OF, Ne**, and Mg'*t. When it became known to 
us that independently Hylleraas and Midtdal? at the 
University of Oslo and Kinoshita’ at Cornell University 

! Chandrasekhar, Elbert, and Herzberg, Phys. Rev. 91, 1172 
(1953); S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955); henceforth referred to as I and II, respectively. 


2. A. Hylleraas and J. Midtdal, Phys. Rev. 103, 829 (1956) 
*T. Kinoshita, Phys. Rev. 105, 1490 (1957). 
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had carried out similar calculations using additional and 
somewhat unconventional terms, we decided not to pro- 
ceed to higher orders of approximation in our calcula- 
tions, as originally intended, but rather to present our 
calculations at the 20-parameter stage. We have direct 
calculations for a number of ions not considered by 
Hylleraas and Kinoshita. Moreover, we trust that our 
results present welcome checks in those cases where the 
other investigators have carried out higher order cal- 
culations. In addition, the wave functions given here 
may be of use for a calculation of the relativistic cor- 
rections about which there still appears to be some 
uncertainty. 


B. METHOD OF CALCULATION 


The form of the 20-parameter eigenfunction used in 
our calculations of the energy of the ground states of 
two-electron systems was the following: 


v= Me™ (1+ x ut xa + x5 + X48 + x00? 

+ x6su-+ xl u+ xy? + xol?u? + x 05F + x18" 

+x 12f?uh+ x 9+ x14 + x 16l?0 + x 16°F + X15" 
+xw5?u+ xl), (1) 


where, as usual, 


S=nitr, l=n—r, and u=—f. 


Except for the last two terms, the function (1) agrees 
with that used in II. The two additional terms are 
those which, according to ‘Table II of II, give the next 
largest contribution when added independently to a 
14-parameter solution. None of the other terms tried 
in II and not included in (1) give a change of an energy 
by more than 7X 10~7 atomic unit (or 0.15 cm™), 
The aim of the calculation is to vary the constants 
k and x1, x2, ***X1 until the energy is a minimum (see 
II and standard texts on wave mechanics). The com- 
putation problem reduces to the calculation of matrix 
elements and the subsequent solution of a matrix 
equation of order twenty. The elements of the energy 
determinant, 
A= {kM j; (2) 


kLij— EN «|, 


were obtained from the formulas (4), (5), (6) of LI by 
means of a program written for FERUT and the 
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TABLE I. Nonrelativistic energies of the ground states of He and He-like ions. 


Energy in- 

lo Energy without mass polarization | Mass polarization cluding mass 

polarization 

| Atomic unite em" «(M/m) ¢ atomic units em em"! 
H 0.0276446692 6064.00 | 0.0332072 1.80957 K 107° 3.969 6060.03 
He 0.9037179 198316.0 0.159078 2.18088 K 10°° 4.786 198311.2 
Li’ 2.779905382 610071.0 | 0.288964 2.25980 « 10~* 4.959 610066.0 
DY" 953095928 2091699 | 0.552818 2.75494 10° - 6.046 2091693 
Oo” 27.156581537 5959976 0.951024 3.26202 K 107° ~7,159 5959969 
Ne* 43.9067919 9636162 1.217055 3.33974 107° 7.330 9636155 
Mg"’* 64.6569328 14190231 1.483207 3.39258 10-5 7.446 14190224 


matrices Li;, M,;, and Ny were made available on 
punched cards. 

For a given value of k, the energy matrix equation 
has the form 


(A—AB)x=0, (3) 


where x is a column vector and A and B are matrices. 
Initially B was inverted and the lowest eigenvalue 
obtained by a shift of origin and an iterative procedure 
involving high powers of the matrix B-'A. However, the 
convergence was slow and errors crept in, primarily 
because of the use of fixed point arithmetic. The pro- 
gramming was finally done entirely in floating point and 
the secular determinant A evaluated for specified values 
of F and k. Proceeding from an estimate of k, the deter- 
minant is evaluated for a sufficient number of E values 
to allow interpolation of / for A=0. Thereupon & is 
revised until the lowest / is obtained 


C. RESULTS 


Calculations as described above have been carried 
through for the ground states of H~, He, Lit, Bttt, 
O*%, Ne*t, Mg'*t, The energy values in atomic units 
(2 rydbergs) obtained in this way are listed in the 
second column of Table I. The values given are net 
energies referred to the ground states of the corre- 
sponding one-electron systems, that is, are the total 
energies obtained from (1) less $Z?. The coefficients x, 
of the corresponding eigenfunctions are given in ‘Table 
Il. They have been obtained by FERUT from the 
secular determinants using the final & and k& values. 
The quantities L, M, and N of Eq. (9) of II, as well as 
the values of k and EF and the normalization factor 
NL = k*/r(2N)* | are also included in Table II. It may 
be recalled that a check on the correctness of the calcu- 
lations is obtained by ascertaining whether the relations 


k=L/2M, E=L*/4MN 


are fulfilled. Substitution of the values of Table II gives 
indeed a very satisfactory check, namely to better 
than 1 part in 10° for & and 1 part in 10’ for E, except 
for H~ for which the corresponding numbers are 2X 10° 
and 2 108. 

The energy values of Table I must still be corrected 
for the motion of the nucleus. As is well known, part of 
this correction is taken into account by using the Ryd- 


berg constant for the particular ion rather than that 
for infinite mass when converting to wave number 
units, The resulting ionization potentials in cm™ are 
given in the third column of Table I. 

The remaining correction for the motion of the 
nucleus, the so-called mass polarization correction first 
discussed by Bethe,‘ depends in a rather complicated 
way on the eigenfunctions. Wilets and Cherry’ have 
recently given explicit expressions for this mass polari- 
zation ¢ in terms of the coefficients of the eigenfunctions 
used. ‘They showed that ¢ (in atomic units) is given by 


29° N?m 


lmn | 
om 


(4) 


Cimn€l’ mn’ ee {? 
l’m'n 


kiM imn 
Vm'n’ 


where the Cim», are related to the coefficient x; (see 11) by 
g=kitwrnc,..., (5) 


m and M are the masses of the electron and the nucleus, 
lmn zs i : 

and Von’! | ate certain integrals given explicitly in 

terms of /, m, n, l’, m’, n’ by Eq. (18) of Wilets and 

? : _— 7 lmn 

Cherry’s paper.® The quantities Im'n! and the sums 


in (4) were evaluated by FERUT using the coefficients 
of Table II. The resulting values of «M/m are given in 
the fourth column of Table I, while the fifth and sixth 
columns give the mass polarizations in atomic units and 
in cm™ for the principal isotopes of the ions considered. 
Adding these to the ionization potentials of column 3 
gives the final 20-parameter nonrelativistic ionization 
potentials of the last column. These numbers represent 
the principal result of the present paper. 

It may be noted that the reduced mass polarizations 
«M/m vary almost linearly with the atomic number. 
This makes it readily possible to interpolate and extra- 
polate the mass polarization for ions for which they 
have not been calculated here. 


*H. A. Bethe, Handbuch der Physik (Verlag J. Springer, Berlin, 
1933), second edition, Vol. 24, Part I, p. 375 ff. 

5L. Wilets and I. J. Cherry, Phys. Rev. 103, 112 (1956). 

*In this equation the factor 4(0+3)! should be replaced by 
2(¢+-3)! as was pointed out to us by Dr. Wilets. 





TABLE II. Coefficients of 20-parameter wave functions, normalization constants, etc., for the ground states of H 
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H He Li* 

k (input) 1,35 3.87 6.20 
E 0.5276446692 2.9037179 7.279905382 
xi +0.337294236 +-0.417070598 +0,.427894286 
x? +0.0808833954 +0,.208366354 +-0,.320937389 
xa ~0.213129754 523482398 x10 +-0,153723864 
x4 +0,0200385445 +-0.0490900245 +-0.102493831 
xs —0.0287160073 0.157224213 0.291352815 
xe 0.0154381194 +0,0823275059 +0,178913186 
xT —9,21896695 K10°4 0.125878664 0.338922840 
xe +4.32904670 X107% +-0,0476774784 +0.132405535 
xe +7,86976451 1074 +0.0407069233 +0.192820330 
x10 —~1.77558678 K107* +-0.0319089519 +0.0934891553 
xu ~7,40841223 K10~4 9,49744884 K1074 0,.0220645541 
xi2 +1.63058368 K10~6 +5.12301157 X10 +5.22020228 K10 
xu —2.73106176 X10 922964704 K1078 0,0417113554 
x4 +6,.27409440 K 1076 +-7.06572065 *1074 +-5.23645743 K10 
xis —6.38293145 K107* 7,.25137848 X10°% 0.0484975747 
xe —1,84423133 K10™ +2.30342328 K1074 +-0.0184000974 
x7 +1,55857013 K107* +1.36645365 K10745 +6.95516177 K10 
xis +6,48350632 K10~4 +1,.60548903 *10°4 0.0267015277 
x19 +-6.88602440 K10~4 +7.58736825 K1074 3.86042500 «10 
L 46.7052264 136,.69594826 20293034703 
M 17,29733302 17,.66098522 16.36537357 
N 59.75173866 91,09236318 86.41364919 
RN 0.0716409212 136686946 5.77057414 


D. DISCUSSION 


The mass polarization correction was first calculated 
for He by Bethe who, using only a six-parameter eigen- 
function, obtained a value 5.2 cm™~! which does not 
deviate much from Wilets and Cherry’s value (here 
confirmed) which is based on a 20-parameter function. 
The only other previously published mass polarization 
corrections are those of Robinson’ who gave the values 
—4, —1, +2 for Lit, B+**, and O*%, respectively. 
These values do not agree at all with the values here 
calculated. Robinson himself expressed doubt in the 
reversal of the sign that he found. 

For higher Z values, the mass polarization correction 
is clearly quite unimportant compared to the value of 
the ionization potentials (see Table I). It is relatively 
most important for H~ for which apparently it had not 
previously been calculated. 

In Table III, the nonrelativistic 20-parameter energy 
values here obtained are compared with previous ten- 
parameter values and the recent 24- and 39-parameter 
values of Hylleraas, Midtdal, and Kinoshita using the 
new mass polarizations throughout. It is apparent from 
this table that the relative change, by going to higher 
order approximations, becomes less with increasing Z. 
Presumably for Z>3 the 20-parameter values are 
adequate even if an accuracy of 1 part per million is 
required, 

The 18-parameter value of II (converted to the new 
value of the mass polarization) was 198310.7 cm~'. This 
value is so close to the 20-parameter value (see ‘Table 
III) that if no other calculations were available, one 
would probably have been inclined to conclude that 
higher approximations could at best bring the energy 
up to 198312 cm~'. While Kinoshita’s 39-parameter 
value is close to this extrapolation, Hylleraas and 
Midtdal’s value is slightly beyond it. It is apparent 
that, by choosing rather unorthodox terms in the eigen- 


7H. A. Robinson, Phys. Rev. 5], 14 (1937 


PARAMETER 


EIGENF 


Bttt 


10.40 
22.03095928 
+0.434777444 
+0.518229132 
+-0.253041238 
+0,194770903 
0.507177819 
+-0.240745183 
0.987602064 
+-0.398635198 
+0,969216519 
+0.252556490 
00699871341 
+-0,0665540976 


UNCT 


Qer 


17.60 
59.156581537 
+-0.440607752 
+O. 868595114 
+0.846501254 
+0,.663489753 
0,.948511149 
+-0,601062578 
2.85014508 
+1.17774341 
+4.99873341 
+-0.807402893 
008182497346 
+-0.924021496 


0.214618312 
+0,0444107350 
0,388582259 
+-0.0352818232 
+-0.0270144827 
0,147231569 
0.0289713447 


1.07667975 
+-0.486667222 

4.16354776 
+0.553211466 
+-0.227659768 

1.364843720 
O.185285535 


272.98892171 
13,12444550 
64,43408751 
31.5411342 


506.97889865 
14.40281029 
75.41703704 

141.298776 


IONS 


Ne** 


22.20 
93,9067919 
+0.442223704 
+ 1.090423406 
+1.1447606059 
+1.054875129 
1.22002272 
+0. 784059184 
4.55020849 
+1,90245817 
+10.1740072 
+ 1.29379692 
0.05201 34549 
+2. 94948649 
2,20290557 
+ 1,00221902 
% 00946092 
+1. 18983816 
+-0,.526835524 
2,.9§9445701 
0,3882825346 
635 46404085 
14.412243158 
75§.11.419769 
284.142324 


ro | 


, He, and He-like ions 


Mg'** 


27,00 
136.65694328 
+0.443411579 
+1. 32518519 
+1.54157769 
+1.70039090 
1.52673508 
+1. 04688048 
6,72746288 
+2. 80604464 
+ 18.5924205 
+1.93811654 
+-0.124981910 
+7, 842043842 
4.064529258 
+2,.28140304 
17,5280075 
+2. 568549714 
+1,.24769787 
§.97143232 
0.738207796 
792 8473384 
14.68246087 
78,42341008 
500,588221 


functions, Hylleraas and Midtdal have succeeded in 
approaching the true eigenfunction much more closely 
than is possible by ordinary Hylleraas functions. One 
will have to conclude that with a given type of function, 
the convergence becomes very slow for large numbers 
of parameters. 

Both Wilets and Cherry and Kinoshita have obtained 
lower bounds for the energy of the ground state of He 
However, these lower bounds are still a considerable 
distance (~30 cm) from the upper bounds. 

All energy values discussed thus far are nonrela 
tivistic. In the past the magnitude of the relativistic 
correction has been subject 
Stimulated by the discrepancy between the 10-param 
eter energy value for He and the observed value (see 1), 
Sucher and Foley® recalculated the relativistic cor 
rections and found values of —1.9 and +3309 em™ for 
He and 0% which were widely different from the earlier 


to some uncertainty 


values of Bethe and Eriksson. Salpeter’ obtained the 


corresponding value for Lit as +14.0 cm™!. However, 


these values were based on three-parameter wave 
functions. It was shown by Kinoshita’ that the mag 
nitude of the relativistic correction for He is very sensi 
tive to the approximation used for the eigenfunction 


He obtained with a 39-parameter function the value 


TABLE ITI. Comparison of different approximations to the energy 
values of He and He-like ions. 


24 parameters 


Hylleraas $9 parameters 
10 parameters 20 parameters Midtdal Kinoshita 
Ion cm" cm™ cm=t cm" 
H 6041.4 6060.03 6077.8 
He 198286.0 198311.2 198313.5 198312.2 
Li* 610035 610066.0 610066.8 
Oo 5959929 5959969 5959972 
* J. Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954 


°F. E 


Salpeter, quoted in IT 
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0.57 cm™ which is likely to be the true value within 
0.01-0,02 cm~'. Values for Lit and O*F based on the 
10-parameter functions of II were obtained by the 
Cornell group'® and are 19.643 and 3596460 cm“, 
respectively. 

If Kinoshita’s relativistic correction is accepted, one 
obtains the following relativistic, 20-, 24-, and 39- 
parameter energy values for He: 


198310.6, 198312.9, and 198311.6 cm™. 


A provisional experimental value due to Zbinden and 
one of us was quoted in IT as 198310.5+1 cm™, This 
value when compared with the 24- and 39-parameter 
theoretical values leads to an observed Lamb shift of 
2.4 and 1.1 cm™, respectively. The predicted Lamb 
shift (HAkansson," Kabir and Salpeter’*) is 1.24-0.3 
cm™'!, Considering the present uncertainty of the experi- 
mental value and the uncertainty of the predicted Lamb 
shift one must conclude that there is agreement between 
experiment and the predictions of quantum electro- 
dynamics. Experiments are in progress in this laboratory 
aimed at reducing the limit of error of the experimental 
value considerably. 

Salpeter, Peierls, and Nauenberg (private communication). 
The errors quoted are only estimates of the probable errors not 
rigorous limits 

" H. E. V. Hakansson, Arkiv Fysik 1, 555 (1950) 

“PK. Kabir and E. E. Salpeter, Bull. Am. Phys. Soc. Ser. II, 
1, 46 (1956) 
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The new relativistic corrections for Lit and O*+ added 
to the nonrelativistic values of Table I give the fol- 
lowing relativistic ionization potentials: 


Lit: 610085.6, O*%: 


The only experimental values are those of Robinson’ 
and Tyrén®: 


Lit: 610079425, 


Thus the observed Lamb shifts are 6.6425 and 565 
+600 cm, respectively, which may be compared 
with Kabir and Salpeter’s predicted shifts of 6 and 
360 cm~'. Work toward improving the experimental 
value for Lit is in progress in this laboratory. 

We are greatly indebted to Dr. L. Wilets for infor- 
mation concerning the calculation of the mass polariza- 
tion correction, and to Dr. T. Kinoshita and Dr. E. E. 
Salpeter for informing us of their recent results in 
advance of publication. We are grateful to Dr. J. H. 
Chung and Dr. B. A. Griffith for subroutines which 
were used extensively in the programming of the 
present calculations. We should also like to acknowledge 
with gratitude the assistance of the staff of the Com- 
putation Center at the University of Toronto and of 
Miss L. L. Howe of the spectroscopy laboratory of the 
Pure Physics Division of the National Research Council 
of Canada. 


5963565 cm~!, 


O*: 5963000+600 cm-. 


8 F. Tyrén, Nova Acta Regiae Soc. Sci. Upsaliensis 12, 1 (1940). 
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Recombination and Afterglow in Nitrogen and Oxygen* 


R. B. Bryan,f R. B. Hott,t ann O. OLDENBERG 
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 
(Received December 26, 1956) 


Measurements were made on pure Ng, using standard microwave cavity techniques, of the coefficient of 
electron recombination, a. Pressures ranged from 3 to 30 mm Hg. Spectrograms were obtained of the after 
glow. Higher vibrational levels of the second positive bands are enhanced relative to those obtained from 
electronic excitation. Goldstein-Kaplan bands, the green bands of Gaydon, and the Herman bands in the 
range 7000-9000 A were also relatively much stronger. The (0,0) first negative band was observed 1500 
microseconds after the end of the discharge. Light intensity measurements by means of a photomultiplier 
tube showed a peculiar behavior of the relative intensities of the first positive and second positive bands 
The number of photons emitted was large as compared to the number of electron-ion pairs recombining 

In the afterglow of oxygen the only light observed was the (0,0) atmospheric band and weak radiation 
in the region 3500 A to 4500 A, which is thought to be a continuum. The continuum decreases in intensity 


as though it were the result of a two-body process. 


INTRODUCTION 


N preceding papers electron-ion recombination was 
explored; by the following three observations which 

were concurrently made after interrupting an electric 
discharge: the density of free electrons, the spectrum 
emitted, and the absolute intensity of the light emitted. 
Any one of these observations helped in the interpre- 
tation of the other two. The present paper extends 
these combined observations to the atmospheric gases, 
nitrogen and oxygen, which are of particular importance 
because they determine the survival of free electrons 
in the ionosphere. It is of additional interest that here 
is a short-duration afterglow of nitrogen which is to 
be compared with the other well-known types of 
afterglow. 

Purified nitrogen or oxygen in quartz bottles were 
placed in a 10-cm microwave cavity and a discharge 
produced by a 10-microsecond pulse of microwave 
power. The electron density was determined from the 
shift of resonance frequency of the cavity; the spectra 
recorded on spectrographs, using a rotating slotted 
wheel; and the absolute light intensity measured by a 
photomultiplier tube with appropriate filters. Readings 
were made during the afterglow with delay times up to 
5000 microseconds after termination of the discharge. 
The experiments reported in the present paper form 
a continuation of the work of Holt' and others. These 
authors used the method first described by Brown’ 
and his co-workers. 


* This work is described in greater detail in a thesis submitted 
by R. B. Bryan in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy to Harvard University, 1951 
This work was supported from funds furnished by the Office of 
Naval Research and the Air Force Cambridge Research Center 

t Now at Electronic Research Laboratory, University of 
California, Berkeley, California, 

t Present address: 1 Cartpath Road, Weston, Massachusetts. 

1 Holt, Richardson, Howland, and McClure, Phys. Rev. 77, 
239 (1950); P. Dandurand and R. B. Holt, Phys. Rev. 78, 331 
(1950); Johnson, McClure, and Holt, Phys. Rev. 80, 376 (1950) 

2 Brown, Biondi, Herlin, Everhart, and Kerr, Technica] Report 
No. 66, Research Laboratory of Electronics, Massachusetts 
Institute of Technology, 1948 (unpublished); Phys. Rev. 75, 
1700 (1949), and 76, 1697 (1949). 


83 


I. MEASUREMENTS ON NITROGEN 
(a) Electron Densities 


Let a represent the coefficient of electron recombina 
tion, defined in the usual way by the equation 


dn/dt 


9 
an, 


where number of electrons/cm*. Integrating, we 


obtain 


n 


1/n= (1/no)+al. 


Hence a plot of 1/n versus ¢ yields a straight line for a 
recombination process. 

With moderate discharge voltages one single value, 
a}, was observed for each of the three pressures used. 
With a more intense discharge the later portion of the 
plot of 1/n versus ( became a straight segment of smaller 
slope, showing the production of an ion of lower rate 
of recombination, a» (Fig. 1). Four samples of nitrogen 
contaminated with CN yielded similar results though 
it required higher power to produce the second rate 
of recombination. The results for pure nitrogen are 
listed in ‘Table I. 


Fic. 1. Electron density n in the Ny red glow as a function 
of time. p=15 mm Hg; a,=3.1K 107° cm?* sec; a.¢ 3.2K107 


cm?’ sec™, 
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TABLE I, Recombination coefficients in nitrogen. 


p(mm Hg) 10* Xai (cm* gec™) 10* Xa2(cm* sec™) 


29 ¥ ~ /s 
16 / 0.3 
64 - 0.9 


The variations in a with pressure are real. Even the 
values from the samples contaminated with cyanogen 
follow the same curves, that is, a; increasing with 
increasing pressure, while a, has a minimum at a 
pressure of 16 mm Hg. 


(b) Spectra 


Observations were made through a rotating wheel 
whose slits gave a “shutter speed”’ of about 100 micro 
seconds, with a repetition period of about 2000 micro- 
seconds, It was practicable to use delays ranging from 
50 to 1500 microseconds after the end of the discharge. 
Exposure times ranged up to 43 hours. The sample at a 
pressure of 6.4 mm Hg gave the most intense light and 
was therefore used most frequently. A wide-aperture 
Hilger quartz spectrograph was used for the ultraviolet 
and visible, and a Kipp liquid-prism spectrograph for 
the red and infrared. 

The spectra were divided into three classes: that 
emitted during the discharge, presumably the result of 
electron bombardment; that emitted during the after 
glow of a weak discharge, hereafter termed the “blue 


and that emitted during the afterglow of a 
ee | 


glow”; 
strong discharge, hereafter termed the “red glow 

The red glow would naturally contain, as an ad- 
mixture, those processes properly belonging to the 
low-power discharge, since the exciting source was not 
monoenergetic. The great merit of the afterglow 
photographs is that the spectra resulting from re 
combination and association processes are not obscured 
by the much more intense electronic excitation. Judging 
from the light intensities during and just after the 
discharge, one hundred times as much light is produced 
by electronic excitation as by the afterglow processes. 

No lines which could be ascribed to atomic nitrogen 
were ever observed, either allowed or forbidden. 

No second positive bands had the same appearance 
in both types of glow. Compared with the direct 
discharge there was a somewhat higher rotational 
temperature, and a much greater relative intensity of 
the bands with higher upper vibrational numbers. 
Indeed, the distribution nearly approached that 
expected from equal population of upper vibrational 
states, 

*When observed as a continuous discharge, excited by a 
continuous-wave radio-frequency source, the strongly excited 
glow is characterized by strong first positive bands, weak second 
positive bands, strong first negative bands, and the development 
of CN as an impurity. In the same bottle the weakly excited glow 
has the relative intensities of the first and second bands reversed, 
the first negative bands disappear, the CN disappears, and NO 
bands, in particular the y series, appear as the impurity. 


AND 
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The first positive bands were much stronger relative 
to the second positive bands in the red glow than in the 
blue glow. They became relatively stronger with 
increasing delay time after the end of the discharge. 
However they never assumed the distinctive character 
of the Lewis-Rayleigh afterglow, but maintained the 
same familiar shape as when excited electronically. 

The (0,1) and (0,0) first negative bands were weak in 
the afterglow, but stronger, relative to the second 
positive bands, than during the discharge. However, the 
(0,0) band was still observed 1500 microseconds after 
the end of the discharge, though, of course, it is a 
fully-allowed transition whose upper state is 3.2ev above 
the ground state of N.*, and whose lifetime is much less 
than 1500 microseconds. This afterglow is presumably 
related to the “auroral afterglow” described by Kaplan,‘ 
but is observed within much shorter time intervals 
after the discharge. Kaplan describes the occurrence 
of the N»* bands but does not state the law of their 
decay. Related observations are reported by Herman 
and Herman.° 

Two prominent features were the green bands of 
Gaydon and all of the Goldstein-Kaplan bands ob- 
served hitherto.® 

Several of the Vegard-Kaplan bands were observed. 
Though relatively very weak at 150 microseconds, at a 
delay of 1500 microseconds their intensities were 
comparable to that.of the (0,0) first negative band. A 
few extremely weak NO bands were recorded. Their 
strength increased with increasing delay time. 

Very strong bands in addition to the first positive 
bands were observed in the region 6900 A to 8500 A. 
Measured from an unsatisfactory plate, the wavelengths 
of their red edges, which may well be the proper edge to 
use, are as follows: 8081 A, 7841 A, 7614 A, 7543 A, 
7464 A, 7080 A, and 7020 A, with an error of about 
15 A. The dominant intensity of these bands in the 
short-duration afterglow indicates a preferred position 
of the energy levels Unfortunately, the 
afterglow is much too weak a source to allow an in- 
vestigation with high resolving power. These bands are 
identical with those discovered by Herman’ in a weak 
discharge through nitrogen of low temperature. They 
were investigated in more detail by Carroll and Sayers. 
The bands are located in the same wavelength range 
as the first positive bands and, at low dispersion, show 


involved. 


the same appearance. Some of the bands nearly coincide 
with members of the first positive group. 


n Kaplan, Phys. Rey. 42, 807 (1932); 45, 671 (1934); 51, 143 
(1937); 54, 176 (1938). 

*R. Herman, Compt. rend. 220, 593 (1945); R. Herman and 
L. Herman, J. phys. radium 10, 132 (1949). 

*A. G. Gaydon, Proc. Roy. Soc. (London) 56, 85 (1944). 
J. Kaplan, Phys. Rev. 46, 326 and 534 (1935); J. Kaplan, Phys. 
Rev. 47, 193 (1935); J. Kaplan and S. M. Rubens, Phys. Rev 
60, 163 (1941). 

7™R. Herman, Compt. rend. 233, 738 (1951). 

®*P. K. Carroll and N. D. Sayers, Proc. Phys. Soc. (London) 
A66, 1138 (1953). See plate 12 
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(c) Light Intensities 


The absolute intensity of the light was measured with 
a 1P28 photomultiplier tube which could be gated on 
and then off after a period of 50 microseconds, and 
whose gate could be delayed a known time after the 
end of the discharge. The absolute calibration was made 
by Mr. A. Redfield of this laboratory who determined 
the output per microwatt of light of 3400 A wavelength. 
Knowing the variation of the sensitivity of the photo- 
tube with wavelength and the character of the observed 
spectrum, one could calculate the number of photons 
emitted per second in the visible and ultraviolet. 

If the light is emitted as the direct result of the 
recombination of two active particles (not necessarily 
electron and ion), then a plot of J~* versus time would 
be a straight line where / is the intensity. This also 
assumes that the character of the spectrum remains 
constant, or else the variation of sensitivity of the 
photomultiplier tube with wavelength would alter the 
curve. Such straight lines were observed with pure 
nitrogen at 6.4 mm Hg.’ 

The two dominant features of the spectrum in the 
range of the 1P28 are the first and second positive bands. 
The response due to the former was isolated by a 
cutoff filter. That due to the latter was obtained simply 
by measuring the total intensity since its maximum 
emission and the maximum sensitivity of the 1P28 
nearly coincide. A proof of this was obtained from 
measurements with an ultraviolet filter. 

The intensity of the first positive bands, when 
plotted as /~! versus t, yielded straight lines of equal 
slope for both the red and the blue glows. This implies 
that they are the result of a two-body reaction, which 
is probably an association of two nitrogen atoms, and 
the same process for each strength of excitation [but 
see Sec. I(d) ]. 

The second positive bands yielded a straight line, 
when so plotted, during the blue afterglow, but not 
during the red. In fact, at times greater than 1000 
microseconds in the red glow, the absolute intensity 
was less than that of the more weakly excited blue glow, 
though initially it was stronger. 

In the samples of higher pressure the lines began to 
curve, but similar features were observed: the first 
positive bands decayed according to similar curves in 
both red and blue glows, the two curves merely being 
displaced in absolute intensity; the second positive 
bands of the red glow were initially stronger than those 
of the blue glow, but became absolutely weaker at 
longer delay times. 

Each photon of second positive light is presumably 
followed by a photon of first positive light, since their 
lower and upper states, respectively, are the same state. 


9 In the samples contaminated with CN, the nitrogen spectrum 
rapidly decayed leaving only a cyanogen spectrum whose intensity 
distribution was that of cyanogen excited by active nitrogen, 
though the nitrogen spectrum was not that of the Lewis-Rayleigh 
afterglow. 


AFTERGLOW 
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Therefore if both their plotted intensities yielded 
straight lines of equal slope, this could be interpreted 
as one association process. If the second positive 
intensity yielded a straight line while the line of the 
first positive was curved, this could be interpreted as 
an additional association process whose atoms initially 
form the upper state of the first positive bands. How- 
ever, neither of these possibilities explains the 
observations. 

The absolute measurement of intensities leads to the 
result that the number of photons emitted is large as 
compared with the number of combining electron-ion 
pairs. For the detail the reader is referred to the thesis 
of R. B. Bryan. 


(d) Discussion 


Table I shows the rates of electron disappearance 
for pure nitrogen in the range of pressures from 6.4 to 
29 mm Hg. The data show that after a weak discharge 
at any pressure the recombination is described by a 
rate constant a, which presumably measures the rate 
of recombination N,*+e. If this process would occur, 
according to Bates,'® by dissociative recombination, 
Not+eN’+N’, it would not depend on the pressure. 
Actually the rate increases with the pressure which 
may indicate a certain contribution of triple collisions. 

After a strong discharge an additional process 
indicates the recombination of a species of lower rate 
of recombination. We guess that this species consists 
of atomic ions, N*. It is known that an intense discharge 
partly dissociates the nitrogen as is evident from the 
production of “active nitrogen.” It is true that only a 
small percentage of the molecules can be dissociated 
by an energy of 1 kw acting through 10 usec (energy 
input per nitrogen molecule about 610 * ev). How 
ever, charge exchange is expected to transfer the ionized 
state from N2* to Nt (ionization energies 15.6 and 
14.5 ev, respectively) as in a well-known experiment of 
Biondi" in which 0.1% of argon in helium finally carries 
the whole ionization. 

The data of Table I confirm the unexpected pressure 
dependence of a which is better evident in the data 
of Biondi and Brown.’ The coefficient a seems to be 
constant, as expected for dissociative recombination, 
below a pressure of about 5 mm Hg. Above this limit a 
is increasing with increasing pressure. This effect is not 
well explained. Loeb and Kunkel” consider the simpli 
fied case of two ions (in our case N* and Nyt) in 
equilibrium and so predict a curve representing a(p) 
which, however, shows a curvature opposite to that 
observed. So many secondary events (e.g., recombina 
tion of N+N and Nt+N, charge transfer creating 
more N* at the expense of Nz*) complicate the proces 
The 


that no unique interpretation seems possible 


1). R. Bates, Phys. Rev. 77, 718 (1950) and 78, 492 (1950) 
M. A. Biondi, Phys. Rev. $3, 107% (1952) 

4M. A. Biondi, Phys. Rev. 83, 1078 (1951) 

2 |. B. Loeb and W. B. Kunkel, Phys. Rev, 85, 493 (1952) 
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thorough discussion given by Massey” would explain 
a pressure effect by the action of triple collisions. 
According to Massey’s estimate we calculate the 
contribution of triple collisions to a as 2X 10~ instead 
of the observed contribution of about 310-7. One 
cannot explain the discrepancy by attributing the 
third-body effect to electrons or ions, because these 
particles would raise the value of a right after the 
interruption of the discharge. Such an effect is not 
observed. 

Next we want to interpret the emission of light. The 
first guess that the observed light is due to the re- 
combination of ions and electrons is untenable. The 
number of photons emitted in one band system is one 
or two orders of magnitude larger than the number of 
electrons disappearing at the same time. The dis- 
crepancy is still larger when one makes the plausible 
assumption that not each combination process generates 
a photon. The ratio of photons emitted to electrons 
disappearing changed with time. 

The obvious second guess is that two free N atoms 
in a triple collision form an excited Ny molecule. This 
guess, too, is untenable. Firstly this process has an 
energy limit of 9.76 ev and, therefore, fails to explain 
the excitation of the Nyt bands. Secondly this is the 
process claimed for the Lewis-Rayleigh afterglow" 
which is easily recognized by its characteristic intensity 
distribution. This is not observed here. Furthermore, 
the Lewis-Rayleigh afterglow lasts much longer. 

Next the short duration of the afterglow leads to the 
guess that metastable atoms or molecules survive long 
enough to produce the light. But this simple idea is not 
compatible with the result that the emission of one 
quantum is due to the disappearance of two active 
particles, 

We suggest a combination of these assumptions. One 
may assume that the two active particles forming a 
molecule consist of normal and metastable atoms, the 
metastable ones surviving from the discharge. A triple 
collision may lead to the formation of excited No» 
molecules whose rotation and vibration contains 
energies differing from the standard values produced 
by electron impact. For the explanation of the Not 
bands one may assume a survival of ionized molecules. 
But since their concentration after, say, 1500 micro- 
seconds must be extremely small, a more complicated 
process is indicated, for example, as suggested by 
Mitra,'® the recombination of two metastable atoms, 
N(?D)+N(?P)—>*Not-+ electron. The energy made avail- 
able by this process exceeds that required for ionization 
by 0.18 ev. One must make the additional assumption 

4H. S. W. Massey, Advances in Physics 1, 395 (1952). 

4 J. Berkowitz and G. B. Kistiakowsky, J. Chem. Phys. 25, 


457 (1956). 
L. K. Mitra, Phys. Rev. 90, 516 (1953). 
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that the ions so produced are excited by collisions with 
metastable atoms or molecules. 


I. MEASUREMENTS ON OXYGEN 
(a) Electron Densities 


For the numerical results we refer to the paper of 
Biondi and Brown.? Only one value of a was observed 
(not, as in nitrogen after strong excitation and a 
certain delay, another smaller value). This result agrees 
with the above interpretation attributing the delayed 
effect in nitrogen to atomic ions. In oxygen, as opposed 
to nitrogen, the atom has the higher ionization energy, 
and hence is expected to neutralize promptly by charge 
transfer and to leave the ionization concentrated in the 
molecular species. 


(b) Spectra 


Unlike nitrogen, very little light is emitted in the 
observed region of the oxygen afterglow.'® In the whole 
range of 2000 A to 9000 A, the only light observed by 
means of the spectrograph was the (0,0) transition of 
the atmospheric bands, whose intensity was comparable 
to that of the strongest emissions from nitrogen. No 
trace was observed of the (0,1) or (1,0) transitions. 

An attempt was made to photograph light in the 
region 3500-4500 A, which according to the photo- 
multiplier tube had an integrated intensity about that 
of the nitrogen afterglow after a delay of 1500 micro- 
seconds. A plate three times as sensitive as one which 
was successful in nitrogen was exposed for as long a time 
(14 hours), with the slit opened up to a width of one 
millimeter. Nevertheless, no blackening was observed. 
It is probable that the light is spread over a wide 
spectral range, and may even be a continuum. 


(c) Light Intensities 


As noted in the foregoing, very little light is observed 
in the afterglow. Though the direct discharge is itself 
dim, the intensity drops by a factor of 10 to 104 
immediately. Nevertheless, the decay of light intensity 
could be measured for 400 to 600 microseconds in the 
afterglow, and a plot of /~! versus time yielded a good 
straight line with small scatter, indicating that the 
light was an immediate result of the disappearance of 
two active particles. Unfortunately the slope of this 
line depends on two factors, the coefficient of re- 
combination, a, of the two particles and the probability 
that any one recombination generates a quantum. 
This complication prevents a simple interpretation of 
the slope. By means of various filters it was determined 
that most of the light, say 80%, was between the 
limits 3500-4500 A. 


‘6 L. M. Branscomb, Phys. Rev. 86, 258 (1952). 





PHYSICAL REVIEW VOLUME 


106, 


NUMBER 1 APRIL 1 1957 


Hyperfine Structure of Tritium in the Ground State* 


A. G. PropELL AND P. Kuscu 
Department of Physics, Columbia University, New York, New York 
(Received December 20, 1956) 


The hyperfine splitting of tritium in the 1 *Sy state has been measured by the atomic beam method 


found that 


Av(T) = 1516.70170(7) X 108 sec™, 


where the number in parentheses indicates the uncertainty in the last quoted figure. Within the precision of 
the presently available value of the ratio of the magnetic moment of the triton and the proton, there is no 
experimental evidence of a hyperfine structure anomaly between tritium and hydrogen 


INTRODUCTION 


HE hyperfine structure of the ground state of 
tritium, Av(7), has previously been measured by 
Nelson and Nafe.' No evidence of a hyperfine structure 
anomaly was found. That is, there was no deviation, 
within experimental uncertainty, of the ratio of the 
hyperfine structure splittings of tritium and hydrogen 
from the ratio of the magnetic moments of the nuclei 
other than the deviation to be expected from the 
difference in the reduced masses of the electron in the 
two atoms. However, the measurements of Nelson and 
Nafe! were made with a precision of only 1 part in 
1.5X10° and the ratio of the magnetic moments of T 
and H is known? to 1 part in 10°. An anomaly of less 
than 1 in 10° could not, therefore, be detected. Adams? 
has given a detailed discussion of the hfs of tritium. 
On the basis of several possible triton wave functions, 
he concludes that the anomaly is small (of the order 
of 1 in 10°) and that an accurate experimental value of 
the anomaly is likely to furnish only meager information 
about the magnetic structure of the triton. 

A very large anomaly has recently been reported‘ 
for He’ in the metastable ionized state. It is possible 
that the determination of the anomaly for each of the 
two mirror nuclei, He® and H’, may aid in the interpre- 
tation of the anomaly of each. A very precise determi- 
nation of the anomaly in tritium may be made since 
the precision with which the relevant quantities may be 
found has increased since the earlier work and we here 
report a measurement of the zero-field hfs splitting of 
tritium. The additional measurement of the ratio of 
the nuclear magnetic moments of the triton and proton 
is required to determine the anomaly. 


APPARATUS AND PROCEDURE 


The apparatus used in the present work has pre- 
viously been described.* A significant departure was 


* This research was supported in part by the Office of Naval 
Research. 

1. B. Nelson and J. E. Nafe, Phys. Rev. 75, 1194 (1949). 

? Bloch, Graves, Packard, and Spence, Phys. Rev. 71, 551 
(1947). 

+E. N. Adams, Phys. Rev. 81, 1 (1951). 

4R. Novick and E. Commins, Phys. Rev. 103, 1897 (1956) 

5 A. G. Prodell and P. Kusch, Phys. Rev. 88, 184 (1952). 


the replacement of the conventional Wood’s discharge 
tube with large internal electrodes by an rf discharge 
tube with no internal metal parts. The tube is shown 
schematically in Fig. 1. The lower end of the tube is 
dipped into a pool of mercury which serves as one of the 
rf terminals. The other rf connection is made through 
a pool of mercury held in a glass cup sealed to the 
discharge tube. The tube was operated at about 4 
Mc/sec. The mercury and the discharge tube are 
cooled by circulating water. The atomic tritium 
escapes through a slit whose jaws are waxed to an 
arm in the discharge tube. The tube gave a high yield 
of atomic tritium and had the useful property that the 
absorption of tritium by metal electrodes was elimi- 
nated. It also reduced the volume of tritium which was 
required to fill the discharge tube to the pressure 
required to give a useful beam. 

The tritium was circulated through the discharge 
tube and the vacuum system by using a mercury 
booster pump to pump the effluent from the high speed 
oil diffusion pumps on the vacuum system through a 
palladium valve back into the discharge tube. In 
preliminary tests of the recirculation system with Ds, 
it was found that the total amount of Dz» circulated 
through the system remained unchanged for long 
periods of time when the gas was not dissociated in the 
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Fic. 1, Schematic diagram of rf discharge tube for the dissocia- 
tion of molecular tritium. The tube is operated at a frequency of 
about 4 Mc/sec. 
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discharge tube. When, however, the gas in the discharge 
tube was dissociated the available volume of gas was 
rapidly reduced, presumably through combination of 
the chemically active atomic deuterium with the pump 
oils. The same effects occurred for tritium. The use of 
clean, heated baffles on which recombination could 
readily occur in the source chamber of the apparatus 
failed to reduce the rate of loss of gas to the point 
where its effect on the process of taking data was 
insignificant. Conventional techniques for generating 
an rf signal and measuring its frequency were employed. 

The procedure for taking the data of the experiment 
is described in a report® on the measurement of the 
hfs of H and D. The principal measurement of the 
experiment is that of the frequency of the @ line, 
F=1, m=0->F =0, m=0 in tritium. To determine the 


magnetic field, a measurement of the frequency of the 


nr line F=1, m=(k+h=1, m=—1 in hydrogen was 
made before and after every run. The center of a 
resonance line may be found as the mean of two 
frequencies, one on either side of the resonance maxi- 
mum, at which the beam intensity is the same. In the 
present case two traverses of the line in opposite 
directions were necessary to determine the line fre- 
quency since the continuous decrease in beam intensity 
gave a central frequency either too high or too low, 
depending on the direction of traverse. An observation 
of the frequency of the o line is here taken as the mean 
of two traversals. A value of Av follows at once from 
this observation since the application of a small 
correction term arising from the observation in small, 
nonzero field can be made without significant error. 
The rapid decrease in beam intensity made it difficult 
to examine the effect of all parameters as critically as 
in the case of the earlier work® on H and D. 


RESULTS AND UNCERTAINTIES 


The direction of traverse of the rf hairpin by the 
beam was reversed during the course of the work. The 
difference between the mean value of Av for the two 
directions of traverse was 20 cps, much less than the 
sum (50 cps) of the probable errors in the two means. 
No significant effect dependent on the direction of 
traverse occurred for either of the two observers who 
made the observations of the experiment. There is thus 
no evidence that a continuous change in phase along 
the hairpin has a significant effect on the result. The 
conclusion is wholly consistent with that obtained from 
a more critical study® of hydrogen on the same ap- 
paratus and we use for the uncertainty introduced 
because of a possible effect, uncompensated by reversal, 
the uncertainty previously given for H. 

A total of 204 observations of the frequency of the ¢ 
line was made. The statistical probable error of the 
result was 16 cps. Unfortunately, the two observers 
separately determined average values of Avy which 


*P, Kusch, Phys. Rev. 100, 1188 (1955) 
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differed by more than the statistical uncertainties of the 
two separate results would allow. Further, one of the 
two observers determined a Av whos apparent value 
probably depended significantly on the width of the a 
line at which the center frequency was measured. In 
view of the differing results of the two observers and 
also in view of the lack of such systematic deviations 
in the case of hydrogen® it is believed that the effects 
arise purely through factors involving the manipulative 
technique of the observer in taking the data of the 
experiment in the face of difficult observational condi- 
tions, especially that of the continuously dropping beam 
intensity. We therefore give the result 


Av= 1516.70169(6) K 10° sec, 


where the quantity in parentheses as elsewhere in this 
paper, indicates the uncertainty in the last quoted 
figure of the result. The stated uncertainty includes 
the result of all reasonable interpretations of the data. 
The uncertainty arising from an uncompensated phase 
error is included. 

As previously discussed,® the uncertainty in the 
determination of the magnetic field in which the o line 
was observed leads to a negligible error in the final value 
of Av. The overlap error, previously discussed for 
hydrogen is less here, because of the smaller width of the 
line in ‘T as compared to the width in H. The correction 
to be applied to the stated value of Av because of this 
effect is negligible as is the uncertainty in the correction. 

The rf amplitude is not absolutely constant over the 
width of the resonance line. However, the mean 
frequency interval of 22 kc/sec over which the line 
was observed is about 1.4X10~° of the frequency of 
observation and no large variation in amplitude over 
the range of observation can occur. Furthermore, 
observations of the rf power with a crystal coupled to 
the hairpin indicate that the variation of the rf ampli- 
tude is indeed very small over the range of observation. 
Finally, the rf amplitude was varied from run to run 
about its optimum value. ‘The effect® of a variation of 
amplitude of a particular sign is thus of variable 
magnitude and, when the amplitude is either above or 
below its optimum value, of opposite sign. The average 
effect is thus small. An estimate of the uncertainty 
arising from this effect is +10 cps. 

Dr. Markowitz’ of the U. S. Naval Observatory has 
supplied to us the deviation in the frequency of WWV 
from the nominal] known as U/72, which is based on the 
average speed of rotation of the earth. The average 
deviation during the 10 days in August and September 
1956 on which the frequency of WWV was utilized at 
Columbia was +6X10~* as determined by the U. S. 
Naval Observatory. This leads to an increase in the 
measured value of Av of 10 cps. The uncertainty in the 


7™We are indebted to Dr. Markowitz for supplying the correc- 
tions to the WWV frequency and for discussion of the trans- 
mission errors which may occur in the frequency of the received 
signal. 
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correction is so small that it may be ignored in the 
present application. 

Finally we must consider’ systematic errors in the 
measurement of frequency. The local standard was 
frequently intercompared with WWV. The frequency 
of WWV as received in New York may vary from the 
transmitted frequency by as much as about one part 
in 10’ at adverse times of day. Our measurements were 
made during selected two hour periods of day, usually 
mid-afternoon or, on occasion, night time on ten 
different days within a period of about two months. 
The accuracy of the mean should then be equal to the 
frequency of WWV within about one part in 10° or 
about +15 cps at our frequency. 

The quadratic sum of the various uncertainties is 
somewhat less than 70 cps and we give as the final 
result: 

Av(T) = 1516.70170(7) XK 10° sec. 


DISCUSSION 
Our result agrees with the earlier result of Nelson 
and Nafe! within 0.30 kc/sec, though an uncertainty of 
+10 kc/sec was quoted in the earlier work. The ratio 
of the magnetic moments of tritium and hydrogen may 
be found on the basis of the assumption that each 
nucleus is a point dipole from the expression, 


Av(T) “) 
ae 


(“) 
MH? theo 
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where my and my are the reduced masses of the electron 
in hydrogen and tritium, respectively, and where 
mass-dependent recoil effects are ignored. ‘These effects* 
are of the order of 5X10~* for H and are presently 
unevaluated for T. From various sources of data’® 
we find 


(myp/my)* = 1.001088310(12). 


The present value of Av(T) and a previous® value of 
Av(H) then yield for the ratio of triton and proton 
nuclear moments, under the specified assumptions, 


(ur/H11) theo™ 1.06663386(9), 


where the linear sum of the uncertainties in the com 
ponent quantities is given. The best measurement’ of 
the moment ratio has given 


(ur/pn Jexp = 1.066636(10). 


There is thus no evidence of the existence of a hyperfine 
structure anomaly within the accuracy of the available 
data. A 
evidently required in a critical search for an anomaly 


new determination of the moment ratio is 


which will occur through differential recoil effects in 
H and T and from structure effects in these two nuclei. 


®R. Arnowitt, Phys. Rev. 92, 1002 (1953) 
®* Cohen, Dumond, Layton, and Rollett 
27, 363 (1955); A. H. Wapstra, Physica 21 


Revs. Modern Phys 
$67 (1955). 
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Radioactivity of Ti‘‘t 


J. R. Huizenca anp J. Winc 
Argonne National Laboratory, Lemont, Illinois 


(Received December 19, 1956) 


Ti* has been produced by the Sc“(d,3n)Ti* reaction. The radiations of Ti were studied with gamma- 
scintillation spectrometers alone and in coincidence. A decay scheme is suggested in which Ti* electron 
captures predominantly to a 144-kev level in Sc“ which in turn de-excites by two gamma rays in cascade. 


A Ti* half-life of approximately 10* years is deduced. 


‘HARP and Diamond! produced 10? counts/minute 
of a long-lived titanium activity by bombarding 
scandium oxide with 30-45 Mev protons and assigned 
the activity to Ti*. They reported that Ti“ decays by 
electron capture with a half-life of 223 years and a 
gamma ray of 160+60 kev. 

We have produced approximately 10° counts/minute 
of Ti* by the Sc*(d,3n)Ti* reaction. The scandium’ 
target material was chemically purified prior to bom- 
bardment with tributyl phosphate extractions (to re- 
move thorium) and thenoyltrifluoroacetone extractions 
(to remove rare earths and zirconium), both under 
proper acid conditions. Scandium oxide, prepared from 
110 mg of purified scandium, was pressed into the 
grooves of an aluminum target holder and bombarded 
with 20-Mev deuterons for 1000 microampere hours 
in the Argonne cyclotron. The threshold‘ for the 
Sc**(d,3n)Ti* reaction is (14.34+-X) Mev, where X is the 
electron capture disintegration energy of Ti“. The other 
titanium isotopes produced by the (dn) and (d,2n) 
reactions are ‘Ti (stable) and Ti* (3.1 hr). 

Approximately three weeks after the bombardment, 
the scandium oxide was removed from the aluminum 
target and dissolved in hot HCl. The solution was 
cooled, titanium carrier and hydrogen peroxide were 
added, and the excess peroxide destroyed by boiling. 
The titanium fraction was chemically separated from 
the scandium by several cupferron precipitations from 
chilled 6N HCl followed by the extraction of the 
cupferron complex into chloroform.! The cupferron 
complex was-destroyed by hot sulfuric acid prior to 
repeating the above chemical procedure. 

The chemically separated titanium fraction contain- 
ing the Ti“ was examined with a twenty-channel gamma 
scintillation spectrometer equipped with Nal crystals 
of }-in. and 24-in. thicknesses. The gamma spectrum 


t Based on work performed under the auspices of the U. S 
Atomic Energy Commission. 

'R. A, Sharp and R. M. Diamond, Phys. Rev. 93, 358 (1954) 

*R. A. Sharp and R. M. Diamond, Phys. Rev. 96, 1713 (1954). 

* We are indebted to D. F. Peppard for supplying the scandium 
and for his suggestions on the 4 ene al separation of scandium 
from various trace impurities. For chemical separation of Sc, Th, 
and Zr see Peppard, Mason, and Maier, J. Inorg. Nuclear Chem. 3, 
215 (1956) 

‘Summaries of the necessary reaction energies for this calcu 
lation are given by D. M. Van Patter and W. Whaling, Revs 
Modern Phys. 26, 402 (1954); R. W. King, Revs. Modern Phys. 
26, 327 (1954). 


of Ti“ measured with the }-in. crystal is shown in 
Fig. 1. An intense gamma-ray peak was observed at 
about 72 kev, and a peak of about one-tenth its in- 
tensity at approximately 144 kev. No gamma rays of 
higher energy were observed which could be assigned 
to the Ti“ decay. Gamma rays of 511 and 1160 kev 
were observed to grow into a chemically separated 
titanium sample with a half-life of 4 hours. This is 
evidence for the presence of an electron capturing ‘Ti 
isotope in that Sc“ decays mainly by positron emission 
with a 3.9-hour half-life to a 1160-kev excited state’ 
of Ca®, 

The full width of the 72-kev gamma-ray peak at half- 
maximum intensity was measured in our experimental 
arrangement to be 32.7% (see Fig. 1) compared to 
21.5% and 19.7% for the same quantities for the 
59.6-kev gamma ray of Am*™! and the 88-kev gamma 
ray of Cd, respectively. These results indicate that 
the 72-kev peak is composite. The 72-kev peak can be 
decomposed into two peaks of equal intensities with 
energies of 68 and 76-kev and full widths at half-maxi- 
mum of each peak of approximately 20%, a value 
which agrees well with experimental results discussed 
above for single gammas of these energies. 

Coincidence experiments also showed that the 72-kev 
gamma-ray peak is composite. Furthermore, by accept- 
ing in the single-channel analyzer only the high-energy 
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Fic. 1. Gamma spectrum of Ti*. (@) Gamma spectrum of Ti* 
with }-in. NaI crystal; (%) 59.6-kev gamma ray of Am*!, 
measured with one g/cm? of copper absorber; (0 ) 88-kev gamma 
ray of Cd, 


* J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 
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side of the 72-kev peak, the coincidence spectrum 
(Fig. 2) was moved to lower energy (by 4 or 5 kev) and 
the full width at half-maximum intensity compared 
more favorably with values obtained for single gamma 
rays. 

Further evidence for two gamma rays of approxi- 
mately 72 kev was obtained from collimation and 
absorption experiments which showed the 144-kev peak 
to be mainly a sum peak. Figure 3 shows the results 
obtained with copper absorbers of 0.54, 0.99, 2.03, and 
5.09 g/cm*. The half-thickness for a gamma ray of 
144 kev is about 2.8 g/cm? of copper. From Fig. 3 one 
can see that 0.99 g/cm? of copper reduces the 144-kev 
peak to almost the background resulting from the 511 
kev annihilation radiation of the daughter Sc“. In 
addition, 0.54 g/cm* of copper absorber reduces the 
peak at 144 kev about a factor of 2 more than it reduces 
the 72-kev peak in agreement with the interpretation 
that the 144-kev peak is a sum peak of two gamma rays 
of approximately 72 kev. From the absorption data 
one concludes that the upper limit for the intensity of 
a 144-kev gamma ray is one percent of the 72-kev 
gamma-ray intensity. 

An attempt was made to measure the number of 
Ti* “72-kev” gammas per Sc“ positron in an equi- 
librium sample. Making use of a photopeak counting 
efficiency ratio® of 3.1 for the “72-kev” gammas to the 
511-kev gammas with a 2}-in. Nal crystal, we calculate 
2.2+0.4 “72-kev” gammas per positron. After correct 
ing for the measured positron emission branching ratio‘ 
of 93% for Sc“, we compute 2.0+-0.4 “72-kev” gamma 
rays per disintegration of Sc*, 

This suggests that the electron capture decay of ‘Ti* 
leads predominantly to a 144-kev excited state in Sc* 
which in turn is de-excited by a cascade of two approxi- 
mately “‘72-kev” gamma rays.’ The experimental result 
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Fic. 2. Coincidence spectrum of Ti#. (0) Gamma spectrum of 
Ti“ in the 72-kev energy region (singles). (@) Gamma spectrum 
in coincidence with single-channel analyzer gated to accept 
gammas with energies corresponding to channels 18 to 22 


* TD). W. Engelkemeir (private communication) 

7In a private communication with J. C. Roy, J. R. Simanton, 
and T. P. Kohman, we learned that they have independently 
reached this same conclusion 
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Fic. 3. Ti* gamma spectrum in energy region 0-185-kev with 
various thickness copper absorbers. (@) No absorber, (0) 0.54 
g/cm*. ( *) 0.99 g/cm?*. (+) 2.03 g/cm*. (—) 5.09 g/cm? 


of 2.0+0.4 “72-kev”’ ‘Ti* gammas per Sc“ disintegration 
in an equilibrium sample indicates that the interna! 
conversion coefficients of the ‘“72-kev”’ gammas (68 and 
76-kev) are small’ (<20%). For nuclei with Z= 21, 
transitions of approximately 70 kev with internal con 
version coefficients of <20% are either of electric or 
magnetic dipole character.’ If the internal conversion 
coefficients of both the “72-kev” gamma rays were 
approximately 0.10,’ an equilibrium sample of Ti“ 
Sc“— would have 2,.2-+-0.4 “72-kev” transitions per Sc 
disintegration, a result in agreement with the decay 
scheme proposed in Fig. 4. 

In addition to a closed shell of 20 protons and a 
closed shell of 20 neutrons, Sc“ has one proton and 
three neutrons. The shell model'’ predicts that the 
levels of lowest energy following the closed shells at 20 
are the 1fij2, 2pay2, 1fsy2, and the 2py/2 levels, respec 
tively. Since the low-energy excited states of Sc“ are 
expected to be made up of an even number of negative 
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§ This is not true if the Ti decay leads to an excited state of 
Sc“ which de-excites by 3 or more “72-kev”’ transitions in coinci 
dence. With the 24-in. Nal crystal, however, no sum peaks were 
observed with energies greater than that of the sum peak at 
144 kev 

°M.E in Beta- and Gamma-Ray S pectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam 
1955), Appendix IV, pp. 907, 908. 

M,. G. Mayer and J. H. D. Jensen, Klementary 
Nuclear Shell Structure (John Wiley and Sons, Inc 
1955). 
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parity particles, one predicts these states to have 
positive parity. The ground state of Sc“ has been 
assigned a spin and parity’ of 24+ or 3+. The above 
information favors M1 assignments over £1 for both of 
the low-energy gamma rays in the Ti“ decay. 

‘The experimental observations of (1) approximately 
two “72-kev” gammas per Sc“ disintegration and (2) 
the low intensity of <2% for the 144-kev crossover 
transition are consistent with spins and parities of 3+-, 
24, and 14+ for the ground, first excited, and second 
excited states of Sc“ as shown in Fig. 4. Assuming a 
ground state of 0+ for Ti“, electron capture to the 1+-, 
144-kev level, is allowed and approximately two 
“72-kev” transitions per disintegration are expected, 
in that electron capture to the first-excited state and 
to the ground state are at least second forbidden. The 
above spin sequence (Fig. 4) implies a multipolarity of 
2 for the 144-kev crossover transition. This assign- 
ment for the 144-kev gamma is consistent with the 
experimental limit placed on the intensity of the cross- 
over transition since the calculated theoretical lifetime! 
of a 144-kev £2 transition is approximately 10* times 
as long as a 72-kev M1 transition. 

A ground state spin of 24+ for Sc“ with first and 
second excited states of 24+ and 1+4-, respectively, is 
not likely since this scheme predicts a strong 144-kev 
M1 transition. The same argument can be used against 
the spin sequence 3+, 34, and 2+-. First and second 
excited state spins of 14+ and 0+-, respectively, with a 
2+ ground state are consistent with a low-intensity 
crossover gamma but from this spin sequence one 
predicts too small a number of “72-kev” gammas per 
Sc“ disintegration. Electron capture to both the 14 
and 0+ excited states would be allowed with the 
transition to the first excited state favored by energy 
considerations. Assuming no electron capture to the 
ground state (2+), a second forbidden transition, and 
the electron capture probability to the first excited 
state equal to or greater than the electron capture 
probability to the second excited state, one calculates 
<1.5 “72-kev”’ transitions per Sc“ disintegration. This 
value is smaller than the experimental value. 

The half-life of ‘Ti has been estimated to be about 
10° years by the following method. The disintegration 
rate of Sc from the Sc *9(d,p)Sc* reaction was measured 
in addition to the disintegration rate of Ti“ from the 
Sc*(d,3n)Ti“ reaction. Employing a half-life of 84 
days'® for Sc* and a o(d,p)/o(d,3n) cross-section ratio 
of 2 for 20-Mev deuterons on Sc*, we calculate a half 
life of 10° years for Ti“. The above cross-section ratio 

"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 627. 

“12 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
490 (1953) 
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was estimated from fragmentary cross-section data in 
the region of scandium and is subject to considerable 
error. An increase in the above cross-section ratio 
would decrease the Ti* half-life. 

If the electron capture transition to the 144-kev 
level is allowed, a half-life of 10° years implies that the 
energy available for electron capture to the 144-kev 
level is only a few kev. The energy available for electron 
capture to the approximately 72-kev level from the 
above argument would be approximately 80 kev. As- 
suming a logft value of 210 for this as a second for- 
bidden transition, one deduces the half-life for electron 
capture to the 72-kev state to be 2 10° years. A branch- 
ing of 1% to the 72-kev level is well within the limit 
set in this experiment. 

The sequence of spins of 44+, 3+, and 2+ for the 
ground, first excited, and second excited states of Sc“ 
would allow a sizeable amount of energy available for 
electron capture to the 144-kev level to be consistent 
with a half-life of 10° years. A measurable competition 
for electron capture to the 270-kev state would be 
prohibited because of its very large spin. A spin of 4+ 
for the ground state of Sc“, however, is unlikely in that 
Sc“ decays by an allowed transition® to a probable (2+-) 
state in Ca“, 

If the assumption of positive parity for the low- 
lying levels of Sc is in error, spin sequences involving 
negative parity levels can be suggested which are 
consistent with the experimental data. For example 
from the spin sequence 3+, 2+, 1—, one predicts the 
144-kev level (1—) to decay principally by a “72-kev”’ 
1 transition since the M2 144-kev crossover transition 
has a much longer theoretical lifetime.!! A half-life of 
10° years for the first forbidden electron-capture transi- 
tion to the 144-kev level (1— ) would be consistent with 
a larger disintegration energy than that deduced for the 
decay scheme discussed earlier with the 144-kev level 
populated by an allowed transition. Electron capture 
branching to the 2+ first excited state and to the 34 
ground state would be small since these are > second 
forbidden transitions. 

In summary from our experiments the preferred spins 
and parities of the Sc“ levels are 3+, 2+, and 1+ for 
the ground state, 72-kev, and 144-kev levels, respec- 
tively. Ti* should prove to be a useful titanium tracer 
owing to its favorable radiation and long half-life (all 
other known radioactive isotopes of titanium have 
half-lives < 3.1 hr). 

The authors wish to thank Dr. D. W. Engelkemeir 
for the use of his scintillation spectrometer, Dr. B. J. 
Raz and Dr. M. S. Freedman for helpful discussions, 
and Mr. W. J. 
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C'*(p,p)C'*: Experiment and Analysis* 


D. Zreoy, G. Frerer, AND K. FAMULARO 
University of Minnesota, Minneapolis, Minnesota 
(Received December 31, 1956) 


The differential cross sections for the C4(p,p)C™ elastic scattering interactions were measured over an 
energy range from 1.5 to 3.4 Mev (incident proton energy) at scattering angles of 45.0°, 54.4°, 74.1°, 90.0°, 
106.4°, 127.8°, 148.9° in the center-of-mass system. Methane gas, enriched to 72.5% in C¥, was used as a 
target material. The absolute differential cross sections computed through this experiment were accurate 
to about 6% in the nonresonant energy regions. The measured nonresonant cross sections at about 2 Mev 
were essentially equal to those for Coulomb scattering at =: 45° and increased to about seven times Coulomb 
cross section at 6 


’ 


148.9°, There was also an increase in measured cross section relative to the Rutherford 
cross section at all scattering angles as the proton energy was increased. Maxima in the cross sections were 
observed at incident proton energies of 2.00, 2.12, 2.33, 2.90, and 3.12 Mev. A phase-shift analysis of the 


resonances at 2.00, 2.12, and 2.33 Mev yielded assignments for J and x of 1 


, 3°, and 1*, respectively, and 


reduced widths relative to single-particle reduced widths of 0.10, 0.11, and 0.005, respectively 


INTRODUCTION 


STUDY of the interactions of protons elastically 

scattered from C™ was made in order to investi- 
gate N'* in the region from 9.0- to 10.6-Mev excitation. 
Most of the energy range covered in this experiment 
has been investigated by means of the C¥(p,y)N"™ 
reactions’* or through the N"(a,a’)N™* reaction‘; 
however, it was felt that measurements on the elastically 
scattered protons should resolve any closely spaced 
levels in N*4 and would permit a phase-shift analysis of 
these levels. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The measurements of the differential cross sections 
were made in a conventional manner with a scattering 
chamber described in previous papers.®.® A gas target 
was chosen because the number of scattering centers in 
a well-defined volume could be reliably determined from 
straightforward measurements of temperature and pres 
sure. The only carbon compound available which was 
enriched in C® was methy] iodide,’ a liquid at standard 
conditions, so a Grignard reagent was prepared, and 


then by carrying out the associated chemical procedure,* 


7907 


methane gas containing 72% C'* was produced. This 
€ 


was then separated from the reaction reagents by 
fractional distillation at liquid nitrogen temperatures 
and gave a final sample of methane gas with 98% 


* This work supported in part by the joint program of the 
U.S. Atomic Energy Commission and Office of Naval Research 
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purity as determined by mass spectrometric analysis.’ 
By a combination of Toepler’ pumping and freezing 
with liquid nitrogen, this gas could be admitted into 
the scattering chamber and removed for purification 
many times with negligible losses. The gas was placed 
in the chamber at a pressure of approximately 100 mm 
Hyg as determined by a Wallace and Tiernan differentia] 
manometer which in turn had been calibrated against 
a mercury manometer. The temperature was determined 
by a thermometer cemented to the wall of the chamber 

The beam of bombarding protons from the electro 
static accelerator entered the target volume through a 
0.015-mil Ni isolation foil and left the target volume 
through a 0.25-mil Mylar foil, where it was then col 
lected in a well-evacuated Faraday cup which was 
electrically and magnetically biased so that loss of 
secondary electrons would not interfere in the measure 
ment of the collected charge. 

The shit system of the proportional counter defined a 
small volume at the center of the chamber which was 
traversed by the well-collimated incident beam, and 
the pencils of particle trajectories for any scattering 
angle from 17° to 163° could, in turn, be studied. Pulses 
from the proportional counter were amplified and then 
scaled on a 10-channel pulse-height discriminator.” The 
mechanics of the collisions between incident protons 
and nuclei in the methane led to energy 
transfers which allowed easy separation of protons 
scattered from hydrogen, but the resolution was not 
sufficiently good to discern whether scattering was from 
C or C#, The contribution to scattering from C!* in 
our measured number of counts was determined in a 
separate experiment by using ordinary methane as a 
target gas in the chamber and measuring the differentia] 
cross section for this competing process. A knowledge of 
this cross section and the concentration of C!* in our 
enriched sample then allowed us to calculate yields due 


molecule 


*We are indebted to the mass spectrometric group at the 
University of Minnesota for the analysis 

1 W.C. Elmore and M. Sands, Flectronics (McGraw-Hill Book 
Company, Inc., New York, 1949 
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to C# alone. (The C cross sections at angles of 106° 
or larger had been measured by Jackson ef al." and 
were not remeasured except at a few points to check 
the validity of our own procedures.) 

The final errors in the absolute cross sections were 
about +6%; the main source of error was from the 
counting statistics associated with each point. Other 
sources of error were: uncertainty as to the amount of 
C* in the methane, + 1%; errors in the target pressure 
readings, +1%; uncertainties in the knowledge of the 
number of protons that had passed through the target 
volume, +0.5%; and uncertainties in the geometry of 
the scattering chamber, +0.5%. 

In order to determine the energy of the proton beam 
at the target volume, corrections for energy loss in 
intervening materials had to be made. The rate of 
energy loss, —dE/dx, for protons in methane was 
determined by measuring the apparent shift of a 
resonance when the target gas pressure was changed. 
The resonance at 1.75 Mev in the C!*(p,p)C" cross 
section,'' and the one at 3.1 Mev in the C¥(p,p)C¥ 
cross section® were used with the result that the rate of 
energy loss was 133 kev/cm at 1.75 Mev and 82 kev/cm 
at 3.12 Mev for methane at one atmosphere pressure 
and a temperature of 20°C. (The errors in these numbers 
are about +10%.) The two points fit the shape of 
Bethe’s formula for the rate of energy loss very well, 
but the magnitudes are about 30% lower than those 
given by the formula.’ The energy loss of the incident 
protons in the nickel foil placed at the entrance slit of 
the chamber was obtained by first measuring the 
neutron threshold energy for the Li’(p,2)Be’ reaction 
when the proton beam went through the nickel foil, 
and then the same threshold when the foil was removed. 
The energy loss in the foil was then given by the 
difference of these two threshold energies; on the 
average the difference was about 20 kev. During the 
experiment the entrance foil showed an increase in 
thickness which was found to be proportional to the 
methane pressure and to the amount of charge that 
had passed through the chamber ; the effect was assumed 
to be due to carbon (from the methane) being deposited 
on the foil. The energy loss for protons while passing 
through the target volume was about 3 kev. The total 
spread in the proton energy as seen by the detector 
amounted to about 9 kev, and was due to the finite 
target thickness and to the straggling of the protons in 
the methane and isolation foil. The error in the absolute 
energy was about + 20 kev; principally, this error came 
from the measurement of the rate at which protons lost 
energy in the target gas. 

RESULTS 

The absolute differential cross sections with the 

associated probable errors are plotted in Fig. 1. Below 
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1.8 Mev, the determination of the cross section was 
very poor due to the fact that there is a very large 
anomaly in the C!*(p,p)C™ cross section in this energy 
region'! which obscured a resonance that is probably 
at 1.75 Mev.!? A level at 9.49-Mev excitation (2.10- 
Mev incident proton energy) has been found in a study 
of the C"(p,y)N™ reaction’; it is not certain whether 
the y radiation from this reaction came from one or 
more than one of the three levels near 9.5-Mev excita- 
tion found in the present experiment. A level has been 
reported‘ at 10.05 Mev (2.73-Mev protons) ; it probably 
corresponds to a combination of the rather broad 
anomalies observed at 2.9 Mev and 3.11 Mev (proton 
energy) in the present experiment. The resonance at 
3.11 Mev (proton energy) has been observed pre- 
viously.* There were no noticeable effects near 3.09 or 
3.24 Mev where the (p,p’)" and (p,m) 5 reactions 
begin to occur. 


ANALYSIS OF THE DATA 


A phase-shift analysis of the resonances at 2.00, 2.12, 
and 2.33 Mev was performed in order to determine the 
spins and parities of the corresponding states in N™. 
There were no reactions competing with elastic scat- 
tering in this energy region except radiative capture of 
the protons; however, this latter process is much more 
unlikely to occur than elastic scattering, so for simplicity 
it was neglected. Assuming that the orbital angular 
momentum quantum number, /, did not change during 
the interaction, the general formula used was 


k?da/dQ=430 5 Dom |kfc@)xsut+d1 ds [40(2/+1) }} 
K etl +0tF 8) sinfh(LI,S) Cis(J,M; 0,M) 
XEomCis(J,M; M—m, m)V"-"(0,¢)x5ml2, (1) 


where k= 2m divided by the deBroglie wavelength of 
the proton in the c.m. system, do/dQ= differential cross 
section in the c.m. system, f¢(@)= Coulomb scattering 
amplitude, xs=total spin function of the proton 
and carbon nucleus (S=0, 1), 9(/)=Coulomb phase 
shift for the lth partial wave, 5(1,J,S)=nuclear phase 
shift, .Crs(J,M;M—m,m)=Clebsch-Gordan _ coefti- 
cients,'® and Y;"(6,¢)=spherical harmonic. 

The first step in the analysis was to fit the non- 
resonant cross section (hereafter to be called back- 
ground). An attempt at fitting the background with 
S-wave parameters alone failed. When the P-wave 
phase shifts were included, it was not obvious, because 
of the large number of parameters involved (6), whether 
a fit could be obtained. In order to eliminate any 
doubt on this point, the problem was coded for use in 
the Remington Rand 1103 digital computer.'” It was 


4 Cowie, Heydenburg, and Phillips, Phys. Rev. 87, 304 (1952). 

4 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 

1 Adamson, Buechner, Preston, Goodman, and Van Patter, 
Phys. Rev. 80, 985 (1950). 

©]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Appendix A. 

17 We are indebted to Remington Rand Univac for the com- 
puter time which was donated to the University 
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Fic. 1. The ab- 
solute differential 
cross sections for 
C¥(p,p)C4 as a 
function of energy. 
The errors in cross 
sections are +6%. 
The absolute error 
in the energy is 
+20 kev. 
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Fic, 2. Plot of fits to the nonresonant cross sections. The dashed 
line is the best fit using two S-wave and three P-wave phase shifts. 
The solid line is the best fit using one phase-shift for each of the 
S, P, and D waves (see text) 


found that S and P waves together were not sufficient 
to fit the experimental angular distribution satisfactorily 
at 2.4-Mev proton energy. 

Because of the necessity of including the D-wave 
phase shifts, a method of successive approximations 
was devised in order that the large number of param- 
eters could be handled with some ease. As a first step 
in this method, the dependence on the total angular 
momentum, J, was removed; this reduced the number 
of parameters to three. These three phase shifts were 
then computed to fit the angular distribution at the 
roots of the first- and second-order Legendre poly- 
nomials (90°; 54.7°; 125.3°). In order to obtain a 
better fit, the scattering formula was expanded in a 
Taylor’s series around these values of the phase shifts, 
and a least-squares fit to the data at all seven angles 
was obtained (only the first order terms in the expansion 
were retained). It was found that good agreement with 
the experiment could be attained by using only these 
three phase shifts. (See Fig. 2.) Later in the calculation 
the dependence of the phase shifts on J was included ; 
however, before this, a search for the resonant phase 
shifts was undertaken. 

The resonance at 2.33 Mev was considered first. It 
can be shown that the scattering formula can always 
he put into the following form: 


k*da/dQ= A+B sin26+C cos26, 
M = (B?+-C?)!, 


(2) 


where 6 is any one of the phase shifts, and A, B, C are 
functions of the remaining parameters. In formula (2), 
6 was chosen as the resonant phase shift, and A, B, C 
were evaluated at each angle, using the values of the 
nonresonant parameters computed previously. It can 
be seen from (2) that the value of the maximum cross 
section minus the minimum cross section is given by M. 
This quantity was then computed for different choices 
of the resonant phase shift, and the result was com- 
pared with experiment. The criterion used in this 
comparison was that the computed value of M had to 
be as large or larger than the experimental values. Of 
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TABLE I. Tabulation of the nonresonant phase shifts used to fit 
the experimental data at two energies. 


NJ) 60,0 8(1,0) 8(1,1) 8(1,2) 8(2,1) 8(2,2) 82,3) 


m. 
E», Mev’. 
2.06 


50,1 


166.3° 171.3° 0.3 


136.1° 136,1° 174.8 178.0° 176.0° 


2.33 131.5° 131.5° 165.3° 170.0 2.0 176.9 176.9° 176,9° 


those that satisfied this condition, some were eliminated 
because the resonances they gave were much too large 
(factors of five to ten at some angles). Of the remainder, 
a further selection could be made on the basis of the 
shape of the resonance; this selection was made by the 
following method. It was assumed, for simplicity, that 
the phase shift changed by 180° on going through 
resonance, and that the shape of the peak could be 
given by the usual Breit-Wigner formula : 


E— Eo 
6=69—cot ( - ), 
1 
2 


where 6= resonant phase shift, 69= value of phase shift 
far from resonance, I'=full width at half-maximum of 
resonance, y= resonant energy, and E= energy of inci- 
dent protons. It was also required that the value of the 
resonant phase shift far away from the resonance had 
to be comparable to the value computed previously to 
fit the background. All of these conditions served to 
determine, quite unambiguously, the parameters for 
the 2.33-Mev resonance; these parameters were: J=1 

S=1. It should be noted that for J=/, there are 
two possible values of the channel spin, S(=0, 1). In 
this specific case, however, a linear combination of the 
two spin states did not appreciably improve the calcu- 
lated fit. As a final calculation, the background phase 
shifts were then changed slightly, by means of a Taylor’s 
expansion which was dependent on J, in order that the 
absolute magnitude and shape of the cross section would 
agree as closely as possible with experiment. 

The remaining two resonances were fitted in a similar 
manner ; however, the following additional experimental 
result was used which enabled the two resonances to be 
fitted simultaneously. At @= 90°, the resonances at 2.00 
and 2.12 Mev interfere destructively, whereas at large 
scattering angles there is either no interference or con- 
structive interference. This meant that the possible 
resonant phase shifts had to be chosen in pairs which 
would satisfy these conditions; this greatly reduced the 
number of possible choices. Another qualitative feature 
of the experimental results is that the peaks show a 
marked symmetry around @=90°. The experimental 
values, for both resonances, of the maximum minus the 
minimum cross sections are very nearly equal for equa! 
displacements on either side of 6=90° (such as 54.7' 
and 127.8°). This fact would strongly indicate that / 
would have to be even (S or D waves). It was found that 
S-wave phase shifts either would not give large enough 
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Fic. 3. Plots of the calculated fits to the experimental points. The errors shown in the vertical scale correspond to 46% errors 
in the absolute cross sections; the errors in the energy scale denote the total spread in the beam energy. The assignments for the 


corresponding levels in N“ are: 1~ at 2.00 Mev, 3 


resonances or would give the wrong shape. The re 
maining P-wave resonances were checked out, and it 
was found that the Coulomb interference terms were 
not large enough to bring about the required symmetry. 
Of the allowable pairs of D-wave phase shifts, the best 
2 for the 2.00-Mev 
.12-Mev resonance 


fit was obtained by using J=1, / 
2 for the 2 


resonance, and J = 3,1 


RESULTS AND CONCLUSIONS 


The calculated curves and the experimental results 
are shown in Fig. 3. It can be seen in Fig. 3 that the 
calculated resonance at 2.12 Mev is somewhat larger 
than the experimental resonance. However, it is quite 
certain that the assignment for the level is correct 
since any other assignment does not fit the shapes as 
well or the absolute sizes as well as the above values 
for J and wr. The discrepancy therefore must be due to 
the energy resolution of the experimental apparatus 
because of the fairly thick target and the straggling in 
the proton beam. This would also require that the half- 


at 2.12 Mev, and 1* at 2.33 Mev 


widths of the resonances be somewhat smaller than 
those listed in Table I], particularly for the 2.12-Mey 
resonance. Another possibility could be that there are 
resonances, in this region (1.5 to 2.4 Mev) which was 
analyzed, which were not resolved by the experiment. 
Table I lists the values of the background phase 
shifts for two energies. It can be seen in Table I that 
these phase shifts were quite constant with energy, 
which should be the case. It can also be seen that, for 
simplicity in calculations, the dependence of the phase 
shifts on J and S was neglected whenever possible. 
Table II gives the information regarding the level 
assignments. The intrinsic parity of C™ is negative, 
and thus the parity of a state in N" is opposite to that 
of the orbital angular momentum of the interaction 
which formed this state. The last column in ‘Table II 
gives the reduced widths of the levels compared to 
that of a single particle interaction. The reduced width, 


y?, is related to I’ by the equation 


I = 2ky?/(F?+G?), 
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TABLE II, Tabulation of the resonances seen in this experiment 
and also the various parameters corresponding to the resonances. 
Ey is the incident proton energy (lab system), F, is the corre 
sponding excitation in N, J and » are the total angular mo 
mentum and parity of the levels, respectively, I’ is the full width 
at half-maximum of the resonances, and the last column gives the 
reduced widths of the levels relative to the reduced width for 
single-particle type excitation 


2 
y 


4 ht/ ya 
0.10 


0.11 
0.005 


Ey», Mev 


2.00 40.02 
2.12 40.02 
2.3340.02 
2.96 40.04 
3.124003 


where F and G are the regular and irregular solutions, 
respectively, of the Coulomb scattering problem evalu 
ated at the radius of the nucleus, a.'* The single particle 


* Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs 
Modern Phys. 23, 147 (1951) 
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reduced width is 3h?/2ua, where u is the reduced mass 
of the system and a= (1.33A!+-0.77) K10~-" cm." It is 
quite apparent from these reduced widths that none of 
the three levels analyzed are formed through single 


particle excitation 
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Capture of Protons in K*’ 


J. pe VeiGA SimAo* anv J. P. F. Seiiscnop 
Cavendish Laboratory, Cambridge, England 
(Received December 10, 1956) 


Evaporated natural potassium metal targets were bombarded with protons from a Cockcroft-Walton 
generator. The excitation function was studied from 0.5 to 1.15 Mev. The gamma rays from a level found in 
calcium 40 at 9.29 Mev above the ground state were studied with single-crystal spectrometers and with a 
pair spectrometer. Gamma rays of energy 9.29+0.005 Mev, 5.934-0.005 Mev, 5.55+0.005 Mev, 3.73+0.005 
Mev, and 0.500+-0,005 Mev were found and suggest a decay scheme in agreement with the levels in Ca® 


found by Braams by inelastic proton scattering 


HE doubly-magic nucleus Ca“ is of particular 

interest, especially in the light of the shell-model 
picture, One expects the first excited state to be rather 
high in energy above the ground state. The levels of 
Ca“ have been studied by inelastic scattering of protons 
by Braams,' who by magnetic analysis finds levels at 
3.348 (0+), 3.730, 3.900, 4.483, 5.202, 5.241, 5.272, 
5.006, 5.621, 5.901, and 6.029 Mev. See Fig. 1. 

We have produced excited states in Ca“ by the 
capture reaction K®(p,y)Ca®. Protons were accelerated 
in a conventional Cockcroft-Walton machine, resolved 
beams of 50-100 microamperes being used. Targets 
were prepared in sifu by evaporation in vacuum of 
freshly cleaned, metallic potassium. Target thicknesses 
were 20-30 kev to 1-Mev protons. We have used two 
types of detection equipment. Firstly single-crystal 
spectrometers with Nal scintillators of cylindrical form 
of dimensions 2 in. diameter by 2} in. long, and 1} in 

*On leave of absence from Coimbra University, Coimbra, 


Portugal. 
'C. M. Braams, Phys. Rev. 101, 1764 (1956 


diameter by 14 in. long. Secondly a three-crystal pair 
spectrometer of the design of Bell, Graham, and Petch. 
Both detection systems were used in conjunction with 
an 80-channel Hutchinson-Scarrott kicksorter. The 
equipment was calibrated with the following sources: 
(i) Cs? (0.627 Mev), (ii) Na®* (0.500 and 1.277 Mev), 
(iii) Rd-Th (2.62 Mev), and (iv) Po-Be (4.43 Mev), 
and with the reactions: (v) F'"(p,a,y) (6.14 Mev), 
(vi) C8(p,y) (8.06 Mev), and (vii) Li’ (a,y) (9.276 Mev). 

The excitation function has been studied from 0.2 to 
1.2 Mev, and a number of resonances found. The yield 
was measured at two bias values, 4 Mev and 6.5 Mev. 
Resonances were found at incident proton energies of 
(i) 0.883+0.010 Mey, (ii) 0.925+-0.010 Mev, (iii) 0.980 
+0.010 Mev, and (iv) 1.150+0.010 Mev. Relative 
cross sections are (i) 1.21, (ii) 1, (iii) small, and (iv) 
10.1, respectively. These resonances correspond to levels 
in Ca” at the following energies above the ground 
state: (i) 9.03+0.010 Mev, (ii) 9.07+0.010 Mev, 
(iii) 9.13+0.010 Mev, and (iv) 9.29+-0.010 Mev. 

A study of the y-ray spectra by single-crystal spec- 
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trometers and by a pair spectrometer at the 1.150-Mev 
resonance showed y rays of energy 9.29+-0.005 Mev, 
5.93+0.005 Mev, 5.55+0.005 Mev, 3.730.005 Mev, 
and 0.500+0.005 Mev. All these can be accounted for 
by the following decay scheme for the 9.29-Mev level 
excited in Ca®: (i) y-ray (9.29-Mev) decay direct to 
ground state; (ii) y ray (5.55 Mev) to 3.73-Mev level, 
which then decays to the ground state (3.73-Mev y); 
(iii) y ray (5.93 Mev) to 3.348-Mev level, which decays 
to the ground state by pair emission (indicated by 
0.500-Mev y ray). 

The most intense of these transitions is the direct 
decay to the ground state. An accurate study of the 
relative intensities of the various y rays is now in 
progress. A preliminary study has shown that the 
predominant decay for the 9.03-, 9.07-, and 9.13-Mev 
levels, is directly to the ground state. The ratio of the 
transition probabilities from the 9.29-Mev level to the 
3.348-Mev level (0+) and to the ground state (0+), 
respectively, measured experimentally, is found to be 
approximately 0.21. By using single-particle model 
formulas, this ratio (for electric dipole transitions in 
both cases) is calculated to be 0.27. 

An angular distribution of the y rays corresponding 
to direct transition from the 9.29-Mev level to the 
ground state has been measured, and this indicates 
that the transition is an electric dipole one. 

The Q value of the reaction K*(p,y)Ca® has been 
determined by a pair spectrometer. An accurate meas- 
urement of the high-energy y rays at the 1.150-Mev 
resonance was made, in conjunction with the calibration 
points: (i) 9.276 Mev from Li’(a,y), and (ii) 8.06 Mev 
from C'(p,y). The Q value was found to be 8.17 
+0).03 Mev. 

A full report of this work will be published in the 
near future. 

After completion of the work reported above, a pri- 
vate communication was received from J. H. Matthews 
of work by Towle, Berenbaum, and himself on Cl*°(p,y), 
Cl*"(pyy), and K*(p,y) done in the Department of 
Physics, Imperial College, London, England. This is 
consistent with the findings and deductions from our 
work. 
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Excitation function and gamma rays observed in the 


Nic. 1 
capture reaction K®(p,y)Ca®. The energy level scheme is that 
obtained by Braams! from inelastic proton scattering on Ca” and 
from this work 
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Differential Cross Section for the C’*(He*,a)C’* Reaction at 2.00 Mev 


H. D 


HOLMGREN 


Nucleonics Division, United States Naval Research Laboratory, Washington, D.C 


(Received December 31, 1956) 


The differential cross sections for the C#(He’,a)C" reaction have been measured for ground state and first 
excited state a particle groups at a bombarding energy of 2.00 Mev for sixteen center-of-mass angles extend 
ing from 5 to 152 degrees. These data have been fitted with Legendre polynomial expansions including poly 
nomials up to the sixth degree by the method of least-squares. The coefficients in these expansions and the 


total cross sections are tabulated 


ECEN'T work!” on the Be*(He’,p)B" reaction has 
suggested the possibility that this reaction may 
take place partly by a direct process. If this is the case, 
then it is possible that (He‘,a) reactions may also 
proceed by a direct process, particularly those reactions 
in which the target nucleus has a loosely bound neutron, 
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Fic. 1. The differential cross sections for the a particles from the 
C8(Het.a)C™ reaction which leave C"® in the ground state. Qo 
is the ground-state Q value for this reaction, /y.! is the bombard 
ing energy, and F’a, is the energy of the ground-state a particles 
in the center-of-mass system 

' Holmgren, Bullock, and Kunz, Phys. Rev. 104, 1446 (1950) 


? Wolicki, Geer, Holmgren, and Johnson, Bull. Am. Phys. Soc 
Ser. IT, 1, 196 (1956) 


such as Be’, C, or O'. It will be shown in the following 
paper,’ however, that it is difficult to account for this 
type of reaction on the basis of the ordinary concept 
of pie kup reactions. 

Early attempts to investigate the angular distri- 
the a@ particles from the Be*(He*,a)Be® 
reaction this laboratory were unsuccessful. The 
ground state a-particles group was found to have a very 
low yield and was difficult to identify due to the large 
yield of short range protons. The a@ particles corre 
sponding to the first excited state of Be® were difficult 
to identify due to the rather large yield of the three- 
body-breakup @ particles. The angular distributions of 
the a-particle groups from the C'*(He*,a)C” reaction 
were considerably easier to investigate, since the 
a particles resulting from three- or four-body breakup 
have very low energies. 

The experimental! procedure for studying the angular 
distributions was almost identical to that described in 
the Be*(He*,p)B" paper' except that Ilford E1 nuclear 
emulsions were used to record the @ particles. The thin 
C™ targets used for this phase of the investigation were 
prepared by cracking methyl iodide enriched to 66% 
C* onto 5-micro-inch nickel foils. One of the Naval 
Research Laboratory’s 2-Mv Van de Graaf accelerators 


butions of 


al 


was used. 

In order to determine the absolute cross sections for 
the C*(He’,a)C” reactions the a-particle yields were 
measured from a second C™ target whose thickness was 
easier to determine. The C™ enriched methy] iodide was 
cracked onto a 50-microinch foil, and the carbon 
deposit on the back of the foil was peeled off in order 
to obtain a single thin layer of carbon. The yields of 
the @ particles from this target were then measured in a 
small reaction chamber with CsI crystal counters 
placed at 30, 60, and 120 degrees. Leaving the target 
in place, the average thickness of carbon deposit on this 
target was then found to be 35 ywg/cm? by measuring 

, the height and area of the 1.745-Mev resonance of the 
C¥(p,y)N™ reaction. In addition, the yield of the 
protons from the C'(d,p)C™ reaction was measured 
for the target in the same position. ‘The differential 
cross sections for the C¥(d,p)C™ reaction, determined 
on the basis of these measurements at five angles, were 


3 Holmgren, Geer, Johnston, and Wolicki, Phys. Rev. 106, 


102 (1957) 
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‘(Het,a)C!? REA 
found to be about 25% lower than those determined by 
Marion and Weber ‘ 

The differential cross sections for the C(He',a)C” 
reactions which leave the C nuclei ‘n.the ground state 
and first excited state are given in Fig. 1 and Fig. 2. 
The solid lines in these figures represent Legendre 
polynomial expansions fitted to the experimental data 
by the method of least-squares. It was necessary to 
include polynomials of the sixth degree in order to 
obtain a reasonable fit to these data. The coefficients 
for these expansions and the total cross sections are 
given in Table I for each group of @ particles. 

The uncertainties indicated in the above figures are 
the relative uncertainties. They include the statistical 
uncertainty in the number of tracks counted, the 
uncertainty in the determination of the solid angles of 
the cameras, and an estimated counting uncertainty of 
1%. The square roots of the sums of the squares of 
these uncertainties range from 2.5 to 6%. The differ- 
ential cross section for the first excited state a-particles 


TABLE I. Total and coefficients of Legendre 
polynomial expansion of differential cross section for each group 
of a-particles in the reaction C™(He',a)C™, FEy.t=2.00 Mev 


a (0) = (ao 4rr)[ Po +-a,P\(cosd) +a P»(cos) 4 | 


cross section 


Group ao(mb a a2 a3 a4 a a 


0.06 
0.02 


0.02 
+0.27 


+-0.59 
+0.64 


+-0.57 
0.08 


+0.45 
+-0.09 


0.26 
0.04 


ao 0.40 
@ 1.382 


groups at 152 degrees is somewhat more uncertain than 


indicated due to the fact that at this angle these 
a particles had very short ranges in the emulsion and 
were difficult to distinguish from the protons of the 
same range. ‘This uncertainty may be as large as 10%. 
The uncertainty in the determination of the absolute 
cross sections is due mainly to the uncertainty in the 
measurement of the number of target nuclei per square 
centimeter. ‘This uncertainty is estimated to be of the 
order of 25%. 

It is obvious from the foregoing figures that the 
angular distributions of the @ particles from these 
reactions are not symmetrical about 90 degrees. Both 


angular distributions are peaked in the forward direction 


‘J. B. Marion and G. Weber, Phys. Rev. 103, 167 (1956). 
This discrepancy is about the same as our estimated uncertainties 
in the measurement of the target thickness and may indicate 
that the values of the cross sections for C(He*,a)C™ reactions 
reported in this paper should be increased by about 25% 
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lic. 2. The differential cross sections for the first excited state 
a particles from the C4(He'a)C™ reaction. Q, is the V value for 
this reaction when C" is left in the first excited state, Ay. is the 
bombarding energy, and /’a, is the energy of the first excited state 
tem 


a particles in the center-of-mas 
and exhibit a4 minimum in the region of 60 degrees 
Rather incomplete data for the second excited state 
a-particle group indicates similar behavior of the angular 
distribution for this group at small angles. It is also 
of interest to note that the total cross section of the 
first excited state group is more than three times as 
large as that for the ground state group. A discussion of 
these results is found in the following paper.’ 

The author wishes to thank Dr. J. W. Butler, Dr 
EK. Geer, Dr. E. Wolicki, Dr. R. Gossett, and Mr. R 
Johnston for their help during the course of the 


experiment 
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The angular distributions of the a-particle grofips from the C4(He#)C” reaction which leave the C#? 
nuclei in the ground and first excited states hav@ been measured at a bombarding energy of 4.5 Mev. The 
angular distributions have been fitted with Legendre polynomial expansions. In order to fit the data within 
the experimental uncertainties it was necessary to include polynomials up to the eighth degree in these 
expansions. It appears unlikely that the angular distributions can be accounted for on the basis of 
compound-nucleus type of reaction. Although the usual concept of a pickup type reaction also encounters 
difficulties in attempting to account for this reaction, theoretical calculations based on this type of process 
have been compared with the experimental results. Other possible mechanisms by which this reaction 


may take place are suggested. 


ECENT measurements! of the differential cross 
sections for the C(He’a)C” reaction at a 
bombarding energy of 2.00 Mev have indicated that 
the yields of a-particle groups exhibit a rather compli- 
cated behavior as a function of angle. Since the effect 
of the Coulomb interaction on any type of direct 
process is expected to be rather large at this bombarding 
energy, it was decided to measure the angular distribu- 
tions of these a particles at a higher bombarding energy 
in order to facilitate the determination of the mechan- 
ism by which this reaction proceeds. 
The Naval Research Laboratory 5-Mv Van de Graaff 
accelerator was used to accelerate  singly-ionized 
He® particles to an energy of 4.5 Mev. The remaining 


experimental details are identical to those in the 


* (He®, a) ( . 
GROUND STATE ALPHA PARTICLES 


5.618 MEV 
‘ 
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Fic. 1. The angular distributions for the a-particle from the 
C4(He',a)C"™ reaction which leave C™ in the ground state. Qo 
is the ground-state Q value for this reaction, y.* is the bom 
barding energy, and Eq,’ is the energy of the ground-state a- 
particles in the center-of-mass system. 


* Now at Queen’s College, Georgetown, British Guiana. 
1H. D. Holmgren, preceding paper [Phys. Rev. 106, 100 
(1957) }. 


preceding paper! except that the absolute cross sections 
were not measured. 

The angular distributions for the a particles from the 
C"(He*,a)C" reaction which leave C” in the ground 
state and first excited state are given in Fig. 1 and 
Fig. 2. The uncertainties indicated in these figures 
include the statistical uncertainty of the number of 
tracks counted, the uncertainty in the measurement of 
the solid angles of the cameras, and an estimated 
counting uncertainty of one percent. 

The solid lines in the above figures represent the 
least-squares Legendre polynomial fits to these data. 
In order to fit these data within the experimental 
uncertainties, it was necessary to include polynomials of 
the eighth degree in these expansions. The coefficients of 
the Legendre polynomials in these expansions are 
tabulated in Table I. The constants C in this table 
are proportional to the total cross sections and may be 
used to determine the relative yields of the two groups 
of a particles. 

If the angular distributions of the a particles obtained 
at a bombarding energy of 4.5 Mev are compared with 
those observed at 2.00 Mev,! an interesting similarity is 
observed, particularly for the ground-state a-particle 
group. This similarity suggests that the angular 
distributions at 4.5 Mev may possibly result from a 
gradual evolution of the angular distributions at 2.00 
Mev. Preliminary measurements of the yield curves for 
the ground-state a-particle group at 7, 30, 60, and 
120 degrees in the region of bombarding energy in 
extending from 1.8 to 3.8 Mev indicate that the 
angular distribution of this group changes slowly with 
energy. The yields at all angles increase rapidly with 
energy (about a factor of 10 in this energy interval) ; 
however, these yield curves appear to exhibit several 
points of inflection in this region of energy. It is not 
yet possible to determine whether these points of 
inflection are due to some sort of resonance phenomenon 
or to changes in the angular distributions. 

It appears that it would be difficult to account for 
the experimental observations of the C'(He’,a)C” 
reactions solely on the basis of a compound nucleus 
model for the interaction. If a mechanism could be 
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TABLE I. Coefficients of Legendre polynomial expansion of 
differential cross section for each group of a-particles in the 
reaction C48 (He3,a)C!- Fy.'=4.5 Mev. a (0) =C{ Potai:Pi+:::}. 
C is proportional to the total cross section. 


Cc a aa as a as a a) as 
OA 
0.26 +0.26 +0,17 


+0.04 +0.36 +1.01 +0.55 
043 +059 +0.14 O41 


0,03 
+0.07 


ao 504 
a 855 


devised on the basis of the compound nucleus model to 
produce the observed angular distributions at 2.00 
and 4.5 Mev, it is not easy to understand how such a 
mechanism could yield theoretical angular distributions 
which would change slowly with energy. It is likely 
that any mechanism which would yield angular dis- 
tributions as complex as those observed would depend 
mostly on the properties of only a few levels rather 
than on collective properties of many levels and thus 
would be expected to be strongly energy dependent. 

One of the simplest direct-process models for this 
reaction is one in which the loosely bound neutron in 
the C* nucleus is picked up by the He? particle. The 
dashed line in Fig. 1 represents a naive theoretical 
angular distribution calculated on the basis of this 
type of process. These calculations are similar to 
those of Newns? for (d,/) reactions. If one employs a 
wave function of the type used by Rarita and Present® 
for the a particle, 


Wa=N exp(—6? > i;R; 7), 


the angular distribution due to a single angular momen- 
tum L may be expressed as 


—) OjL(Kr) jr(Kr) hi (kr) 7 
63? ; 


o(0)=M_, exp( 


where 


dr —ihz(hv) or Im, 
ka k3— ik, 
ke—(M1/M hs, 


K 
2/MiMa ' 
k ‘| ( Jot) , 
We\ M, 


ky and k, being the wave numbers of the He*-particle 
and the a@ particles in the center-of-mass system. Ro 
is the usual radius of interaction in this type of reaction 
and may be expected to be somewhat smaller than in 
the case of deuteron reaction due to the larger binding 
energy per nucleon in the @ particle. 6 is a quantity 
which is related to the radius of the alpha particle. 
M,, M,, and Mg are the masses of the target nucleus, 
residual nucleus, and deuteron. e; and Q are the binding 
energies of a proton in He* and Q value for the reaction. 
The M, factor contains various terms which are not 
functions of the angle. Among these terms are those 
quantities which depend upon the target and final 
nuclei wave functions. 


bd H. C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952) 
+ W. Rarita and R. D. Present, Phys. Rev. 51, 788 (1937) 
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When one uses the above expression for the angular 
distribution, it is not possible to match the positions 
of all the experimental maxima and minima by varying 
the parameter Ro. A value of Ro=5.3X10~" cm seems 
to produce about as good a fit as possible, giving more 
weight to the low-angle maximum and minimum. This 
failure of the theoretical expression may not be very 
serious, since the inclusion of Coulomb interactions 
and the nuclear interaction of the outgoing particle 
would shift the position of these maxima and minima. 
A far more important failure of this expression is the 
small yield at large angles which is due to a fundamental 
limitation of this model. This type of direct reaction 
requires that the neutron, which participates in the 
interaction, transfer the amount of momentum from 
the target nucleus to the incoming He’ particle necessary 
to change this He’ particle into the observed a particle. 
Since the Q value for the ground-state transition in this 
reaction is rather large (Qo= 15.618 Mev), the momen 
tum transferred for the a particles observed at high 
angles is very large. At a bombarding energy of 4.5 
Mev, for the ground-state a particles emitted at 180 
degrees, the momentum transferred corresponds to a 
neutron with a kinetic energy of about 120 Mev in 
the center-of-mass system or an internal momentum in 
the a-particle equivalent to a kinetic energy of 80 Mev. 
The existence of such large values of momentum seems 
quite improbable for any reasonable a-particle wave 
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ALPHA PARTICLES 
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Fic. 2. The differential cross sections for the first excited state 
a particles from the C(He’a)C"™ reaction. Q, is the Q value for 
this reaction when C'? is left in the first excited state, /y.? is the 
bombarding energy, and Fa,’ is the energy of the first excited state 
a particles in the center-of-mass system 
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function. Even by choosing an extremely large value 
of 8(8=1 10" cm) the yield at high angles is far 
too small. By including the Coulomb interaction into 
the theory it may be possible to increase the theoretical] 
yields at high angles; however, it does not seem likely 
that this effect would be sufficient to account for the 
observed yields at these angles. In addition to the 
problem of the momentum transfer, the probability 
of the a particle existing as a He’ particle plus a neutron 
is expected to be very small due to the large binding 
energy of the a@ particle. 

Other types of direct processes have been suggested 
for this reaction but as yet no theoretical calculations 
have been performed employing these models. One of 
these processes may be thought of as stripping an 
a particle off the initial C™ nucleus. Another process, 
which is somewhat similar, is one in which the He?’ 
particle collides with an a-particle subunit of the C" 
nucleus. The @ particle is then ejected and the He’ 
particle is scattered into the residual nucleus. This 
is similar to the direct surface interactions 
suggested by Austern ef al.4; however, the simple 
expression for the angular distribution, | j,(KR)’ 
predicted by this theory is not able to reproduce the 
observed positions of the maxima and minima. This 


proc ess 


expression also is unable to account for the measured 
relative intensities of the maxima. 

The rather rapid increase in yield with bombarding 
energy may seem to favor the compound nucleus 
mechanism ; however, for this reaction it is possible that 
the yield due to a direct process would also increase 
rapidly with bombarding energy. As the bombarding 
energy is increased, the momentum transferred by the 
neutron in a pickup type of reaction decreases for 
a particles emitted in the forward direction; thus, if 
the momentum distribution of the neutron in the 
a particle is changing rapidly in this region, the yield 
in the forward direction would also be expected to 
change rapidly with energy. This does not account for 
the increase in yield at large angles; however, if the 
reaction proceeds by another type of direct process, 
the yield at large angles may also change rapidly with 
energy due to the effect of the increased center-of-mass 


motion reducing the required amount of internal 


* Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953) 


JOHNSTON, 


AND WOLICKI 

momentum of the interacting particle at the time of 
collision. In addition, the Coulomb interaction un- 
doubtedly affects the yield of a direct process in this 
region of bombarding energy. 

On the basis of almost any type of direct process, 
considerations of the momentum transfer for positive Q 
reactions indicate that the yield of @ particles which 
leave the C nucleus in an excited state should be larger 
than the yield of those which leave the C"* nucleus in the 
ground state, since transitions to the excited state re- 
quire less transfer of momentum. For a pickup process, 
however, the M, factor in the cross section probably 
decreases rapidly with the energy of excitation of the 
level, because it must contain a term which depends 
upon the amplitude of the excited state wave function 
of the C’? nucleus contained in the ground-state wave 
function of the C” nucleus. This limitation may be less 
important in other types of direct processes. In any case, 
the M , factors or their analogs in other direct processes are 
probably not strongly dependent upon the bombarding 
energy; thus, the dependence of the ratio of the yields 
on the bombarding energy is determined mainly by the 
factors which depend upon the momentum transfer. 
Since the rate of decrease of momentum transfer in 
the direction of the theoretical maximum yield is 
smaller for an excited state transition than for the 
ground state transition, the ratio of the yields should 
be expected to decrease with increasing bombarding 
energy. Although the experimental observations exist 
for only the first excited state and the ground-state 


a-particle groups, they are more consistent with the 
predictions of a direct process theory than with those 
determined from a compound nucleus model on the 
basis of barrier penetrability arguments. 

On the basis of the present experimental observations 
and the existing theories, it is not possible to determine 
the exact nature of the interaction; however, it is 


hoped that improved experimental techniques and 
theoretical developments will lead to the determination 
of the mechanism of this interaction. 

The authors wish to thank Dr. J. W. Butler for many 
helpful suggestions concerning the experimental work. 
In addition, they would like to express their gratitude to 
Dr. Jastrow, Dr. Kellogg, Dr. Snow, and Mr. Kleitman 
for many enlightening discussions about the interpreta- 
tion of the results. 
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rhe scattering and absorption of low-energy neutrons (kR<1) 
R(1+aPz2) is calculated by expanding the neutron wave function in terms of appro 


spheroidal shape r 


by complex square well potentials of 


priate spherical Bessel and Neumann functions times spherical harmonics. The convergence of the results 


obtained is demonstrated 


The “strength function” I’,°/D, the average value of neutron width to spacing, is of particular interest 
in nuclear physics. It can be calculated from the scattering amplitude 
This strength function is plotted as a function of atomic number in the region A >90. The results are seen 


to deviate considerably from the corresponding results for spherical nuclei 


experiment 


INTRODUCTION 
Pyapues potentials have been used extensively 


in the past few years!” in interpreting neutron 
reaction cross-section measurements. At low energies 
(<3 Mev) the experimental data are best fitted with a 
potential in which the imaginary part is only a few 
percent of the real part. 

If one goes low enough in energy experimentally, one 
sees the high, narrow Breit-Wigner resonances corre- 
sponding to discrete compound states. The complex 
potential leads to cross sections which should be inter- 
preted only as averages over these fine structure res- 
onances. Plotting these average cross sections against 
energy and atomic number, one still finds resonant 
structure, the so-called “shape resonances.” Of partic 
ular interest in this low-energy region is the strength 
function, the average value of neutron width divided 
by the average level spacing for a given nucleus, nor 
malized to some energy (1 ev here) and plotted against 
atomic number. This relates to the average absorption 
cross section through formula (9b) 

Experimental data obtained by two different methods 
have been plotted in Figs. 5 and 6. One method? in- 
The other* 


involves the measurement of cross sections in the kev 


volves measurement of discrete resonances 


region where the experimental resolution is much worse 
than the level spacing. Here, then, measurements of 
cross section should give results that agree with the 
cross sections calculated using a complex potential. 
The strength function is then determined through for 
mula (9b) 

The resonant structure of the strength function has 


been discussed by Bohr and Mottelson,’ Feshbach, 


*This work was partially supported by the U. S. Atomic 
Energy Commission 
1H. A. Bethe, Phys. Rev. 57, 1125 (1940 
2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 
3 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955) 
4 Schwartz, Pilcher, Hughes, and Zimmerman, Bull Am. Phys 
Soc. Ser II, 1, 347 (1956 
6A. Bohr and B. R. Mottelson, Kgl 
Selskab, Mat.-fys. Medd 27, 16 (1953) 
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Comparison is made with 


Porter, and Weisskopf,*? Weisskoptf,® and Lane, Thomas, 
and Wigner.’ Feshbach, Porter, and Weisskopf* have 
calculated the strength function using a complex square 
well of spherical shape 

Nuclear shapes are known to be deformed from the 
spherical away from closed shells.* This suggests it 
might be more realistic to use a complex potential of 
nonspherical shape in discussing neutron scattering from 
these nuclei. In particular, in this paper we have con 
sidered deviations from spherical shape of a quadrupole 
character. These shapes are called spheroidal here. We 
consider particularly the heavier nuclei, 4>90. A 
nucleus with a quadrupole moment has nonzero angular 
momentum and the symmetry axis if the nucleus (as 
suming that there is one) precesses about the fixed 
angular momentum vector. This precession, however, 
is slow compared to the period of motion of the neutrons 
in a well of depth of the order of 40 Mev as long as the 
quadrupole moment is not too small; i.e., away from 
closed shells.’ It is realistic then to consider scattering 
by a static potential of spheroidal shape 

The purpose of this paper is to demonstrate the modi 
fications in low-energy neutron scattering that occur 
when the potential! has a spheroidal rather than a 
spherical shape. Deformations of shape other than the 
quadrupole can be treated by methods similar to those 
used below. The methods used here are applicable to 
other problems of scattering from spheroids where the 
wavelength is much larger than the dimensions of the 
scatterer 


SCATTERING BY SPHERICAL COMPLEX POTENTIAL 


The wave function for s-wave neutrons scattered by 


complex potential 


Vo(1+it), r<R 
(1) 
0) r<R 


? 
®V. F. Weisskopf in Proceedings of International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, August, 1955 (United 
Nations, New York, 1956), Vol. 2 

7 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955) 
Foley, and Low, Phys. Rev. 76, 1415 (1949 


* Townes 
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in the region r>R is given by 
i 
y= (¢ tkr fioe'*"), 
2kr 


(- cotX +1x 
fio e Qiz Se ) 
X cotX —ix 
kR, where k is the wave 


x?-+- (2M /h’) 


(3) 


In the above equation, x 
number of the incident neutrons and X* 
K Vo(1+1f)R?= K*R’. 

At low enough energies where the Breit-Wigner-type 
resonances are well spaced, fj can be considered as an 
average over the neutron resonance scattering ampli- 
tudes given by’ 


iT',° 
no=e san( ' +m 
E-E,+11*/2 


where I’,*, I'* are the neutron and total widths of the 
compound nucleus level of energy E,, R’ is a length of 
the order of nuclear dimensions, EF is the incident 
neutron energy, and * is the contribution of levels 
other than that at energy EF, as well as interference of 
the sth level with the other levels. Feshbach, Porter, 
and Weisskopf* show that mo* contributes a negligible 
amount to the average of no if the spacing of the levels 
is much larger than the level widths. Averaging no over 
resonances yields 


(4) 


fom 2h’ (1—xI',/D), (5) 
where D is the average spacing of the levels and I’, is the 
average value of the neutron widths. It follows that, for 
RR’, 


lal (6) 


(7) 


(1/m) Re(1 Ho), 


kR’ =} Im(1— fo). 
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Fic. 1. Effective radius R’ and the ratio I’,°/D of average neu 
tron width to the average level spacing as a function of A. The 
strength function I’,°/D is normalized to 1 ev, and R’ is plotted in 
units of R. The curves correspond to a spherical nucleus, and to 
spheroidal nuclei with eccentricity «=0.045. 
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The strength function and R’ can be evaluated using the 
form (3) for Ho. Equation (3) can be written for x1 in 


the form 
1 
1 —4o=in(1 ee ). 
X cotX 


The average scattering and absorption cross sections 
using average scattering amplitudes are given by the 
usual expressions: 


(8) 


(9a) 


1 
6,.=—(1— | %o|?)=— (9b) 
2 2 


D 


The equalities on the right-hand side are valid in the 
low-energy region of well-spaced levels. Here 6,. refers 
to potential elastic scattering and é, to compound 
nucleus formation. For low energies, if the (n,y) process 
is negligible, only elastic scattering contributes to @,. 


SCATTERING BY SPHEROIDAL POTENTIAL 


If the complex potential has a spheroidal boundary, 
a solution of the following Schrédinger equation is 
desired.’ 
V+ (P—V)y=0, 
0, r>R{1+a4P2(cosd) |= — (2M/h?)Vo(14+-12£), 


r<R{1+aP2(cos6) ]. (10) 


The form r= R(1+aP2) for the boundary of the square 
well puts the axis of symmetry of the spheroid along the 
z axis. Since very low-energy scattering is considered 
here, only ingoing waves of angular momentum zero are 
important. It will be seen that asymptotically there will 
be only s-state outgoing waves too. We are free then to 
choose the axis of symmetry as we please. The low- 
energy scattering will be independent of the spheroid 
orientation. In terms of the spheroid axes lengths b and 
c, ¢ being the length of the symmetry axis. 


Sa~e= (7? —B*)/(F+8*), (11) 


where ¢ is defined as the eccentricity of the spheroid. 
The approximation a= 4e is a good one for 40.1. 

Solutions of (10) for the outside and inside regions 
can be written in the form 


vo=¥ (+1) FFL, (kr) +-nhy (kr) JP (cos8) 
> (214-1) ji(kr) +3 (m— 1)hi™ (kr) |P1(cos8), 
r>R(1 + aP») 


r< R(i+aP2) 


(12a) 


V1 (12b) 
where the outside wave function has been normalized 


so the incident plane wave is given by e'**. 7; are spher- 


>A Jil Kr) Pile osé), 


* It is to be noted that the wave equation (10) does not separate 
in any system of coordinates 





LOW-ENERGY 
ical Bessel functions and h, spherical Hankel functions 
of the first and second kind. 

It remains to join the inside and outside region wave 
functions and their derivatives at the surface of the well. 
In the case of a spherical well, angular momentum is a 
good quantum number and one merely equates coeffi- 
cients of P;. This determines the 7, and A;. In the case 
of a spheroidal scatterer, angular momentum is not a 
good quantum number and we must write 


Dn ® 


Y AjlY) P= X (+1)! 


L==() 2 l=) 2 


x Ljily) +4 (m—1) hi (y) Pi, (13a) 
where Y= X[1+<aP:(cos@) | and y=a{1+aP2(cos6) |. 
The sums are taken only over even / values since parity 
is a good quantum number. Since for «<1 only /=0 
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Fic. 2. Effective radius R’ and the ratio I’,°/D of average neu 
tron width to the average level spacing as a function of A. The 


strength function I’,°/D is normalized to 1 ev, and R’ is plotted in 
units of R. The curves correspond to a spherical nucleus, and to 
spheroidal nuclei with eccentricities «= +0.075. 


ingoing waves are important it follows that all odd 7 
waves are unscattered. Another equation can be written 
for the radial derivatives of the inside and outside wave 
functions at R(1+aP,): 


(13b) 


Equations (13) must then be made to hold for all values 
of 9. Since the series (12) for y are formed from complete 
sets it should be possible to solve for the A; and m. It is 
instructive to multiply both sides of Eqs. (13) by 
P,(cos6) and integrate from 6= 0 to 2x for l=0, 2,4, ---. 
One then finds readily for even / (see Appendix I) the 
approximate proportionalities : 


A,«a'{14+O(a)] as x0 (14) 


and 


m—1«a'/*{14+O(a) jx! as 2-0. (15) 
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Fic. 3. Effective radius R’ and strength function I',°/D as a 
function of A for a spheroidal nucleus of eccentricity «=0.1. The 
curves represent the calculations in approximations of successive 
order. The L=2 approximation yields the results for spherical 
nuclei and the successive order approximations give information 
on the convergence of the calculations. L=8 for example repre 
sents the calculation in which inside and outside wave functions 
and their derivatives were joined at angular positions given by the 
roots of Ps(u) =0 


It is important to note that for a spherical square well 
one has approximately 


m—l«x! as x0. (15a) 


Relations (14) and (15) show that for x and a1 only a 
few values of / will contribute appreciably to the ex- 
pressions (13). A comparison of relations (15) and 
(15a) shows why even for low energies it is important 
to include terms for />0 in the scattered wave in the 
case of a spheroidal potential whereas for a spherical 
potential they are negligible. For 1>0, r= R, the /th 
partial wave of Eq. (12a) has the approximate form 


u,% a'/24'ln (RR) x a!!?, (16) 


whereas for the case of a spherical potential it has the 
approximate form 

v,% aly (RR) x x0 (16a) 
However, as r->™, as in the spherical case, 


é ikr 


ie 


noe'*" 
-2ikr 


(17) 


Equations (13) can be made to yield no as follows 
Neglect values higher than /=L, say. Put cos@=4,, 
1=1, 2,3, ---, L/2, where yu; are the roots of P, (yu) =0 
One then has L linear equations in the L unknowns A, 
and (1/x'*t!)(m,—1), /=0, 2, 4, ---, L—2. These can be 
solved for mo, which then yields the strength function 
and R’ through Eqs. (6) and (7) which carry over to the 
case of spheroidal nuclei 

RESULTS AND CONCLUSIONS 

In practice, solving Eqs. (13) is a tedious, difficult 

business since several / values are required to obtain 
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Fic. 4. Effective radius R’ and strength function [',°/D as a 
function of A for a spheroidal nucleus of eccentricity «=0.15, and 
for a spherical nucleus. Calculations in approximations of the two 
highest orders considered are plotted 


convergence for eccentricities such as occur in nuclear 
shapes. It was found profitable to program the cal- 
culation for a computing machine. Figures 1 to 4 show 
I',°/D and R’/R for spheroidal nuclei plotted against 
atomic number in the range of atomic numbers A = 90 
0.045, 0.075, 0.1, 0.15, and 

0.075. The corresponding curves for spherical nuclei 
are also plotted. In all cases Vp=42 Mev, ¢=0.03 and 
R=145X A!X10-" cm. I’,” refers to I’, normalized to 
an energy E=1 ev. 

lor eccentricites e= +0.075 and e= 0.045, the curves 
of the strength function and R’ when one takes L=6 
almost coincide at all points with those when L=8. 
The curves plotted in Figs. 1 and 2 were obtained by 
taking L=8 and represent convergent results. 

Figure 3 shows results for e=0.1 taking L=2, 4, 6, 8 
(= 2 corresponds to the spherical result). The neces- 
sity of taking higher / values into account for larger 
eccentricities is clearly demonstrated. It was decided to 
slop at L 
volved. The third maximum, which starts to show up 
for «= 0.1, appears more definitely in Fig. 4 (e=0.15). 
The maxima can be understood in terms of spherical 
potential results as follows. For scattering by spherical 
square well potentials, the scattering amplitude for 
angular momentum / is given by? 


nme suf 


where 


to 210 for eccentricities « 


& because of the amount of calculation in 


215; 
t ), (18) 
(1+ Xj (X)/j(X) J— Arti, 
Ay { LS; 
b, 


1+-xhy’ (x)/hy™ (x), 


tan“ "| —j,(x)/ni(x) | 


One then has resonances in the cross section when the 
real part of the denominator on the right side of (18) 
vanishes. For low energies, i.e., as x90, this condition 
becomes 


Yagi (Xe (1+ 1)7(X px) 0 (19) 


S. TROUBETZKOY 


For />0, this is equivalent to j;,(X 2) =9. In the above 
equation, Xx is the real part of X. The small changes 
due to the small imaginary part of X are neglected. 

The nonspherical part of the potential in (10) acts to 
mix these resonances since for such a potential angular 
momentum is not a good quantum number. At low 
energies for spherical scattering centers only the 1=0 
resonances are excited. Because of the mixing of angular 
momenta for nonspherical scatterers, this is not the case 
for the latter. One has solutions of (19) for /=0 at 
Xn=11 (A=151) for l=2 at Xp=10.9 (A= 147) and 
l=4at Xp=10.4 (A=128). The /=0 and 2 resonances, 
because of their small separation, mix strongly and this 
accounts for the two peaks in I',"/D in Fig. 2. 

Increasing the nonspherical part of the potential by 
increasing the eccentricity € increases the splitting in 
the resonance positions. This is much as one finds in the 
splitting of degenerate or near degenerate states by a 
perturbing potential in bound state problems. For 
higher eccentricities, the coupling to other / resonances 
becomes significant as is seen in Figs. 3 and 4. 

The experimental strength functions’ * (Fig. 5) in the 
region A= 155 to 188, where nuclear deformations are 
comparatively large, agree much better on the whole 
with the spheroidal well values than with the spherical. 
It is indeed possible to fit the experimental strength 
functions in this region by using eccentricities of magni- 
tude e<0.2. 

On the other hand, the strength functions for nuclei 
with neutron number near the closed shell .V = 82 (see 
Fig. 6) have strength functions which agree very well 
with the spherical well calculated curve. Data are 
lacking near Z= 82, A= 126 to make a similar compari 
son. 

For A~230 to 240, the measured strength functions 
are considerably higher than those calculated using a 
spherical well. In this region, for reasonable eccentri- 
cities, the spheriodal well results do not deviate from 
the spherical. These high strength functions could be 
explained by mixing with odd-/ spherical potential 
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Fic. 5. Experimental values* of the strength function I°,°/D 
rhe curve is the theoretical strength function for a spherical 
nucleus 
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Fic. 6. Experimental values of the strength function I°,°/D for 
nuclei near closed shells, The number of nucleons approaching a 
magic number has been written beside each experimental point. 
The curve is the theoretical strength function for a spherical 
potential 


resonances. Solutions of (19) with angular momentum 
/=1,3 exist in this region of atomic number for a well 
of 42-Mev depth. To excite odd-/ resonances requires a 
well with a shape depending on odd harmonics. Evi 
dence for shapes of this type comes from the fact that 
there are low-lying 1— states for even-even nuclei in 
this region of A.” The character of these states suggests 
that they may be rotational states. This would make for 
nuclear deformations of odd spherical harmonic shape 
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APPENDIX I 


Equations (13) for fitting the inside and outside wave 
functions at the boundary r=R[1+a/P2(cos6) | are 
identities with respect to 6, and have to be solved for 
the A,’s and n,’s. If one takes successive moments of 
these equations by multiplying by ?; and integrating 
over 8, one obtains as many independent equations as 
needed."! 

For the sake of simplicity, let us cut off Eqs. (13) 
at /=2 and take the first two moments. Keeping terms 

Stephens, Asaro, and Perlman, Phys. Rev. 100, 1543 (1955). 


" This is not the procedure that was used to solve for no in the 
machine calculation, That procedure was described earlier 
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up to the order of a*, we get for «< 


(ax)? aX 
| Jot jo” lA { E T 
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10 
a’ (no 1) 
bi( 14 ) 
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P* aX ‘ 
X jo’ +—(X in)" ot+ | (Xj2')'4 Xj,! |: 
10 5 7 
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2a’ (no 1) 
(1 t ) 
5 2x 


2 3 
jo” 4. | E t+—(aX)jo'4 
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(aX )*j9” r :' 


(no 1) 
la 0), 
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(A2a) 


aX 


an] (X70')'4 


( X jo! id |! ( 


2 3 
t xe + (aX) (X72) } 7 


aX?( Xj)" JA 


(no~ 1) 
tat +45 (), 
24 


(A2b) 


where Eqs. (Al) and (A2) correspond to the zeroth and 
(bh) 


Phe primes 


second moments respectively, and Eqs. (a) and 
come from (13a) and (13b) respectively 
denote derivatives with respect to X, the argument of 
the Bessel functions 

Inspecting Eqs. (A2), one sees that to the lowest 
order in a 


Ly a, 
Ne 1« ax 


More generally, taking into account higher / values, 
one has 
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The total neutron cross sections of Sc**, V“, Mn**, Co, Cu®, and Cu® have been measured in the energy 
range of ~1 to ~100 kev. The resonance parameters, including tentative J-value assignments, have been 
obtained for some of the more pronounced resonances observed. In the low-energy region, where our 
measurements overlap with those made with time-of-flight equipment, the results for the 2.36-kev resonance 
in Mn“ and the 4.1-kev resonance in Sc are in good agreement P./D (averaged between 1 and 100 kev) 
was determined for Cl, K, Ni, Ni™, As’, and the above six nuclei. To calculate [',°/D the average 
experimental transmission data was compared to the average Breit-Wigner transmission. The variation 
of T',°/D with atomic weight has been compared to the theoretical predictions of the Feshbach, Porter, 
and Weisskopf model of the nucleus, The results indicated that the peak is around A = 47, and the amplitude 
is about 5X10~*. These values would roughly correspond to a real potential, Vo=46.5 Mev, and ¢=0.05 
for the complex fraction of the potential; a square potential well and a radius R=1.45A!X10~- were 


assumed 


I, INTRODUCTION 


YTUDIES of total 
important parameters of nuclear energy levels.' 
The levels observed, are those of the compound nucleus 
at an excitation energy equal to the neutron binding 
plus the bombarding energy. The theoretical basis for 
the resonance phenomena is very well explained by 
the Breit-Wigner theory.’ In the kev region, the 
problem is simplified for light and intermediate nuclei 
since the predominant reaction is elastic scattering. 
There is a further simplification near A= 50, since we 
may assume that most of the scattering in this region 
(1-100 kev) is due to s-wave neutrons. Although 
higher angular momentum resonances are present, 
their half-widths are usually very small due to the 
centrifugal barrier effect. Thus the resonances observed 
can be described by the single-level Breit-Wigner 
scattering formula for s-wave neutrons. The important 
parameters which appear in this formula are the energy 
Eo of the resonance, it half-width, ', and its spin J. 


neutron cross sections yield 


If the resolution distorts the true shape of the resonance, 
a correction must be applied to the data to obtain the 
true shape. 

An important parameter, which does not appear in 
the Breit-Wigner formula, is the average level spacing 
D, which is the average energy separation between two 
adjoining levels of the same spin and parity. The ratio 
of the average reduced half-width to the 
average level spacing for each channel, [',°/D, is called 


neutron 


the strength function.‘ This function can be compared 


* This work was supported by the U. S. Atomic Energy 
Commission. 

t Now at Brookhaven National Laboratory, Upton, Long 
Island, New York. ; 

‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. VIIT. 

?G. Breit and E. P. Wigner, Phys. Rev. 49, §19 (1936). 

+ Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947) 

‘Some authors [e.g., R. G. Thomas, Phys. Rev. 98, 77 (1955); 
S. E. Darden, Phys. Rev. 99, 748 (1955) ] prefer to define the 
strength function by replacing I',° by the Wigner definition of 
the reduced neutron half-width. 


with theoretical predictions based on different nuclear 
models.*® 

The region around A = 50 is of particular interest in 
regard to the Feshbach, Porter, and Weisskopf model of 
the nucleus.® Since it is known® that the level spacing 
of the intermediate nuclei are of the order of a few 
kev, a systematic study of the neutron cross sections 
of some of these nuclei was undertaken. 


II. APPARATUS AND PROCEDURE 


The measurement of total neutron cross sections by 
the Duke neutron collimation-detection system has 
been previously described.’ In some of the latter runs, 
the energy determination made by measuring the 
threshold of the Li(p,n) reaction has been supplemented 
by normalizing the energy scale to a low-energy 
resonance in Mn®, reported to be at 2.36+0.01 kev 
by the Argonne fast chopper group.* ‘The method of 
energy calibration by means of the Li(p,n) reaction is 
somewhat less accurate then that of the fast choppers. 
The final error in our energy determination is estimated 
to be +1% above 25 kev, and +0.25 kev below 25 kev. 

The Cu® and Cu® samples’ were in the form of 
copper oxide powder. The Cu®O and Cu®O samples 
were 99.40% and 98.16% isotopically pure, respectively. 
The samples were compressed in the form of a rec- 
tangular parallelepiped using a tool steel die and a 
hydraulic press capable of a ram force of 20 000 pounds. 
While under pressure, the samples were heated to 
150°C for a few hours to ensure that there was no 
water vapor in them. They were then hermetically 
sealed in tight fitting 5-mil silver cases. Silver was 
used since its cross-section curve is flat at our resolution 
and energy.’® The samples were large enough so that 


’ Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

® Hibdon, Langsdorf, and Holland, Phys. Rev. 85, 595 (1952) 

7 J. H. Gibbons, Phys. Rev. 102, 1574 (1956) 

* Bollinger, Palmer, and Dahlberg, Phys. Rev. 95, 645 (1954). 

* Enriched isotopes were borrowed from the Isotope Division 
of the Oak Ridge National Laboratory, Oak Ridge, Tennessee. 

“ Unpublished results from this laboratory. 
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TABLE I. Results of 57.3-kev resonance in Cu™ 


\verage 
AE (kes Paren (kev Marea (kev )* 
1.32 
1.23 
1.03 
0.76 
0.72 
0.73 


Ea(kev) J value 


57.340.6 1 1.19+0.24 


0.744015 


Wk we ue we 
aR Oa Ow Ww 


* The italized number is the average Pures for the preferred J value of 2 


they intercepted the full area of the neutron beam 
entering the collimator. To compensate for the effect 
of the silver jacket and the contaminating isotope, 
dummy samples were prepared. In the case of the 
Cu®O sample, the dummy sample consisted of 10 mils 
of silver foil, and the proper thickness of natural 
copper foil (2 mils), so that it had the same thickness 
in atoms/cm* as the contaminating Cu®™ isotope. 
Therefore, taking the ratio of the sample-in count of 
the Cu®O sample to its dummy sample, we get the 
transmission ratio for pure CuO. Similarly, a dummy 
sample was prepared for the Cu®O sample. For both 
samples the oxygen cross section can be subtracted out 
since it is fairly constant at 3.7 barns over the energy 
region involved,'0:!! 

The Co”, Mn°®, and V" samples were in the form of 
metal sheets, ground to the required thickness. The 
Sc2#°O3, and As’® were in the form of fine powders; 
they were treated in a similar manner to the CuO 
samples. The estimated error in all the sample thick- 
nesses was less than 1%; and the purities in all cases 
are 99% or better according to the manufacturers. 

For each neutron energy setting, the sample-in 
and sample-out count were monitored by the integrated 
proton current striking the lithium target. The neutron 
counts obtained from a modified McKibben counter 
placed at 0 degrees to the incident proton beam served 
as a check on the proton monitoring. The number of 
counts recorded by the detecting system for the 
sample-in was usually kept above 5000. The sample-out 
count was usually taken twice at each energy setting 
in order to check the consistency of the yield during 
counting. 

The cross-section curves were calculated from the 
relation o,=(1/N) In(1/7), where V 
thickness and 7 is the observed transmission 
No resolution correction was applied directly to these 
curves. Since the present resolution is not sufficient 
to resolve most of the resonances observed, the method 
of area analysis was used” to determine the half-width 
of a resonance for each of the two possible J values. 
This method of analysis does not depend upon knowing 
the exact shape of the resolution function. The assump 
tions made are that the resonances are well separated in 


is the sample 
ratio 


"C.K. Bockelman, Phys. Rev. 80, 1011 (1950) 


'2 FE. Merzbacher (private communication) 
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Total neutron cross sections of Cu® and Cu® 
Errors indicated are derived from counting statistics 


vs energy 


energy, and that the interference term in the single 
Breit-Wigner formula can be neglected; that is, on the 
average, the potential and resonance scattering add 
incoherently. The estimated total error in Pyrea is 
about 20%. 

By investigating a resonance with two different 
sample thicknesses, and applying the method of area 
analysis to both curves, one can in principle determine 
the J value of the resonance. The half-width corre 
sponding to the correct J value should not vary much 
for different sample thicknesses, whereas the half-widths 
we calculate, assuming the wrong J value, will usually 


vary for different sample thicknesses 


III. ANALYSIS OF INDIVIDUAL RESONANCES 
Cu*, Cu® 


The total neutron cross sections of the two copper 
isotopes were measured from 1.1 to 97.2 kev, Fig. 1 
These measurements were made simultaneously, so 
that comparison with the same resolution could be 
made. The samples were of about the same thickness 
The spins of the ground states of both copper isotopes 
are %. For s-wave scattering there are two possible 
J-values, J=1, and J= 2. 

The Cu® sample showed quite a few resonances in 
this energy interval, with a particularly strong one at 
57.3 kev. The method of area analysis was used to 
determine [yye, The 
results for this resonance are given in Table I. The 
consistancy of the Pare, values calculated for the 


for the two different J values 


different energy intervals, AF, leads to a very slight 
preference for the J=2 state. Since only one sample 
thickness was available, the J value could not be 
determined uniquely, and the best estimate of Vares 
is taken as the average of the two values given in 
Table I; that is, arey is roughly 1 kev 

By assuming that all of the resonances observed in 
the energy region under study are due to s-wave 
scattering, and that both spin states occur in equal 
estimate of the average level 


amounts,’® a rough 


4A recent survey shows that this assumption might not be 
valid; see V. L. Sailor, Phys. Rev. 104, 736 (1956 


’ 





112 H. MARSHAK 
spacing can be obtained by counting up the number of 
peaks in an energy interval and dividing by two. 
Since many of the peaks at higher energy might be 
double, the first 25 kev was used to determine D. 
This turns out to be about 7 kev per channel for Cu™ 

The Cu® sample showed somewhat less structure than 
the Cu® sample. For Cu® the average level spacing 
per channel is about 8.5 kev 


V"', Mn°®*, Co’’ 


The total neutron cross sections of V", Mn, and 
Co” were measured from 1.6 to 100.5 kev, Fig. 2. 
‘These measurements were made simultaneously, so 
that comparison with the same resolution could be 
made. The samples were of about the same thickness 
The energy scale was normalized so that the resonance 
apparently at 2.6 kev in Mn was shifted to 2.36 kev* 
as mentioned previously. 

One can get some idea as to where the resolution of 
current time-of-flight equipment begins to exceed the 
resolution of our equipment by comparing some 
The 2.36-kev 
Mn" is resolved by a fast chopper and a peak cross 


low-energy resonances. resonance in 
section of 650 barns is measured,* which agrees with 
the theoretical value for J/=3, The peak cross section 


of this resonance is 150 barns when measured under the 


woes 2.66 10 ATOMS/Cm* 


1.335 10° ATOMS/Cm* 
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Fic. 2. Total neutron cross sections of V", Mn®* and Co os 
energy. Asssuming s-wave scattering, the theoretical maximum 
cross sections are drawn in for the two different J values 
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best prevailing resolution and background conditions 
of our equipment. The 7.3- and 9.0-kev resonances in 
Mn appear as one peak when investigated with the 
Argonne*® and Brookhaven’ fast choppers. Thus it 
seems that, above 5 kev, our equipment has better 
resolution than the current time-of-flight devices with 
which we can make this comparison." 

The spins of the ground state of V°', Mn®, and Co” 
are $, $, and j, respectively. Assuming s-wave scatter- 
ing, the J values for V", and Co” are J=3 and J=4, 
while for Mn®® the J values are J/=2 and J=3. In 
Fig. 2 the loci of points for the peak cross sections have 
been drawn in for the pertinent J values. In looking 
at the three cross-section curves, one notices that they 
all have about the same number of resonances. The 
average level spacing for V”, Mn, and Co™ are 10, 
10, and 8.5 kev respectively, for the first 25 kev. 
(observable half-widths) 
decrease as we go from V™ to Mn*® to Co™. Thus, one 
can qualitatively see that the strength function is 
largest for vanadium and decreases as we go to man- 


The size of the resonances 


ganese and cobalt. 

The circles in Fig. 2 represent the cross section taken 
with a sample of one-half the thickness of that used to 
take the solid cross-section curves. Most of the peaks 
are noticeably higher for the thinner samples because 
of self-shielding and background. Three resonances, 
two in V” at 69.1 and 87.1 kev, and one in Mn* at 
35.1 kev appear to be nearly perfectly resolved; that 
is, the circles at the peaks fall very near the dashed 
lines. These three looked at with 
thinner samples and better statistics; the results of 
these later measurements are given in Table II. The 
directly measured half-widths, T.x,, are in gooP 
agreement with the Dares, calculated by the area 
analysis for the two vanadium resonances; the man- 
ganese peak at 35.1 kev may be complex, in which case 
neither method of analysis is applicable. 

The peaks of the first three resonances at 4.1, 6.6, 
and 11.5 kev in V™, were re-examined very carefully 
with samples as thin as 0.192 10” atoms/cm’. Although 
the measured maximum cross sections were high, they 
did not come up to either of the two J-value curves, 
and were not perfectly resolved. By using two different 


resonances were 


45 22 2 
Sc 153x110 ATOMS/Cm 


40 50 
e. (Kev) 
Fic, 3. Total neutron cross section of Sc“ vs energy 


4 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys 
Rev. 95, 476 (1954). 
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TABLE II. Summary of neutron half-widths and J-value assignments. / is the neutron energy at the peak of the resonance. laren 


is the neutron half-width computed by the area analysis method 


is the measured half-width of the resonance. og. is the 


exp 


maximum theoretical cross section obtained by using the single-level Breit-Wigner formula. o.x, is the experimentally measured peak 


cross section. 


Target 
nucleus keo(ke 

0.26+0.05 
0.48+0.10 
0.53+0.11 
0.56+0.11 
0.62+0.12 
2.85+0.57 
3,12+0.62 
24 +0.48 
1.3 +0.26 
6.0 +1.2 

28 +0.56 
0.37 +0.07 
0.43+0.09 
0.28+0.06 
0.78+-0.16 
0.55+0.11 
1.2 +0.24 
2.0 +0.40 
0.37 40.07 
0.26+0.05 


1.5 +0.30 


Sc* 
ys 


+-(),.25» 
+().25» 


0.224-0.04 
04140.08 
O44 +40.09 
0484010 
0.514010 
2.262045 
2.264045 
1.9 +0.38 
1.0 +0.20 
1.5 +0.90 
2.2 +0.44 
0.314006 
0.35 40.07 
0.23-+0.05 
0.64-+0.13 
0.42-+0.08 
0.89+0.18 
14 +0.28 
0.32+0.06 
().22+4-0.04 
1.1 +0.22 


4.1 
4.1 


6.6 +0.25» 
11.5 +0.25» 


16.6 
22.1 


+-(0).25 
+().25 
69.1 +0.7' 
87.1 +0.% 
2.36+0.25" 


7.3 +0.25> 
9.0 +0.25» 
21.2 +0.25 
27.3 +0.3 
+0.4° 


* The italicized numbers indicate the value of Dares 

b+ These resonances were analyzed by using two different 
given 

¢ These resonances were considered to be perfectly resolved 


sample thicknesses, the first three resonances in V®, 
along with the 2.36-, 7.3-, and 9.0-kev resonances in 
Mn**, and the 4.7-kev in Co were 
investigated. The results for these resonances are 


resonance 


given in Table IT. The experimental peak cross sections 
are for the thinner samples. 

The J-value assignment for the 2.36-kev resonance 
in Mn°*® agrees with the results of the Argonne group.°® 
They report a half-width of 0.34+-0.03 kev, whereas 
here the average for the two samples for the J 
is 0.3340.07 kev 

By using the data of Fig. 2, some of the remaining 


3 state 


larger resonances were also analyzed by the method 
of area analysis. These results are given in Table II 


Sc?! 


‘* was measured 


The total neutron cross section of S« 
from 2.0 to 105.0 kev, Fig. 3. The average level spacing 
per channel for the first 25 kev is about 12 kev. The 
(observable half-widths) are 
about the same size as those in Mn®*®. Thus, we can 
qualitatively see that 
maximum in the neighborhood of vanadium. 

The 4.1-kev resonance in Sc*® was reinvestigated 
with two sample thicknesses at the same time as the 
other low-energy in the last 
section. The results are given in Table II. This resonance 


sizes of the resonances 


the strength function has a 


resonances discussed 


was also investigated by the Harwell fast chopper 
group.'® They report it at 3.6+0.2 kev, with a half 


Pattenden, Proc. Phys. Soc. (London) A68, 104 (1955) 


16 N J 


end 
co = 


— > 
rAl 
x 


n~ 
ee ks ee i Bd 
NRNANWNH NH 


t 


for the preferred J values 
sample thicknesses, In the case 


vhere a preterred J value is given, bot! 


width of approximately 0.18 kev as compared to our 
value of 0.22+0.04 kev for the upper J value 


IV. DISCUSSION OF RESULTS 


A good are implied in the 
application of the area method, and in general the 


very 


many assumptions 


resulting estimates of the half-widths are not 
accurate. In Table II, variation of ',,., with the choice 
of J value is not much greater than the experimental 
error from other causes; hence, when no preference is 
indicated by the data, a useful estimate of the half 
width may be made the for 
the different J 
perference for one J value will appear only under very 


by averaging values 


two values. Conversely, a strong 
favorable circumstances; the preferences indicated are 
tentative 

The average level spacing, as obtained by counting 
the 


certainty. It is now known 


to considerable 
that the 
due to a single channel vary in width over such wide 


resonant peaks, is subject un 


bG,4e resonances 


ranges that, in these experiments, some of the res 
onances are too narrow to detect. In the next section, 
it is shown clearly that the average strength of the 
resonances decreases steadily between vanadium and 
copper Thus, the for 
larger for copper than for the rest 


correction lost resonances are 


‘Time-of-flight work!" 


indicates that the spacing per channel for copper may 


‘6 Harvey, Hughes, Carter, and Pilcher, Phys. Rev, 99, 10 


1955) 
177). J. Hughes and J. A. Harvey, Phys. Rev 
* Bollinger, Cote, and LeBlanc (unpublished 


99, 1032 (1955 
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hic. 4, Example of a transmission curve showing 
resonance structure 


be as low as 1 or 2 kev for each isotope as compared 
to the 7-8.5 kev found here 


V.6,°/D 
A. Method of Calculation 


The ratio of the average reduced neutron width to 
be determined 
The straight 


the average level spacing, ra Dd, can 
experimentally in a number of ways 
forward method, which is impracticable in our case, 
would be to locate all the resonances in a given channel 
and determine the half-widths. A second method of 
determining the strength function has been suggested 
by ‘Thomas,'® and used by Darden.” This method was 


thick 


samples. We considered that the resulting low trans 


not used, since one would have to use very 
mission ratios could not be corrected for background 
with sufficient accuracy. The method used to calculate 
r.° D was to 


transmission 


the average experimental 
Breit-Wigner 


compare 


data with the average 
transmission. 

* The expression relating l,.°/D to the average experi- 
mental transmission can be derived in the following 
manner. Consider an s-wave resonance at energy Eo, 
between the energy limits FE, and E,, Fig. 4. The area 


above the transmission curve is 


Ky Ey 
f (1—T)dE f (l—e N«)dk (V-1) 
! K 


! “ 


where 7 is the transmission ratio, NV is the sample 
thickness, and o,, is the Breit-Wigner single level 
scattering formula. Putting this formula into the above 
equation and evaluating some integrals we obtain the 
approximate expression 


Kr a 
f (1—T)dE=-T,"f(g)+(1—a)(Ei— E,), (V-2) 
) 


Ei + 


# RK. G. Thomas, Phys. Rev. 98, 77 (1955) 
»”S. E. Darden, Phys. Rev. 99, 748 (1955) 
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with 

a=e No 

f(g) = (Eo/e0) eye" J o( fix) — iJ (Giy) ]1—y*y), 
y= 4rho'gN cos(2kR), 


y=4 tan(2kR), 


pot, 


where I,” is the reduced neutron half-width, apot is 
the potential scattering, €) is 1 ev, Ay is (1/2) times 
the neutron de Broglie wavelength at resonance, k is 
the neutron wave number, FR is the nuclear radius, 
and g is the statistical weight factor. 

If we have an energy interval between E, and E2, 
composed of numerous resonances of either channel, 
then we can sum (V-2) approximately to give 


Ka a 
f (1—7)dk= L DL Pa’ f(giyt DL Una’ f(g2) | 


ky n ny 


+(1—a)(F2—), (V-3) 
where the summations are over the m, resonances of 
channel 1, and the ny resonances of channel 2. It has 
been assumed that the resonances are non-overlapping, 
and that the potential scattering is constant over the 
entire energy interval. In practice when the spin is 
>4, f(gi) is very close in value to f(g2), and one 
may write 


ke Ey 
(1—T) sy J a-nae / f dk 
Ey Ei 

a 


at’, f(g) +(1—a), 
2(E2— Fj) 


(V-4) 


where 


nf’, = Xe I'n \’ + 2 Ino’. 


ni ne 


The average level spacing, D, in the energy interval 
E, to Ez» is defined as 


D= (E,.— E,)/4n, (V-5) 


ase ILI. Summary of the values of (T,°/D), calculated from 
the experimental data.* 


Sample 
thickness 
(107? atoms ‘cm? 


5.69 
6.23 
1.53 
3.06 
2.66 
3.13 
2.66 
3.06 
1.80 
1.75 
3.06 


104 X Estimated 
error 


Target 


nucleus 104 X (Pn®/D)1 


Cc} 0.0059 
K*® 0.78 
Sc 3.5 
ys 
Mn* 
Ni** 
Co” 
Ni® 
Cu® 
Cu® 
As™ 


+0.3 
+0.3 
+09 
+0.4 
+05 
+1.0 
+0.6 
+1.0 
+0.8 
+0.8 
+0.5 


Wet ww 
SAWS ew~ 


a 


I'n®/ D)1 was calculated by using Eqs. (V-6) and (V-7), with op =49R 
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where we assumed n,=n.=4n. Combining Eqs. (V-4) 


and (V-5), we obtain 
r.° 1 
D a 


(1-7 w— (1—a) 
(V-6) 
f(g) 


For nuclei with /=0 (even A, with the exception of 
the odd-odd nuclei), there is only one g value for 
s-wave neutrons; one has instead 


f° 25 (1—T),— (1—a) 
- (V-7) 
D a /(g) 
The parameter a, which is determined by the potential 
scattering, can be evaluated either from the cross 
section data or on the basis of some nuclei model; 
e.g., for the strongly absorbing or “black nucleus” 
model® ¢,..= 4X’ sin’kR. 

Since D presumably does not 
subinterval to subinterval, we can define [,°/D for 
the entire energy range: 


r,° .- (tT 


La? r 


vary much from 


0/D) AE, 


D > AE, 


B. Comparison with Theory 


The equations derived in the last section can now be 
used to determine the strength function. The potential 
scattering cannot be obtained from inspection of the 
cross-section curves because of the large widths of the 
resonances and the very wide interference terms. In 
order to evaluate the strength function, theoretical 
values for o,,.. must be used in addition to the experi 
mental values of (1—7'),,. As a first approximation, 
it will be assumed that o,,..=4R?, and R= 1.45 107" 
A‘ cm. These assumptions correspond to the “black 
nucleus” model. The values so obtained will be des- 
ignated by (f,°/D),. The transmission data used 
to calculate the strength taken over 
approximately the same energy region for all of the 
Using the transmission 


function was 
samples (~1 to ~100 kev) 
data from Figs. 1, 2, and 3, the strength function was 
Mn®. V™. and Sc*. 
chlorine 


determined for Cu®™, Cu®™, Co, 


The transmission curves for natural and 


Tase IV. ([',°/)), determined from the xperimental 
data of a thick and thin sample 


esults fron 
lable II 


Target 
nucleus 
Sc 4 3 
va 4 
Mn 3 
Co” 1 


Ags 


* The thin sample was 0.765 * 10" atoms 
» The thick sample was 3.06 * 10% atom 


ES REGION 


Y Y 


O00 Z-EVEN N 
2 Vo #42 Mev 
& EVENZ-EVEN N R +1.48 x 10% em 


CLOUDY CRYSTAL 
BALL NUCLEUS 


(fg70), 


BLACK 
NUCLEUS rf 


7 


™ eS «, a 
———/7 
~ at 
7 
55 60 65 
TARGET NUCLEUS 


4 jl 1 4 
35 40 45 50 
ATOMIC WEIGHT OF 


Fic. 5. The experimental values of I’,.°/D), are compared to the 


theoretical predictions of the “black” and “cloudy crystal ball” 


models of the nucleus. | ‘°/D), is only a first approximation to 


n’/D, since it assumes that the potential scattering is constant 
namely 4rX?. The dashed curve is the calculated value of (.,°/D), 
for the parameters Vo=46.5 Mev, ¢=0.5, which gives the best 
fit to the experiment data 


natural potassium taken respectively by Patterson?! 
and Toller” at this laboratory were used to calculate 
the strength function. Natural chlorine is 75.4% Cl®, 
and 24.6% Cl*’, while natural potassium is 93.1% K®, 
and 6.9% K*". In both cases the calculation was made 
assuming both samples were composed entirely of the 
major isotope. The two nickel isotopes, Ni®* and Ni™, 
used to obtain the transmission data for the calculation 
of the strength function by Block” at this laboratory, 
were practically isotopically pure. The results of all 
these calculations are given in ‘Table IT] 

Since all the samples used were not of the same 
thickness (see Table III), an experiment was performed 
to check this effect on the calculation of (P"/D),; five 
different nuclei, Sc’, VV", Mn®®, Co, As’ 
prepared in two sample thicknesses. The thin sample 
was (0.76510 atoms/cm’, and the 
four times as thick. The results are given in Table IV 
that the 


and were 


other one was 


From this was concluded 


assumptions used to calculate (T,.°/D), are reasonably 


experiment, if 


accurate for a considerable range of sample thicknesses 
the thicker Sc 
second experiment was spoiled by misalignment 

The errors quoted in Table III were computed by 
assuming that a 2%, point-by-point error in the trans 


The measurement of sample in this 


mission data was not improved by averaging over 
many points. The statistical error is much overestimated, 
but the errors estimated by the reproducibility of the 
data in Table IV are about this order of magnitude 

In Fig. 5, the data from Table II] are plotted as a 
function of the atomic weight (A) of the target nucleus 
The calculated values of (f,°/D), are compared to the 
Ph. D Duke University 


2R. P. Patterson thesis 


(unpublished 
a" # Poller 
published 
2 k ( 
published 


Ph. D. thesis, Duke University, 195 


Block, Ph. D. thesis, Duke University, 19 
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hic. 6. The values of l.°/D are compared to the theoretical 
predictions of the “cloudy crystal ball” model of the nucleus 


theoretical predictions of the “black nucleus’ model 
for Vo=42 Mev (horizontal line). These values can 
also be used as a first approximation to [,°/D as 
predicted by the “cloudy crystal ball” model of 
Feshbach, Porter, and Weisskopf. The ‘cloudy crystal 
ball” prediction is plotted for the parameters V»=42 
Mev, ¢=0.03, and ¢=0.05 (solid curves). It is obvious 
that ¢=0.05 gives the better agreement, and that a 
considerable higher value of Vy is indicated. A method of 
successive approximations must be used to obtain a more 
accurate comparison with this theory, since the value 
of R’ used in determining the potential scattering 
changes with each choice of the parameters. As a second 
approximation, theoretical values of (T° D),t may be 
calculated from the “cloudy crystal ball”? model by sub- 
tracting the effect of the difference due to (R?—R”) 
from the theoretical values of f',°/D. The parameters 
were adjusted to fit the experimental data: Vo=46.5 
Mev, ¢=0.05 (dashed curve). It is interesting to note 
that the experimental values for (T,°/D),; show the 
asymmetry to be expected from theory. The negative 
value for potassium indicates that the average total 
cross section is less than 4aR?, the “black nucleus”’ 
value for the potential scattering alone. Figure 6 
shows the theoretical curve of the strength function, 
l'.°/D, and the points calculated from the experimental 
data and the parameters determined in Fig. 5 (dashed 
curve). For comparison, values for the strength function 
calculated from thin-sample transmission measurements 
(Table IV) are also shown in Fig. 6 (crosses), for the 
cases where the data are available. This is an indication 

} Note added in proof.—-The dashed curve in Fig. 5 was calcu 
lated essentially by means of the equation (f,°/D), = (T,°/D) 
[1—4aN (R*— R) ]—4eN(R?—R) (f(g-")) ay, where (f(g) ") ay 
is obtained by averaging over the energy range of the cross 
section curves. A point was calculated for each experimental 
point in Fig. 5 using the sample thickness of that measurement 
and theoretical values for R’ and the strength function calcu 
lated from the square well complex potential model with the 
varameters indicated. These theoretical points were connected 
vy the dashed curve in the figure 
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that the errors due to the use of rather large sample 
thicknesses are of the order of the errors in Fig. 5. 
It would have improved the accuracy in the calculation 
of the strength function if all the transmission measure- 
ments were made with thin samples.§ 

It should be noted that, while (f',°/D), is calculated 
from the experimental data in a_ straightforward 
manner, a particular model, and associated parameters 
had to be assumed before the quantity [',°/D could be 
evaluated. Theoretical calculations based on any other 
model should be compared to the points in Fig. 5 rather 
than those in Fig. 6. More elaborate theories using a 
more realistic well shape*?> would no doubt lead to 
somewhat different parameters for the same experi- 
mental data. 

The As’® point is very much higher than the curve 
in Fig. 6; however the details of the spectrum at low 
energies are well known'® and the value for the potential 
scattering is about 8.5 barns. If the experimental value 
of 8.5 barns is used instead of the theoretical value 
of 4rR”~5 barns, the As’° point falls very close to the 
theoretical curve. 

The Argonne fast chopper group has also measured 
the strength function in the region around A =50."6 
They find that the peak is approximately at V", 
with a much higher amplitude (f',°/D~1345X 10-4) 
than ours.27 The Argonne group measured the half- 
widths and level spacing of individual resonances. to 
determine the strength function. When comparing 
our measurements to those of the Argonne group it 
must be remembered that they analyzed resonances 
only up to 10-20 kev. If one uses only the first 25 kev 
of our transmission data to calculate the strength 
function, the position of the peak is at V® with an 
amplitude of approximately 10X10~*. Although the 
Argonne results are in reasonably good agreement with 
ours, it seems most likely that the region from ~1 to 
~25 kev includes too few resonances (only 5 visible in 
V") to be a good statistical sample of the spectrum. 
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Starting with the assumption that the forces between nucleons 
inside nuclear matter are the same as between free nucleons, we 
outline a procedure by which information on the velocity de 
pendence, and other features, in the two-nucleon interaction may 
be obtained from the level ordering in nuclear shell theory. In this 
paper we restrict ourselves to the simplest type of velocity 
dependent central force, which turns out to be similar to the 
reduced-mass type of force introduced for the motion in nuclear 
matter by Brueckner and by Johnson and Teller. If this force is 
taken with a sign such that the reduced mass is smaller than the 


1. INTRODUCTION 


HE recent developments in experiment and theory 

on nuclear forces! have shown that the two- 
nucleon interaction has many complex features includ- 
ing repulsive cores, velocity dependence, etc. The dif- 
ficulties of obtaining information on these complex 
features from the scattering data are great, as even an 
analysis in terms of ordinary potentials gives rise to 
troublesome calculations.' The derivation of these 
features from meson theory is not very reliable at 
present. It seems therefore of interest to investigate 
other possible methods by which we could learn some- 
thing about the velocity-dependent contribution, and 
the other features in the two-nucleon interaction. 

The work of Brueckner® and his collaborators has 
shown that it is possible to assume that the interactions 
between nucleons in nuclear matter are essentially the 
same as those of free nucleons. It seems probable, 
therefore, that the effect of the complex features in 
nuclear forces could be felt, for example, in the level 
arrangements of the nuclear shell theory. Since per- 
turbation methods are used in the determination of 
these level arrangements, the effect of different types 
of forces is additive, and it is simple to separate, for 
example, the effect of a velocity-dependent force from 
an ordinary one. A similar statement cannot be made in 
general for the scattering problem. 

The present paper tries to illustrate the procedure to 
be followed in obtaining information on different types 
of forces from nuclear structure, by taking some simple 
examples of central forces that depend both on position 
and momentum of the particles. In future papers we 
shall apply the type of reasoning developed here to 
other features of the two-nucleon interaction such as 
repulsive cores, velocity-dependent forces containing 
the spin of the particles, etc. 


* Apartado Postal No. 31364, Mexico, D.F., Mexico 

'K. A. Brueckner, Seattle Conference of Theoretical Physics, 
September, 1956 (unpublished); Proceedings of the Sixth Annual 
Rochester Conference on High-Energy Physics, 1956 (Interscience 
Publishers, Inc., New York, 1956). 

*K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 


mass of the nucleon, it behaves in the long-range approximation 
as a repulsive Majorana force. In the short-range approximation 
the level ordering for the two-particle configuration goes in order 
of increasing J in the py shell, in the order J=4, 0, 2 in the dy 
shell, and in order of dec reasing J in all other shells. For a three 
particle configuration the ordering goes as J =9/2, 5/2, 3/2 in the 
dy shell and as J=9/2, 3/2, 5/2 in the /y shell. We compare this 
ordering with the experimental one, and obtain restrictions on the 
strength and range of the velocity-dependent force that may be 
added to the ordinary one 


Let us assume only spin-independent forces between 
two nucleons; then the most general potential between 
them can be expressed as a function of their positions 
and momenta: 


V (r1,P1,82,P2) (1.1) 


If we restrict ourselves to nonrelativistic energies, the 
interaction potential should be invariant under Galilean 
transformations, which implies, as shown by Eisenbud 
and Wigner,’ that V should commute with the operator 


L( pit po) — (mitt mory) (1.2) 


If we take the same mass for the nucleons, (1.2) implies 
that V is a function not only of the difference of the 
coordinates, but also of the difference of the momenta, 
i.e., of r and p defined by 


r="—f2, p=4(pi-— po) (1.3) 


The potential (1.1) could be expanded in powers of 
p in the following form: 


Vir,py=U“n+tU (nr) pitU ir) pipit:::, UA 


where repeated indices are summed from 1 to 3. All 
terms in odd powers of p must have coefficients zero; 
otherwise the potential would not be invariant with 
respect to time reflection.’ For the second-order term 
in p, the simplest one would correspond to the case in 
which U’,,; is a constant tensor multiplied by a scalar 
function V of r. As the only constant tensor with the 
necessary invariance to rotations is 6,;, the velocity 
dependent term in a properly Hermitian form* would be 


p: Vir)p (1.5) 

In this paper we shall consider the effect on nuclear 
structure of a combination of an ordinary potential 
U(r) and a velocity-dependent potential of the form 
(1.5). The potential of the form (1.5) is of considerable 
interest as it has appeared in connection with the 


motions of nucleons in nuclear matter. It has been 


+L. Eisenbud and E. P. Wigner, Proc. Natl. Acad. Sci. 27, 281 


(1941) 
‘M. Moshinsky, J. phys. radium 15, 264 (1954) 
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proposed both by Brueckner,’ who derives it from the 
two-particle interactions, and by Johnson and Teller,®* 
who introduce it through the interaction with a classical 
meson field, to account for the observed features of 
nuclear structure. 

In the following sections we shall discuss the effect 
on the level ordering in nuclear shell theory of a two- 
particle interaction of the form (1.5), and compare it 
with the effect of an ordinary central potential. To get 
results which are independent of the form of the 
common potential in which the nucleons move inside 
the nucleus, we shall consider V(r) in (1.5) in the two 
extreme cases of very long and very short range, as 
compared with the radius Ro of the nucleus. In these 
two cases all the results will be essentially geometrical, 
i.e., dependent on Racah coefficients and the like, and 
not, except for a multiplicative factor, on the Slater 
integrals. 


2. LONG-RANGE APPROXIMATION 


We choose for V(r) in (1.5) a Gaussian potential 
which will reduce to a 6 function in the short-range 
approximation and behaves appropriately for long 
ranges. Expressed in terms of the coordinates and 
momenta of the two particles, (1.5) becomes 


}(pi— po): Mo expl —8-?2(r1— 12)? ]$(pi— pa). (2.1) 
The coefficient of the potential is designated by Mo”! 
to indicate that its dimensions must be of reciprocal 
mass, and the range of the potential is designated by £. 

In the long-range approximation we consider 6 as 
large compared with the nuclear dimensions, so that 


we can make the expansion 


(4M)! (pi po)? — (4M 08”)! (pi— po) 
‘(f)—12)*(pi— po) + °° 


p Vindp 
(2.2) 


The energy associated with this interaction will be 
given by the matrix element 


((nlj? JM \p-V(r)p| (nlj)?JM), (2.3) 


and it is clear that all terms in (2.2), which can be 
expressed as products of polar vectors, one of which is 
associated with particle 1 and the other with particle 2, 
will give zero contribution. Keeping in (2.2) all terms 
whose matrix elements are different from zero, we are 
left with 


(4Mo) '(prr+ po®) + (MB?) th (1: pit ra: po) 
(4M o8*)"'(r,?+-9172") (p+ po”) 


(M 3*)"'(ry- 2) (pis pa)t+:-:. (2.4) 


If the range had been 6= ~, only the first term in (2.4) 
would have remained, and this is clearly independent 
of J. For this reason we made the expansion up to 
terms of the order 8 ~*, as the last term in (2.4) gives 
a contribution which is dependent on J 

'M.H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955) 

® Ross, Lawson, and Mark, Phys. Rev. 104, 401 (1956) 
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The last term in (2.4) can be written as 


(£1° 2) (pre po) =D (—1) "+" ximPim’X2-mp2—m’, (2.5) 


mm’ 


where Xm, Pm are the spherical components of the 
vectors, i.e., 


4) (1/v2)(x+-iy), 


xo= Z, 

x1= (1/v2)(x—ty). (2.6) 
Following Hope and Jahn,’ we can express (2.5) in 
terms of the Racah tensors’: 


T= (|) 11mm’ |dAy)XmPm' 5 


mm’ 


h=0,1,2, (2.7) 


since from the orthogonality properties® of the Clebsch- 
Gordan coefficients (| 11mm’ \y), we obtain 
(ti: ¥2) (pre P2)= Dora Dey 1)*T 1, AT 2, 


=>,(—1)(TP-T.). (2.8) 


From (2.7), we have for \=0 that 


T(°= —(1/V3)r-p, (2.9) 


so the corresponding part in the scalar product (2.8) 
becomes 


(T,°- T2°) = 4 (11+ pi) (ro: pe). (2.10) 


For \= 1, we have similarly 


To! = (i/V2)(xpy— ypz) = (i/V2)L., (2.11) 
so that the scalar product part in (2.8) is 


=F T= H,-4,. 


Finally for \=2 we have 


(2.12) 


Ti? = (1/x/6)(32p.—8- p), (2.13) 


but it is of no interest to determine its contribution to 
the scalar product in (2.8) as the matrix elements are 
zeTO, 1.€., 


(nlm | T?|\ nlm) = (nlm | —i(h/v/6) 


* (320/dz—1rd/dr)\nlm) (2.14) 


= (), 


This can be seen as follows: The operator (2.13) is 
clearly Hermitian so that its expectation value must be 
real; but from (2.14) we see that for bound states the 
matrix element is pure imaginary, so that the matrix 
element must be zero. A similar argument applied to 
the Hermitian’ operator 


r-p— ih (2.15) 


is useful to show that the expectation value of r-p is 


(nlm r-p nlm) = hth. (2.16) 


7H. A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). 

*G. Racah, Phys. Rev. 62, 438 (1942) 

*P. A. M. Dirac, Quantum Mechanics (Clarendon Press, New 
York, 1947), third edition, p. 153 
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So far as the matrix element (2.3) is concerned, we 
can replace the last term in (2.4) by (2.10) plus (2.12). 
Before doing this, we remark that in the jj coupling 
scheme implied in the matrix element (2.3), we can 
replace the operator | by'® 


I> [7+ DRA 5)j, (2.17) 


so the scalar product (2.12) can be written as!° 


A(Ly- Ty) — [14 (2/41) " (ji je), for d= 7+4. (2.18) 


It is possible then to replace the last term in (2.4) by 
(2.10) plus (2.18). 

With the help of the considerations developed above, 
we can pass to the configuration for \ identical particles 
in the nl; shell. The operator (2.18) becomes 


(2.19) 


1+ (2+1)" PP SY jieje, for /=j+4, 
i<k=l 


and can be expressed in terms of the total angular 
momentum, while (2.10) and all the other scalar 
operators in (2.4) reduce to single-particle matrix 
elements. The interaction energy in the long-range 
approximation is given then by 


((nlj IM | p- V(r)p| (nl j)JM) 
A—1){(4Mo)-“(p?) — (4M o8?)-“*((? p®) 
+ (r*)( p?))} — h?(M 8?) '{ (9/8)A(A— 1) 
+4(1+ (214-1) PL (J +1) —Aj(j+1) J}. (2.20) 


The expressions in (2.20) inside the angular brackets 
represent single-particle expectation values of the cor- 
responding operator; for example, 


(nlm | p*\ nlm). (2.21) 


We have made use of (2.16) for the expectation value 
of (r-p). 

For the (nlj)* configuration, the long-range velocity- 
dependent forces of the type (1.5) are very similar to 
long-range Majorana forces.'° For a positive (negative) 
Mo we see from (2.20) that the level of lowest energy 
corresponds to the highest (lowest) J consistent with 
the Pauli principle, as would be the case for a repulsive 
(attractive) Majorana force. 

In the analysis of Johnson and Teller’ the Mo is 


A 


taken as positive, so as to have a mass inside nuclear 
matter smaller than the mass of the nucleons. If a 
corresponding velocity-dependent force is introduced 
in the two-nucleon interaction, we see that the ordering 
of levels would be opposite to the one due to an ordinary 
attractive force. A comparison of the two effects of 
opposite sign will be given in Sec. 5. 

! M. Goeppert Mayer and J. H. D. Jensen, Elementary Theory 


of Nuclear Shell Structure (John Wiley and Sons, Inc., New York 
1955), pp. 237-241, 64, 236 
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3. SHORT-RANGE APPROXIMATION 


The interaction Hamiltonian for the short-range 
approximation would be given by (2.1) in the limit 
B—0, so we can replace the exponential by a 4 function 
and have 


(9'6®M o')4 (py r.)4(pi— pe) 


(3.1) 


p:Vi(r)p po) 6(ry 


For the two-particle configuration, the interaction 
energy is given by the matrix element (2.3), but because 
of the form (3.1) of the interaction operator, it is more 
convenient to evaluate the matrix element in the LS 
coupling scheme, and pass to the j/ coupling through 
the transformation bracket : 


(4 4)S, (DL, JM | (AD 7}, (Dj, JM 


l 
(2j+ A (2S+1)(QL+1) | 


The function | 
simple algebraic 


is the 97 coefficient of Wigner,!! and 
forms for it, as well as numerical 
tables, have been given by Matsunobu and Takebe."” 

The expectation value of (3.1) in LS coupling is 
shown in the appendix to be different from zero only 


for odd L, and from (A.10) it can be written as 


((nl)?LM | p-V(r)p| (nl)?LM) 


h®(4M) 9A HLL), (3.3) 


where A,, is the radial integral (A.6) and H(1,L) is 
given by 


H(1,L) =1(1+-1) (214-18 3-00) L’0) } 


x[W(ULL'; 11). (3.4) 


The values of L’ in (3.4) are restricted to L’= L+1. 
With the help of the tables for Clebsch-Gordan* and 
Racah" coefficients, the values of /(1,L) for l= 1, 2, 3, 
are given in Table I. 

For identical particles in LS coupling, L+.S must 
be even, and since L is odd, we have interactions for 
short-range velocity-dependent only in’ the 
triplet state. As the radial integral A,, is positive, we 


forces 


TABLE I, Table of the coefficients H(1,L) defined by Eq. (3.4) 
They are proportional to the interaction energy in LS coupling 


70/11 


"E. P. Wigner, mimeographed notes (unpublished) 

2H. Matsunobu and H. Takebe, Progr. Theoret 
14, 589 (1955) 

4. U. Condon and G. H 


Phys. Japan 


Shortley, The Theory of Atomic 
1953), pp. 76, 
77, also Chap VII 


4 Biedenharn, Blatt, and Rose, Revs 
(1952) 


Modern Phys. 24, 249 
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have that in LS coupling the lowest energy corresponds 
to the highest odd value of L in case Mo is positive, and 
to the lowest odd value of L in case Mo is negative. 

For the two identical particles in 77 coupling, we 
have that J must be even. Since L+-S is also even and 
L is odd, S=1 and L=J+1 in (3.2). The interaction 
energy in jj coupling becomes then 


((nlj)?JM \p-V(r)p) (nlj)?JM) 


h?(4Mo) eA HM (1,j,J), (3.5) 


where H(1,7,/) is given by 
J+l 


 (2j4+1)13(2L+1)] 


L=J—I1 


H1(1,7,J) 


LL) 
j 


xU?|j j J\ HULL), for even. (3.6) 
| 


With the help of the tabulations of Matsunobu and 
Takebe,” the values for H(1,j,/) for 1=1, 2,3; j=3/2 
5/2, 7/2, and all even J are given in Table II. 

For positive Mo we see from (3.5) and Table II that 
the interaction energy increases with J in the py shell, 
is mixed, giving the ordering J=4, 0, 2, in the d, shell, 
and in all other shells it decreases with J. The situation 
is of course reversed for negative My. Whatever. the 
sign of Mo, we see that in the dy shell the level J/=0 
does not correspond to the lowest energy in the two- 
particle configuration. This is in contrast to the situation 
for ordinary attractive forces where it can be shown 
that for any range,'’'® the state of lowest energy cor- 


’ 


responds to J=0. 

have a two-nucleon configuration in 
which the identical, then besides 
even J, it is possible also to have states of odd J. The 
states of odd J are symmetric with respect to exchange 
of the spin and position of the two particles, and so 
L4+-S must be odd. Since L is odd, we have that S=0 
and therefore L=J. The interaction energy is then 
given by (3.5), where the H(/,7,/) takes now the form 


In case we 
nucleons are not 


J 
H(1,7,J) J\ H(L,J), 


l 

(274+-1)2(2J4+-1)U7 17 7 
1 

33 


with J odd. (3.7) 


ras_e IL. Table of the coefficients H(1,j,J) defined by Eq. (3.6). 
They are proportional to the interaction energy in j7 coupling. 


0 2 


1 2 

+) 4 18/5 
6 246/35 
24 78/7 
18 120/7 


24/7 
36/7 


662/77 60/11 


Bauer, thesis, University of Mexico, 1956 (unpublished) 
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The U coefficient can be written in the form!” 


Lis) 
(2j+1)2(2I+1)U71 7 jf J 
440 


§(21+-1)-*[ (2/4+-1)(2j74+1)—J(J+1)], (3.8) 


and it. is clearly a positive monotonically decreasing 
function of J. Since the H(l,L) of Table I is also a 
monotonically decreasing function of J if L=J, then 
for odd J the levels would go in order of decreasing 
(increasing) J for positive (negative) Mo. 

In the next section we shall discuss the interaction 
energy for the configurations of three identical particles 
when the forces are of the type (3.1), and we shall leave 
for Sec. 5 the comparison between the effects of 
ordinary and velocity-dependent forces in nuclear 
structure. 


4. THREE-PARTICLE CONFIGURATIONS IN THE 
SHORT-RANGE APPROXIMATION 


[In the preceding sections the two-particle matrix 
elements for velocity-dependent forces were obtained, 
and we can derive from them the particle matrix 


TaBLe III. Table of the fractional parentage coefficients 


C((§)J"’, 5, J} (§)°) FP. 


5/2 9/2 


2/9 0 
5/18 3/14 
1/2 11/14 


element with the help of the fractional parentage coef- 
ficients.'® If we designate by G an interaction Hamil- 
tonian formed from two-particle scalar operators 
G=> ick giz, We have for its expectation value'*: 


((j)\aJM|G| (ja M) 
=Ar—1) ES CC’, (Pra I", Trad YP 


al Sis! 

«(CGI ge) (G2). (4.1) 
In (4.1), a and e@” are additional quantum numbers 
necessary to specify the states of \ and \—2 particles 
respectively, and J’ is restricted to even values that 
satisfy the triangular relation (J’J’J). In the par- 
ticular case of three identical particles and an inter- 
action energy of the form (3.1), we have from (3.5) 
that the matrix element becomes 


((nlj)*aJ M|G| (nl j)%aJM) 


=h?(4Mo)'w'68A wl (L,j,J), (4.2) 


where J is given by 


11,5 J)= 3L((j)°I',5,J Mj) PH, j,J’). (4.3) 
~ 


'©G. Racah, Phys. Rev. 63, 367 (1943 
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The fractional parentage coefficient in (4.3) was 
obtained by Schwartz and de-Shalit'’ in terms of Racah 
coefficients under the form 


((j)2I",7,JVG)*S) 
= C(Jo)[6s's0— 2(— 1) 4 (2I'+1)*(2Jo+1)! 


with 


C(Jo)=[3—6(—1) #4 (2941) 


x W(j7II; JoJo) } h (4.5) 


where Jy can be any even angular momentum that 
satisfies the triangular relations (jj/J9) and (j/J Jo). The 
first shells in which we may have three identical par- 
ticles are dy and f, and they are of particular interest 
to us. In the 7=5/2 shell, the Pauli principle” restricts 
J'=0, 2,4 and J=3/2, 5/2, 9/2. We can choose Jo= 2 
and satisfy the triangular relations for all allowed J 
in the 7=5/2 shell. We give in Table III the square of 
the fractional parentage coefficients in the 7= 5/2 shell. 


The /(1,j,/) of (4.3) for the ds, fy shells are given as 
a function of J in Table IV. 

From (4.2) and Table IV we see that the interaction 
energy for a three-particle configuration goes in the 


TABLE IV. Table of the coefficients / (/, 7,7) defined by Eq. (4.3). 
They are proportional to the interaction energy for a three 
particle configuration. 


9/2 


63/5 
135/7 


order J=9/2, 5/2, 3/2 in the dy shell, and in the order 
J=9/2, 3/2, 5/2 in the fy shell, if Mo is positive. In 
the dy shell, the lowest interaction energy is never 
J=5/2 no matter what is the sign of Mo. This is in 
contrast with the situation for ordinary short-range 
forces where J=j gives the lowest energy for an odd 
number of particles.'* 


5. COMPARISON BETWEEN ORDINARY AND 
VELOCITY-DEPENDENT FORCES IN 
NUCLEAR SHELL THEORY 


In the previous sections we discussed the effect on 
the level ordering of a velocity-dependent two-nucleon 
interaction of the type (1.5). In this section we shall 
summarize some of the results for ordinary forces, and 
show how well-known facts about nuclear structure 
can help determine the maximum strength of the 
velocity-dependent force that we may add to the 
ordinary one. 

For the long-range approximation the results of Sec. 
2 indicate that, in a given shell, a velocity-dependent 
force with Mo positive could be interpreted as a repul- 


17 C, Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954) 
18M. Goeppert Mayer, Phys. Rev. 78, 22 (1950). 
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TaBLe V. Table of the coefficients H’(7,/) defined by Eq. (5.3) 
They are proportional to the interaction energy for ordinary 
forces. 


) 


4/5 
48/35 


40/21 200/429 


sive Majorana force. From (2.20) and the well-known 
results'® for attractive Majorana forces, the normal 
level ordering would be preserved in the /= j+} shell 
only if 


(h?2/4M 8? If (+1) +1 P< Vo, (5.1) 


where Vy would be the absolute value of a long-range 
attractive Majorana potential added to (1.5). This 
inequality sets a lower limit to M06? if Vo is given 

For the short-range approximation we need the 
expectation value for a 6-function interaction potential 
This, of course, is the original problem discussed by 
Mayer'* by the method of traces."* For states other than 
the ground state, it is simplest to obtain the expectation 
value in LS coupling as in (A.12) and pass to // coupling 
through the transformation bracket (3.2). For two 
identical particles J and L+-S are even, and since the 
interaction takes place for even L, we need only the 
transformation bracket for S=0. From (A.12), (3.7), 
and (3.8) we obtain for an attractive 6 potential 


((nl 7)? JM | — V ow'(B’) 85 ( 4, — £2) | (nl PIM 


kV ow'(8’)®B,M'(1,j,J), (5.2) 


where B,, is the radial integral (A.13) and H/’(1,7,/) is 
given by 


H'(1,7,J)= (27 +1) “{ (00) JO) - 


X[ (214-1) (27+1) (5.3) 


T(J +1) |. 


While we could use the tables of Clebsch-Gordan" 
coefficients to determine //’, it is simpler to use a recur 
rence relation. From the closed expression derived by 


Racah® for (1/00| JO), it is easily shown that 
H'(1,7,J +2) ‘ay Pca 
H'(1,j,J) I+-27 (25+1)? 


(0 we see from (5.3) that 


(J-+-2)* 
(5 }) 


(J-+1)? 


and furthermore, for J 


H'(1, 7,0) 


2j+1. (5.5) 


With the help of (5.5) and (5.4), we see that H'(1,7,/) 
is independent of / and can be easily evaluated, In 
Table V we give the values of H’(j,/) (we omit the 
unnecessary /) for some of the shells, so as to be able 
to compare the results with those of the velocity 
dependent forces. 

We can derive the A-particle configuration from the 
two-particle one, in exactly the same way as in Sec. 4. 


For A=3 the expectation value would be given by 
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Pas_e VI. Table of the coefficients /’(7,J) defined by Eqs. (4.3) 
and (5.3) 


(5.2) with H’'(j,/) being replaced by an J'(j,/) defined 
as in (4.3). In Table VI we give the values of /’(7,/) 
in the j= 5/2 shell. 

We take the interaction potential between 
nucleons as a combination of an ordinary attractive 


how 


central potential, plus a velocity-dependent potential 
of the form (1.5), i.e., 


Hin=U(r) +p: V(r)p. (5.6) 


In the short-range approximation, the interaction 


energy for two identical particles becomes 


((nlj)?IM | Hin. | (nlj)?JM ) 
hV or (8')® Ba —H'(j,J) + (2h? / MoV) 


K (A ni/ Bri) (B/8')*H(1,j,J) }. (5.7) 
For a three-particle configuration we just replace the 
H’s by 1’s in (5.7), and from (4.1) a similar result holds 
for the A-particle configuration, 

From Tables Il and VY we see that H and H’ are 
both positive and of the same order of magnitude. The 
ratio of the radial integrals 1, ,, By, of (A.6) and (A.13) 
is, from the theorem of the mean, of the order of Ry ?, 
where Ry is the radius of the nucleus. Furthermore, 
(h?/2MV oR.) is of the order of A~! if M is the mass 
of the nucleon, and Vy the usual depth (~20 Mev) of 
the ordinary potential. We conclude, therefore, that the 
contribution to the interaction energy from the velocity- 
dependent potential would be significant if Mo is of the 
order of M and (3/6’) of the order of 1 

To be more specific, let us assume that the nucleons 
in the nucleus move inside a common oscillator potential! 
of frequency w. The energy levels are given by (2n 
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+/+ })hw, where n is the radial quantum number. The 
radial function ‘W,,, of (A.2) is independent of 7, and for 
the lowest level n=0 of a given / it becomes” 


Mor= mw tall2'*?/ (214-1) !! iar)! exp(—4ea’r*), (5.8) 


where a=(Mw/h)! and = (2/4+1)!!=1*3x5x:-- 
X (21+-1). The ratio of the radial integrals in (5.7) is 
then 


(2h? MoVo) (Au Bo) 


(M/M,)(hw/Vo)[8/(414+1) }. (5.9) 


From (5.7) and (5.9) it is possible to establish upper 
bounds for the strength and range of the velocity- 
dependent forces. For a two-particle configuration, the 
lowest level is J=0 and, for example, in the d, shell 
we see from (5.7) and Tables II, V, that the following 
inequality must be satisfied : 


(M /M,5)(B/B')*(hw/ Vo) < 4. (5.10) 


Similarly, for a three-particle configuration J=/ is 
usually the lowest level and, for example, in the fy 
shell, comparing levels J=5/2 and J=9/2, we obtain 


the inequality 


(M/M,)(B/B’)*(hw/ Vo) <0.447. (5.11) 


For hw we can take® the value hw~15 to 20 Mev and 
this implies'’.”° that (hw/Vo)~1. Furthermore, we know 
from the work of Johnson and Teller® that the effective 
mass of the nucleon inside nuclear matter is M «c~0.5M. 
If we make the same assumption in connection with the 
two-particle interaction (2.1), we have 


Mot '=M"+Mo'~2M", (5.12) 


so that (M/Mo)™1. From the inequalities (5.10) and 
(5.11), we have then that the range of the velocity- 
dependent force must be shorter than for the ordinary 
one. Conversely, if we assume the same range, Mo must 
be taken at least twice as large as M and the effective 
mass would be larger than the value quoted by Johnson 
and Teller.° 


APPENDIX 


The interaction Hamiltonian (3.1) is independent of the spin, so in the LS coupling scheme its expectation 


value can be written as 


((nl)?LM | p-V(r)p| (nl)? LM) =O0= (4M) is" f ftw po) |*-6(r,— re) (pi po)W Jdridro, (A.1) 


where the wave function y is given by 


v Marr Myre) 1? (limymy» LM )V tm,(01,¢1) V tmo(02, G2). 


mime 


(A.2) 


“For the interaction in the short-range approximation for ordinary forces, the potential would be the one acting in the singlet 
state if we are dealing with identical particles. We could take for the strength of this potential the value Vo>=22.7 Mev quoted for the 
central part of the potential by Feshbach and Schwinger.” It is true that their potential has a Yukawa and not a Gaussian form, but 
it is easily seen that in the short-range approximation the coefficient of H(1,j,J) in (5.7) would be the same whether we dealt with 


Gaussian or Yukawa potentials 


» J. M. Blatt and V. F 


Weisskopf, Vheoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), pp. 103, 793 
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We now apply the operator (p:— p2) to y and take the limit when r,—r,;=r. From the properties of the Clebsch 
Gordan coefficients,* we obtain 
[(pi-— pov jh 2 z [1 =f —1)” }llmym, LM)| PR nc(r) V imi (8,¢) IM alr) V one(O,¢) (A.3) 
mime 
From (A.3) we see that the matrix element (A.1) will be different from zero only if Z is odd. Furthermore, using 
the identity 
p=r*(r(r-p) |—r*(rx)), (A.4) 


where I= rX p, we can easily show that (A.1) becomes 


V= (M,) lr igs - (Ilmymy LM (dim,'m.! LM )A uf f [lm V im * V tma*[ dm V tomy! ]Vimg’ sinddéd ¢, (A.5) 


mimemy’ me’ m 


where L must be odd and A,, is the radial integral 


Asa J Prumie (A.6) 


In (A.5) the scalar product of the vectors | is expressed in terms of their spherical components /, defined as in 
(2.6). It is well known that /,, operating on a spherical harmonic’ gives 


lmV tm, ALL(1+1) |} > (limym lg) ¥ ta. (A 7) 


ai 
Substituting (A.7) in (A.5), and making use of the expansion?” 


V 1q\(0,¢) V im2(0,¢) = (21+ 1)[49(2L'+ 1) | 1100 L’0 (llqyme LiM' )Vum (0,¢), (A.8) 


L’M’ 


we can reduce (A.5) to sums of products of six Clebsch-Gordan coefficients. With the aid of the relation due to 
Racah* 


> Uimymz| LM) mym | lq) (Uiqum2| L'M") = ((2L' +1) (21+ 1) 4 — (2 WLLL; AD) CL M'm| LM), 


mimeqi 
(A.9) 
and the orthogonality property of the Clebsch-Gordan coefficients, we obtain finally 


O=h?(4Mo)'e BA , L141) (21+-1)* SE (U00! L’0) PEW (ULL; 1D) (A.10) 
L’ 


From the Racah coefficient W in (A.10) we see that L’ is restricted to L’= 1, L+1, while from the Clebsch-Gordan 
coefficient in (A.10) L’ must be even. As L is odd, the summation in (A.10) contains only the two terms corre 
sponding to L’= L+1. 
For the purposes of comparison, we indicate that an ordinary Gaussian potential in the short-range approxima 
tion reduces to 
V om! (8’)96 (4, — re), (A.11) 


and its expectation value in LS coupling is given by 


— vortia f fvron r.)Wdr dry V ow! (8)®B,(214-1)*49(2L+1) | E00) LO) PF, with Leven. (A.12) 


The y in (A.12) is again of the form (A.2), and we made use of (A.8) to derive the result in (A.12). The radial 
integral B,; is now given by 


z 


Bri f POM nr(r) \‘dr (A.13) 
0 


We notice the contrast between the ordinary and the velocity-dependent forces in the short-range approximation, 
as in the first case the interaction takes place only in even states of total orbital angular momentum, while in the 
second case it takes place only in odd states of L. 
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Energy Levels in F’* from the O'’( p,a)N'* Reaction* 


KATARINA AHNLUNDT 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received December 14, 1956) 


A separated isotopic target of O'’ has been used to study the excitation function of ground-state alpha 
particles from the reaction O'"(p,a)N" for proton energies between 1 and 3 Mev. Thirteen levels in F* have 
been found, with excitation energies 6.666, 6.820, 7.304, 7.527, 7.552, 7.713, 7.728, 7.889, 7.917, 8.094, 


%.216, 8.238%, and 8.382 Mev 


INTRODUCTION 


Y means of the reaction O'"(p,a)N", one can inves 
tigate the energy levels of the nucleus F'* in the 
region of excitation above 6 Mev. (The difference in 
energy between O'’+p and F'* is 5.618 Mev.) The 
calculated Q value for the ground-state reaction is 1.197 
Mev. The following report gives an account of such a 
study for a range of proton energy from 1 to 3 Mev. 
The lowest part of the same region in F'* has been 
investigated by Heydenburg and ‘Temmer' in the 
N'(a,p)O"™ and N'*(a,a)N', Their work 


showed two pronounced resonance levels, and a third, 


reactions 


broader one was inferred—from the shape of the 


excitation curve—to lie somewhat higher than the 
actual range of their measurements. References to some 
earlier studies of the N'*(a,p) reaction, using radioactive 
alpha sources for bombardment, can be found in 


reference 1, 
Ep « 268MEV 
Bi 90° 


p) Fe 


—vh 


O'(p,a)N"* 


~ 
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FLUXMETER SETTING 

Fic. 1. Momentum profile of ground-state alpha particles 
from the O'(p,a)N™ reaction at proton energy 2.68 Mev. The 
observation angle was 90°. To the left is seen the scattering edge 
for protons elastically scattered from the thick target backing of 
stainless steel. The momentum increases from left to right in the 
liggure 


* Supported in part by the joint program of the Office of Naval 
l and the U. S. Atomic Energy Commission. 

t Permanent address: Nobel Institute of Physics, Stockholm, 
Sweden. 

1N. P. Heydenburg and G. M. Temmer, Phys. Rev. 92, 89 
(1953). 
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EXPERIMENTAL APPARATUS AND PROCEDURE 


Protons were accelerated by the Kellogg Radiation 
Laboratory 3-Mev electrostatic accelerator and main- 
tained homogeneous in energy to about 0.1% by an 
electrostatic analyzer. A proton current of 0.5-1 ya 
was used to bombard a thin, electromagnetically 
separated ©" target on a thick backing of stainless 
steel. The target thickness was of the order of 1 kev 
for 1-Mev protons. The target had been prepared at the 
Nobel Institute of Physics, Stockholm from enriched 
oxygen gas by a procedure which has been described 
earlier’: The O'’ was collected at mass number 31 in 
the form of the ion N'*O'7, The composition of the mass 
31 current was approximately 90% N'™4O!7, 7% N'®O! 
and less than 3% C¥O!8, 

Secondary particles to be analyzed were ejected 
from the target at an angle @),,=90° to the incident 
beam, into a 16-inch double-focusing, 180° magnetic 
spectrometer. The solid angle of the spectrometer was 
6.24 10~ steradian. An 0.5-inch slit was used in front 
of the 0.0007-inch thick CsI-crystal scintillation 
detector. In this experiment the alpha group leaving 
the residual nucleus N'‘ in its ground state was isolated 
and its intensity as a function of the bombarding energy 
was measured. No other alpha group from the other 
components of the target or from possible contaminants 
have energies near to this group and this fact facilitated 
the identification of the O'"(p,a)N" group. 

The analyzing system was biased to pass pulses 
from alpha particles. However, the suppression of 
pulses from protons elastically scattered from the 
target backing was not complete. These protons lay 
quite close in energy to the alpha group studied and an 
observation angle of 90° was chosen because at this 
angle a large enough energy separation was obtained 
between the alpha particles and the protons over the 
whole range of bombarding energy. At the higher 
incident energies, a small proton-background had to be 
subtracted from the measured counting rates. This 
background was obtained from momentum profile 
curves like the one shown in Fig. 1. 

The differential cross section at each bombarding 
energy is directly proportional to the area under the 
profile peak. However, the ratio of peak height to area 


* Ahnlund, Thulin, and Pauli, Arkiv Fysik 8, 489 (1954). 
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ENERGY 
varies in a regular fashion with the bombarding energy. 
This function was determined by taking complete 
profiles at eight different proton energies. Thus, for 
the majority of points on the excitation curve, it was 
only necessary to establish the peak of the momentum 
profile instead of the whole profile. To obtain the 
counting rate at the maximum, one had to take five 
to ten points at each profile. The proton bombardment 
for each of these points was 50 ycoul for the lower 
proton energies and 15 yucoul for the higher. A small 
correction for decrease in the number of target nuclei 
during the bombardments was applied to the measured 
values. No correction for target thickness has been 
made. 


RESULTS 


The measured excitation curve is shown in Fig. 2. 
The resonant character of the yield is apparent—in 
all, thirteen resonances are visible. Table I shows 


TABLE I. Resonances in O!"(p,a)N™ (@ja, = 90°). 


Notation in E (Fe) 
Fig. 2 EB (Mev) da/di? (relative)* 


6.666 
6.820 
7.304 
7.527 
7.552 
7.713 
7.728 
7.889 
9 2.43: L 7.917 
10 : 8.094 
11 5. 5 8.216 
12 ‘ 8.238 
13 5 8.382 


— 


1 
2 
3 
4 
5 
6 
7 
& 


R= ROW RO 
Cooke RK OMe RW eKwO* 


* These values correspond to the maximum counting rate at each peak 
and hence include both the resonance itself and the background 


proton energy, level width, and excitation of the 
compound nucleus F'* for the various resonances, as 
well as the absolute differential cross section at the 
maximum of each resonance. The three former quanti 
ties were obtained after reducing the yield curve to a 
more specifically nuclear function by division by the 
penetration factors for protons and alphas as computed 
for s-wave particles, and multiplication by the proton 
energy, which is inversely proportional to 7A’. 

Comparisons with one-level resonance formulas have 
been possible for the resonances in the lower part of the 
region covered and from them the level widths in 
Table I were obtained. For the higher resonances only 
approximate limits are indicated. 

Levels 1 and 2 were also reported in reference 1 
The level widths which were given by the study of the 
inverse reaction N'‘*(a,p)O"" are 27 and 93 kev. The 
resonance positions in F'* were given as respectively 


Fic. 2. Excitation function for O''(p,a)N™ (ground state) as a 
function of bombarding energy at the observation angle 90°. 100 
counts corresponds to an absolute differential cross section of 
0.04 mb/steradian. Note the change of scale at about 2-Mey 
proton energy 


6.704 and 6.863 Mev. (These have been 
recalculated here using the latest atomic 
available’ and differ slightly from the values given in 
reference 1.) We see that the relative distance between 
the two peaks is the same as in the present work (160 
kev compared to 156 kev) but that the excitation 
energies differ by as much as 40 kev. No explanation 
for this discrepancy has been found in the present 
experimental procedure. An external layer on the O' 
target would of course work in the opposite direction, 
Heydenburg and Temmer’s third resonance has not 
been found in the present investigation. 

Nole added in proof,-In a recent publication, Her 
ring, Chiba, Gasten, and Richards [ Bull. Am. Phys. 
Soc. I, 


N'(a,p) corresponding to levels 1, 2, and 3 in Table I 


energies 


mass data 


326 (1956) ], report resonance energies for 


which are respectively 36, 50, and 24 kev lower than 
those reported here. It is possible that part of this 
discrepancy can be accounted for by surface contamina 
tion on the O"" target used in our experiments. 

1.11 Mev, of the 
reaction giving alpha particles to the first excited level 


Owing to the negative Q value, 


in N'4, a similar excitation function for this reaction 
the 
available here, except over the highest part of the 


cannot be studied with bombarding energies 
region. A comparison of which F'* levels are excited 
in the two cases could, if the partial widths I’, are not 
very small, give some information on the strength of 
isotopic spin selection rules, since to a first approxi 
mation, the ground-state alphas should come from 
T'=0 states and the next group from 7'=1 states in 
T=%4 in the ground 
Q) and triplet (7'= 1) 


states in F'8, but as the ground state of N'4 has 7=0 


I's’, Protons on O!"”, for which 
state, can excite both singlet (7 
only the singlet states of F'* can decay by emission 
of long-range alpha particles (7’=0). On the other hand, 
the first excited state in N' is a T=1 state and should 


preferably be reached by decay of the 7 =1 states in F'*. 


*A. H. Wapstra, Physica 21, 367 (1955 
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The elastic scattering of 22- and 40-Mev alpha particles on a variety of elements has been analyzed in 
terms of an optical model. The nuclear optical model potential assumed in this work has the form: 


(VietiVs)/(1+expl(r—ri)/d)} 


The diffuse character of the electrical charge distribution in nuclei was 


also taken into account. The four parameters in the nuclear optical model potential were varied so as to 
obtain the best fit to the data, The diffuseness parameter is found to be d=0.5 10~" cm and the parameter 


r;, which 


r, = (1,35A'4+-1.3) 10°" cm. The average values of Vz and V, are 
at 40 Mev. Exceptions to this are the lightest elements, C, Al, and Ti, which require 
31 Mev. Other parameters have the same values obtained at 40 Mev 


At 22 Mev, Vz is found to be 


I, INTRODUCTION 


URING the past few years, there has been a 

steady increase in the information available con- 
cerning the elastic scattering of various particles from 
nuclei in the 10-50 Mev energy range. The proton and 
neutron elastic-scattering data have been analyzed in 
terms of an optical model.' The results of the proton 
analysis? indicate that the interaction potential must 
have a sloping edge in order to fit the small cross 
section, observed at large scattering angles. The nuclear 
potential considered by Saxon and Woods has the form 
(VetiV,)/ (1+expl(r—1r,)/d |}. The parameter d is 
found to be approximately 0.5X 10° '* cm, and when 1; is 
taken to be 1.44! 10°" cm, Vx is found to be approxi- 
mately 39 Mev and V, to be —10 Mev. However, 
recent work has indicated that equally good fits can be 
obtained with a radius of 1.204'X10°" cm with 
V r~—60 Mev.? 

The qualitative features of the alpha-particle data 
suggest the possibility of fitting these data through the 
use of an optical-model potential. The success of similar 
calculations for nucleon-nucleus scattering encourages 
such a point of view. While it is a priori not so clear for 
alpha-particle scattering as for nuclear scattering that 
this model should apply, there is the advantage afforded 
in the alpha-particle analysis that the bombarding par- 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Permanent address: Stanford University, Stanford, California 

1See, for instance, “Statistical Aspects of the Compound 
Nucleus,” Brookhaven National Laboratory Report BNL-331, 
1955 (unpublished). 

2R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954) 

3M. A. Melkanoff (private communication 


represents an “average” radius of the nucleus-alpha particle system, is found to be 


45 Mev and —10 Mey, respectively, 


30 Mev for Vz 


ticle has zero spin. Thus, unlike the optical-model 
analysis of nucleon-nucleus scattering, no uncertainty 
arises from the possibility that a spin-orbit force plays 
an important role. 

Analyses of alpha-particle elastic scattering data from 
heavy elements only have been made by Porter,> by 
Blair,® by Wall et al.,’ and by Oda and Harada." Porter 
used a classical model which took into account the 
nuclear absorption of alpha particles in the surface. 
Blair employed a partial-wave analysis in which it was 
assumed that all partial waves which have classical 
impact parameters less than or equal to the interaction 
radius were totally absorbed. Wall e/ al. performed the 
same analysis on their data but assumed that the partial 
waves with classical impact parameters approximately 
equal to the interaction radius were only partially 
absorbed. Oda and Harada use the boundary condition 
model of Feshbach and Weisskopf* and the optical 
model with a complex potential of exponential shape. 
These analyses were not successful in reproducing the 
elastic scattering data where the differential cross 
section deviated markedly from the Coulomb cross 
section. Three of these analyses** compelled the use of 
an anomalously large radius for the alpha-particle- 
nucleus system. 


‘W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). G. Takeda and K. M. Watson, Phys. Rev. 94, 1087 (1954) ; 
97, 1336 (1955). 

°C. E. Porter, Phys. Rev. 99, 1400 (1955). 

*J.S. Blair, Phys. Rev. 95, 1218 (1954). 

’ Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

*N. Oda and K. Harada, Progr. Theoret. Phys. (Japan) 15, 
545 (1956). 

* See for instance: J. M. Blatt and V. F. Weisskopf, Theoretical 
Vuclear Physics (John Wiley and Sons, Inc., New York, 1952). 





ELASTIC SCATTERING 

Two recent papers present values for the depth of 
the nuclear potential for alpha particles. Recently Mohr 
and Robson" analyzed the 22-Mev elastic alpha-particle 
scattering data’ from Ag and Pb. They find that the Ag 
data requires a rounded potential such as was used by 
Woods and Saxon’ with Vz between 0 and —62 Mev 
and V;=—62 Mev, while for Pb, a square well with 
Vr=Oand V,;= —62 Mev was adequate. Born-approxi- 
mation phase shifts were used in this work. Tolhoek 
and Brussard'! have used a very deep potential to fit 
the alpha disintegration data. 

In this paper, the 40- and 22-Mev alpha-particle 
elastic scattering data are interpreted in terms of the 
optical model. It is assumed that the potential is a 
diffuse potential of the form employed by Saxon and 
Woods. Account is also taken of the distribution of 
charge in the nucleus. 


Il. THE OPTICAL MODEL 
The scattering of an alpha particle of finite size by a 
nucleus is treated as the scattering of a point charge 
from a potential. This potential consists of a nuclear 
optical model part plus a Coulomb part. The Coulomb 
potential is assumed to be that from a fictitious radial 
charge distribution which approximately takes into 
account the finite extent of the charge distributions of 
both the bombarding and target nucleus. 
In this approximation the Schrédinger equation to be 
solved for the /th partial wave may be written as 


h? dU wU+1) |: : 
- “e.m ly (1) 


Views t V cout 
2u dr? 
where yw is the reduced mass and /,.,,. is the energy in 


Qu he 


the center-of-mass system. The Coulomb potential 


Fic. 1. Angular de 
pendence of the elas 
tic scattering cross 
section for 40.2-Mev 
alpha particles scat- 
tered from Ta, Ph, 


Th, and Au 
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60 
6 (LAB) 
” C. B. O. Mohr and R (London 
A69, 365 (1956) 
"H. A. Tolhoek and P. J. Brussard, Physica 21, 449 (1955) 


H. Robson, Proc. Phys. Soc 


OF ALPHA PARTICLES 127 


energy is chosen to be that due to a radial charge distri- 
bution of the form! 


p(r)~1—4} exp[n(r/ro—1)], r<ro 
(2) 
r/ro) |, 


~} exp[n(1 r>10. 


The Coulomb potential energy due to such a charge 
distribution is given in reference 12, as 


ZZ 2° 1 1 x? e*s] "a 1 
Ba 
To n?’ 2 6 n* nx 2 
e n 
} ), x<1 
2 


Vout 


(3) 


n' 
(« "+t 2n- ). t- 1, 
3 


where x=r/ro. The nuclear optical-model potential is 
assumed to be of the form 


Vaue= (VatiV,)/ (1+expl(r—r.), dj, (4) 


where d is the diffuseness parameter and 7, is the nuclear 
radius parameter. In the present work the assumption 
has been made that ro=1.304'*10 " cm for heavy 
elements and 1.224! 10~" cm for Ti, Al, and C. These 
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Fic. 2. Angular dependence of the elastic scattering cross 
section for 40.2-Mev alpha particles scattered from Th. The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for Vz» 50 Mey 
7.5 Mev 


and 
Vi= 
Hill and K. W 


BD. L Ford, Phys. Rev. 94, 1617 (1954) 
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PaB_e I, Optical model potential parameters for alpha-particle 
scattering on various elements. The potential is of the form 
(VatiV,)/(1+expl(r—r,)/d]}. The parameters Vp and V; are 
given in the table, with r,;= (1.35A4+1.3)k10-™ cm and d=0.5 
x10°" cm 


Kk (Mey) Llement Va (Mev Vi (Mev 
40.2 ( 30 10 
40.2 Al 0 12 
40.2 Ti x0 14 
40.2 Cu 46.8 13 
40.2 Nb 45 13.5 
40.2 Mo 42 9.5 
40.2 Ag 37 10 
40.2 Ta 51 9 
40.2 Au 44 10 
40.2 Pb : 43 7.6 
40.2 Th 50 7.5 
20 Ag 35 7.5 
20 Au 10 9.5 
20 Pb 30 16 
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values were chosen rather than the smaller value ob- 
tained from the Stanford electron scattering experi- 
ments* since the charge distribution is probably 
broadened by the alpha-particle charge distribution. 
The differential equation [Eq. (1) ] was numerically 
integrated by the method proposed by Gill.“ The 
solutions so obtained were compared with the Coulomb 
wave functions.'® The complex phase shifts 6, are 
given by 


(F//F)—(U¢/Uy) 














6)= —tan™'| (F,/G;)——— 7 ; (5) 
(G'/G,) —(U/¢/U)) 
2 
10 7 T T T T = T 
io 
se 
~ 
7 
« F 
Ww 
- 
wo a 
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é 4 
als “7 
io® 9 
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a a a a 
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Bem — 5xi0* 7x io¢ 
Fic. 4. Angular dependence of the elastic scattering cross 


section for 40.2-Mev alpha particles scattered from Cu. The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for V z= —49.5 Mev and 
11. Mev. 


V;— 
where F), G, are the regular and irregular Coulomb 
functions, respectively, and the primes represent deriva- 


tives of the indicated quantities. The differential cross 
section for elastic scattering is given by 


1; »exp{—in In{sin*(6/2) }} 
dei (O) _ 
k? 2sin?(@/2) 


1 « yy 
+— FS (214-1) 6? e?4'— 1 |P, (cosh) | (6) 


21 i 


’ Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954) 

4S. Gill, Proc. Cambridge Phil. Soc. 47, 96 (1951) 

'® The method of calculation for the Coulomb wave functions 
is discussed by R. M. Thaler and L. C. Biedenharn, Nuclear Phys 
(to be published). 
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where 


n= (Z:Z2€"/ hve), o1=argl (l+1+-1), 


and P, is the Legendre polynomial. At an energy of 
40 Mev it proved necessary to consider twenty-five to 
thirty partial waves. At 22 Mev fifteen to twenty 
partial waves sufficed. 


Ill. ANALYSIS OF ELASTIC SCATTERING DATA 


The elastic scattering of alpha particles from Th at 
40.2 Mev is typical of the heavy-element data’® at that 
energy which are summarized in Fig. 1. The differential 
cross section at small angles is equal to the Coulomb 
cross section, rises above the Coulomb cross section at 
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Fic. 5. Angular dependence of the elastic scattering cross 
section for 40.2-Mev alpha particles scattered from Pb. The 
dots represent the experimental points; the solid line represents 


the theoretically predicted distribution for Vr=—43 Mev and 
V;=—7.6 Mev. 


some critical angle, and then drops monotonically to 
about 1/1000 the Coulomb differential cross section at 
the largest angle of measurement. 

The best fit (Fig. 2) to the experimental data at 
40.2 Mev was obtained when the interaction radiys was 
taken to be R=9.6%10~-" cm= (1.35A!+1.3)K10-" 
cm. The quantities Vz and V,, were allowed to vary 
between 0 and —100 Mev in a grid with a 10-Mev 
spacing. A larger radius was tried, namely, R= 11.4 
X10-" cm= (1.54!4-2.2)K10~-" cm, a value obtained 
in an earlier analysis.* The quantities Vg and V, were 
allowed to vary within the same limits again. The best 
fit obtained for the latter case had a least-square devia- 
tion several hundred times larger than for the former. 


16 Wegner, Eisberg, and Igo, Phys. Rev. 99, 825 (1955). 
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Fic. 6. Angular dependence of the elastic scattering cross 
section for 40.2-Mev alpha particles scattered from Au, The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for Vr -—-44 Mey and 
Vi;=—10 Mev 


With the radius taken to be 9.59 10~" cm, the param 
eter d was varied from 1.0 to 0.25X10°" cm. The 
best fit for d= 1.0 occurred for Ver~0 and for V, very 
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Fic. 7. Angular dependence of the elastic scattering cross 
section for 40.2-Mev alpha particles scattered from Ta. The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for Vg=—51 Mev and 
V;=—9 Mev 
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. ' — No minimum was found within the 0 to —100 Mev 
region when d=0.25 10-8 cm. 
The elastic scattering from Cu is typical of the light- 
element data'® summarized in Fig. 3. Figure 4 shows 
0 the best fit at 40.2 Mev obtained for Cu. The values 
obtained for the parameters are listed in Table I. The 
radius was varied in order to test the sensitivity of the 
“ 
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hic. & Angular dependence of the elastic scattering cross 
section for 40.2-Mey alpha particles{scattered from Ag. The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for y= —37 Mev and 
i= 10 Mey 
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much smaller than that obtained. for d=0.5X10~" cm. 
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section for 40,2-Mey alpha particles scattered from Mo. The 


dots represent the experimental points; the solid line represents dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for V p= —42.5 Mev and the theoretically predicted distribution for V,=—45 Mev and 
V;= —9.5 Mev V,= —13.5 Mev 


section for 40.2-Mev alpha particles scattered from Nb. The 
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fit to nuclear radius. The best fit obtained was for 
R= (6.7+0.3)K10°" cm= (1.35A!+ 1.3) 10°" 
The uncertainty in the parameters is taken to be that 
variation which increases the sum of the least-squares 
deviation by a factor of two over the minimum value. 
For several different values of R, the values of Vx 
and V, were varied to find the best fit as determined 
by the minimum in the least squares sum. The position 
of the minimum in the Vz, V, space did not vary 
appreciably for different values of R. This is in contrast 
to the elastic-proton scattering analysis.’ There it is 
found that when R is decreased from R= (1.44!) 10°" 
cm to R= (1.214')K10~" cm, equally good fits can be 
obtained provided Vz and V, very different 
values from before. The values of the parameters for 
Pb (Fig. 5), Au (Fig. 6), Ta (Fig. 7), Ag (Fig. 8), 
Mo (Fig. 9), Nb (Fig. 10) are listed in Table I. Figure 11 
shows the best fit obtained for Ti, and the values of the 
parameters obtained are listed in Table I. 

A recent analysis of 14-Mev-neutron data'’ has been 
performed using an imaginary potential more localized 
on the surface than the real part. However, it is not 
clear that the 14-Mev neutron data necessarily imply 
such a potential, since equally good fits are obtained 
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through the use of a potential of the same form as the 
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Fic. 11. Angular dependence of the elastic scattering cross 


section for 40.2-Mev alpha particles scattered from Ti. The 
dots represent the experimental points; the solid line represents 


the theoretically predicted distribution for Ve= 3) Mev and 
V;= —14 Mev 
17 Bjorklund, Fernbach, and Sherman, Phys. Rev. 101, 1832 
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Fic. 12. Angular dependence of the elastic scattering cross 


section for 40.2-Mev alpha particles scattered from C. The 
dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for Vry=—34 Mev and 
V; 10 Mey 


one assumed here.'* In order to establish whether better 
fits could be obtained in the alpha-particle analysis, by 
using a potential localized on the nuclear surface, the 
following form for the nuclear potential was also tried 
in the Ti analysis, viz 


V x t ir| 


I+exp[(r—r,) /d | 

The fits obtained were not as good as those obtained for 
a Fermi function for both real and imaginary parts 
These results are not conclusive on this point, however, 
the fits 
because other form factors have not been investigated 


because were not significantly worse, and 


Further work is now in progress relating to this question 
Vr 40 
Mev, was required to obtain a fit to the Ti data. The 


A significantly smaller value for Vx, viz 
same result was found in the analysis of the other two 
(Fig. 12) and Al (Fig. 13) 

The results of an analysis of the elastic scattering of 
22-Mev alpha particles’ on Ag (Fig. 14), Au (Fig. 15), 
and Pb (Fig 


light elements, ( 


16) are summarized in Table I 


IV. CONCLUSIONS 


The results of an analysis of the elastic scattering of 
40-Mev alpha particles from Cu, Nb, Mo, Ag, Ta, Au, 
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hic. 13. Angular dependence of the elastic scattering cross Fic. 15. Angular dependence of the elastic scattering cross 

section for 40.2-Mev alpha particles scattered from Al. The — section for 20-Mev alpha particles scattered from Au. The 

dots represent the experimental points; the solid line represents dots represent the experimental points; the solid line represents 

the theoretically predicted distribution for Vy=—30 Mev and _ the theoretically predicted distribution for Vy=—30 Mev and 
Vi= 12 Mey V;= —9.5 Mev. 


Pb, and Th yield a value of (—45_,**) Mev for Va, 
where the deviations represent the maximum excursions 
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Fic. 14. Angular dependence of the elastic scattering cross Fic. 16, Angular dependence of the elastic scattering cross 
section for 20-Mev alpha particles scattered from Ag. The section for 20-Mev alpha particles scattered from Pb. The 
dots represent the experimental points; the solid line represents dots represent the experimental points; the solid line represents 
the theoretically predicted distribution for Vp=—35 Mev and 


the theoretically predicted distribution for Vg=—30 Mev and 
V;=—7.5 Mev Vi~=--17 Mev 





ELASTIC SCATTERING 
from —45 Mev among these seven elements. This is in 
disagreement with the value of — 167 Mev obtained by 
Tolhoek and Brussard'! for the potential experienced 
by an alpha particle and of —5.6 Mev obtained by 
Gugelot and Rickey.” The value of V; is (—10_3.5*!:*) 
Mev. The nuclear radius is found to be R= (1.354 '+1.3) 
x10-" cm and the diffuseness parameter d=0.5 
X10~- cm. 

The three lightest elements investigated at 40 Mev 
(C, Al, and Ti) compelled the use of a smaller value, 
— 30 Mev, for Vr. A possible explanation of this dis- 
crepancy is found in the carbon electron-scattering 
results.” They indicate that the charge distribution is 
approximated better for carbon by a Gaussian than by 
a Fermi distribution as was used in this analysis for 
both light and heavy elements. Another reason that V x 
may be smaller for light elements is that the energy of 
the incident 40-Mev alpha particle is appreciably lower 
in the center-of-mass system for a light element. For a 
40-Mev alpha particle incident on C, the center-of mass 
energy is 30 Mev. That Vz is energy-dependent is 
indicated by the 22-Mev elastic-scattering analysis. 

The mean free path of alpha particles as determined 
from Vz and V, obtained in this analysis is \=2 10-" 


1 P. C. Gugelot and M. Rickey, Phys. Rev. 101, 1613 (1956) 
» J. H. Fregeau, Phys. Rev. 104, 225 (1956). 
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cm at 40 Mev and AX1.5X 10~" cm at 22 Mev, where 


1 4p vy; \? 
: e-V»)|| ( ) +] 7 
Nth? E-Vp 


The quantity uw is the reduced mass and E£ is the energy 
in the center-of-mass system. 

As was mentioned in the discussion of the Ti analysis, 
the best fit obtained with a Fermi distribution was not 
a great deal better than that obtained using a surface 
distribution for V;. This can be easily understood since 
the mean-free path is short enough so that the alpha 
particle scattering is not particularly sensitive to the 
central part of the potential. The mean free path of a 
40-Mev alpha particle is 2 10~" cm, approximately 
one-third the interaction radius obtained for Ti, Con 
sequently the alpha particle is absorbed strongly in the 
outside part of the Ti nucleus, and the analysis is not 
very sensitive to the central part of the potential. 

For comparison, the mean free path for a 20-Mev 
proton! is 3X10°" cm and for a 22-Mev alpha, 1.5 
x10°" cm from the present analysis. The fact that 
these mean free paths are not very different is of 
course a consequence of the fact that the values for 
V» and V, obtained in both analyses are approximately 
equal. The values for the other parameters are also 
quite similar in this analysis and in the proton analysis.” 
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Chew-Theory Approach to the Scattering of Low-Energy K* Particles by Nucleons* 


Henry P. Stapp 
Radiation Laboratory, University of California, Berkeley, California 
(Received December 26, 1956) 


The method successfully used by Chew in the treatment of pion-nucleon scattering is applied to the 
scattering of K* mesons by nucleons. Two mechanisms are considered. In the first the K mesons are emitted 
and absorbed directly by the nucleon or hyperon, and in the second the force is transmitted by the r-meson 
field in the manner proposed by Schwinger. Distinguishing characteristics of the two mechanisms are 
discussed and predictions concerning the angular distributions and isotopic spin dependence at energies 
less than 100 Mev are given. Some unusual features of the r-meson exchange mechanism connected with 
the S- P? wave coupling are noted, Within the framework of the general Chew-type approach, a predominant 
r-coupling mechanism appears incompatible with recent data. A direct emission absorption mechanism 
with +, coupling and with the square of the K-A-nucleon coupling constant three times that of the K-Z 
nucleon coupling constant is suggested. The scattering obtained from this model using the Chew approach 
is considerably damped compared with the perturbation result. Correspondingly the coupling constant 


obtained from Chew theory is larger than that obtained from perturbation theory 


ERTURBATION theory has been extensively used 
in the analysis of various strange-particle inter 

actions.’ For K-particle nucleon scattering, the problem 
is formally quite similar to that of meson-nucleon or 
nucleon-nucleon scattering, for which the perturbation 
approach is known to be unsatisfactory. In these 
problems it was rather the cutoff theory of Chew? that 
first gave qualitatively correct results. Although the 
recoil effects, which are neglected in Chew’s approach, 
would be expected to be considerably more important 
in K-particle scattering, the inclusion of these effects 
would not be expected to alter completely the charac 
teristic features obtained from the theory, particularly 
at low energies, (The recoil effects, and also relativistic 
effects, can be included by a slight extension of Chew’s 
method. This generalization will be discussed else- 
where.) In the following paragraphs the method used 
by Chew is directly applied to K*-nucleon scattering 
and the results are discussed 

If only S and P waves are retained, the differential 
cross section for the scattering of a spin-zero particle by 
a spin-} particle is* 


dy") 4+(2 Re a*(2a34-a;)) cosd 
(1) 


da dQ A*{ ( a af ay 


+ (| 2a,+a,/\? a,\— a3\*) C086}. 


Here a= (sinéd)e”, where 6 is the S-wave phase shift, 
and dy, is the same expression with 6 replaced by the 
P-wave phase shift 6,,. This formula, which is the same 
as for meson-nucleon scattering, applies directly only 
to processes that proceed through a single isotopic spin 
state. In K-particle nucleon scattering there are the 
and 7=0, and the a 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

' See, for instance, R. Spitzer (to be published) 

2G. Chew, Phys. Rev. 89, 591 (1953) and S. Gartenhaus, Phys 
Rev. 100, 900 (1955) 

4 See, for instance, H. A. Bethe and F. deHoffmann, Mesons and 
Fields (Row-Peterson and Company, Evanston, 1955), Vol. II, p. 
66 

‘Only the nuclear contribution is discussed in the body of the 
text. The Coulomb corrections are discussed in the Appendix. 


two isotopic spin states, T= 1 


and doy in Eq. (1) must be replaced by linear com- 
binations of a7 and dz," in the following way: 


Kt+p—+Kt+p 


K°+n— K°+n 
Kt+n > Kt+n) 
> K°+p 


>K°+p 


K°+ p 
Kt+n 


>4(a)'—a,°). 


K°+p—> Kt+n| 


In these expressions 7 is 1, 3, or nothing. The three cases 
in Eq. (2) will be referred to as K*-p scattering, K*-n 
scattering, and exchange scattering, respectively. 

The Chew approach to boson-fermion scattering is to 
solve approximately an integral equation, the inhomo- 
geneous term of which is obtained from the perturbation 
calculation corresponding to the diagram in Fig. 1. 

The form of the interaction in ordinary spin space 
may be spin-independent (scalar coupling) or propor- 
tional to k-@ (gradient coupling). In isotopic spin space 
a natural form is 


Hine~ (MR eN +H.c.), (3) 
where a sum on yw from zero to 3 is implied, and H.c. 
means Hermitic conjugate. The A° is the creation 
operator for the A particle, and A', A’, A’ are related to 
the creation operators Z*, 2°, Y~ of the corresponding 
y particles by 


1 1 
(A'+7A?), 2 
v2 


(A'—iA?), 2°=A*. 


v2 


The operator A creates K* or K°. If the mass difference 
of the A and & particles is neglected then the per- 
turbation result, in its isotopic spin dependence, is 
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Fic. 1. Perturbation diagram. Only crossed diagrams contribute 


because of conservation of strangeness. 


proportional to 


(3j|2P'+2P"|\ai), (4) 


TBiiT ja’ 


where a and # denote respectively the initial and final 
isotopic spins of the nucleons; 7 and 7 denote respec- 
tively the initial and final A-particle isotopic 
states; and P” are the projection operators for the 
total isotopic spin eigenstates. According to Eq. (4) 
the interaction (3) would give in the perturbation limit, 
and in fact generally, equal scattering amplitudes for 


0 


spin 


the two isotopic spin states. Substituting a,'=a," into 
Eq. (2), one finds that A*-p and A*-n scattering would 
be identical and exchange scattering would vanish. In 
order to include the most general isotopic spin de- 
pendence, the right hand side of Eq. (4) can be replaced 
by 

(BICP'+CP"\a7), (5) 


where the C’ are arbitrary constants. For instance, if 
only the A° contributions to the interaction (3) are 
included, one finds C'! C°=1. In this case Eq. (2) 
shows that the A-n scattering would vanish and the 
exchange scattering would be the same as the Kt-p 
scattering. If the A° coupling constant were the square 
root of three times the 2 coupling constants, then 
C’=0 and only the 7=1 states would contribute. 

Following Chew, the nucleon is considered as a fixed 
source of the K-meson field. In a fixed-source theory 
there is only S scattering if scalar coupling is used and 
only P scattering if gradient coupling is used. In the 
latter case Chew’s results may be used almost directly 
and the tangents of the P-phase shift are given by 


tandey? = +C7C2,X (wo)/L1—C7™C2,A(wo) |, (6) 


where 


1 kof ; , Ro 
x (wo) 


m Q) 


1 uM Lykf',? 
fat(’) 
T 3\ m 


m 


A(wo) 


wy? = k?-+- m’. 


Here 9, is w, plus the absolute value of the nucleon- 
hyperon mass difference, M is the cutoff energy, and 





n n 


Fic. 2. Lowest-order diagram and m-meson exchange (Schwinger) 


mechanism for A-particle nucleon scattering 


subscript zero denotes values at the incident energy. 
The notation of Chew is used: w, k, and m are the 
energy, momentum magnitude, and mass of the A 
particle, and f’ is the A-nucleon unrationalized coupling 
constant. Natural units (A= < 
Equation (6) gives the dependence of the P-phase 


1) are used throughout. 
shifts on the incident A-particle energy wy, and it 
provides for a possible resonance in cases in which 
C™Cas >0 have C'C;=4 for 
both values of 7, and the phase shift 6,” is expressed 


For interaction (3) we 


by an equation identical in form to that given by Chew 
for the resonant 6,4: 
The formula (6) is also valid for the S-phase shift from 
scalar coupling if 4(k/’/m)* is replaced by g’? and Cy, 
by C 
by substituting Eq. (6) into (1) and (2), The unknown 
cutoff 
are easily obtained from 


phase shifts of meson scattering. 


1. Angular and energy dependences are obtained 


quantities are the coupling constant /’, the 
energy M, and the C’. The C? 
any specific interaction, as was seen above, but the 
experimental information is as yet insufficient to fix /’ 
and M. In spite of these ambiguities recent experiments 
seem to weigh against an interaction predominantly of 
the form (3) in which, as mentioned, the A*t-p and 
experi 

nuclei 


Kt-n scattering amplitudes become equal. 


mentally® the cross sections from complex 


appear considerably less than the A‘-p cross section 
Hither a small Kt-n 
indi 


multiplied by the atomic weight 
cross section or destructive interference seems 
cated. This latter possibility may be achieved by using 
a quite different mechanism for A-particle nucleon 
scattering, the one recently proposed by Schwinger 
Schwinger® has suggested that A-particle nucleon 
scattering is due in large measure to processes in which 
the K particle and nucleon exchange wm mesons. The 
lowest-order perturbation diagram is shown in Fig. 2 
The isotopic spin dependence of the matrix element for 
this diagram is, if we neglect the m-meson mass dif 
ferences, 
(87| P'—3P"\at), (7) 


ke od 
Tha Tji 


where / is summed from 1 to 3. To first order, the 


6S. Goldhaber, Proceedings of the Sixth Annual Rochester Con 
fereonce on High-Energy Physics, 1956 (Interscience Publishers 
Inc., New York, 1956). Sec. I, p. 1 

* J. Schwinger, lectures at Stanford, summer, 1956 (unpub 
lished). Maurice Goldhaber [Phys. Rev. 101, 433 (1956) } origi 
nally suggested the »-K interaction in connection with K-particle 
production in meson-nucleon collisions 
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amplitudes therefore satisfy the relation a= —3a/. 
According to Eq. (2) this would make the K*t-n am- 
plitude equal but opposite to the K*-p amplitude. The 
exchange-scattering cross section would be four times 
that for K*-p scattering. 

The external] lines in Fig. 2 are the same as those for 
Fig. 1, and a treatment analogous to Chew’s may be 
obtained for the Schwinger mechanism by replacing the 
matrix elements corresponding to Fig. 1 by the matrix 
elements corresponding to Fig. 2. The resulting integral 
equation is, of course, just that obtained from the one- 
meson ‘Tamm-Dancoff approximation. Its inhomo- 
geneous term is the sum of the matrix elements for the 
two time-ordered processes represented by Fig. 2 and is 
given, if the nucleon is taken to be a fixed source and the 
K particle is assumed to be very massive with respect 
to the mw meson, by 

4a fgi(k’ —k)-o.,7p0!7 j;' 
(k’s87| U | krai) , (8) 
(py? + lk . k’ |?) (4coje04-)! 


where a and f designate respectively the isotopic spin 
indices for the initial and final states of the nucleon, 
and i and j are the corresponding indices for the K 
particle. The nucleon spin indices are r and s, yu is the 
m-meson mass, f is the unrationalied r-meson—nucleon 
coupling constant’ and g is the unrationalized coupling 
constant for the w-K interaction, 


(4m) (au) f acR (2) 0°K (xu), 


Transforming Eq. (8) to the LS J M representation, 
one obtains,® for J=J’=}, 


(RU I'M'B7| U | RII Meat) 


Omem 
(4ar)* fg (87| P'—3P"|\at) 
4kk’ 


w+ (k+k’)? 
x {In} )} : 
p+ (k—k’)? (dw)! 


QO k 
(R’l'| A | kl) ( ), k= \k 
k’ O 
} the matrix 


the /=0 state being top and left. For J 

element vanishes; there is no scattering in the J= 4 
state for the Schwinger mechanism if only S and P 
waves are included. This is because the interaction 


(k'l' | A| kl) 


(9) 


where 


converts P waves to S§ waves and the latter cannot 
occur in a J = # state. 


’The definition of the w-nucleon interaction is the same as 


that of G. Chew [Phys. Rev. 94, 1748 (1954) ] 
* The normalization convention chosen here is 
(plm | p’) = (i)! Vi"* (0'g’) (2) 5 (p— p’)/p’, 
(plo | p'l'm’) = b11-Smm: (213 (p — p')/p?, 
p)(p| > Sdp/(24)= f pdp/(2r)* fda. 


P 


STAPP 


The introduction of the representation where J and 
T are diagonal has not completely diagonalized the 
operator U, as it did in the previous case, because A is 
not diagonal in the angular momentum quantum 
number /. In order to find the linear combination of the 
S and P waves which are the eigenstates of the problem, 
consider first the lowest-order approximation. To 
lowest order, the tangents of the phase shift are propor- 
tional to the matrix element of U between its initial and 
final eigenstates.2? By energy conservation we have 
k=k’, and the eigenstates are the linear combinations 


1 
{|RIJMTT,)+|ROJMTT,)} =|kR4+JMTT,). (10) 
v2 


If these vectors are used as basis vectors, the matrix 
(k'| U\k) becomes 

k— k’) 

k+k’ 

(k'| U\k)=F(R’,k)(P'—3P")P (11) 

—] 
k+hk’ ) 
p+ (k+k’)? 


p+ (k—k’)? 


where 
(4m)? fg(k+k’) 
F(R’ ,.k) = In 
LOR’ (wpe)! 


, (12) 


and P,,=P, is the projection operator for the J=4 
state. The exact expression for the phase shift is* 


how 
tané.= — (Roa | K | Roce), (13) 
2 


Sar 


where kop is the wave number in the initial and final 
states and a designates the eigenstate of (ko| K | ko). 
Following Chew,? the reactance matrix K is approxi- 
mated by the solution of the integral equation 

K=U+U (wo— Ho) 'K, (14) 


and then the matrix element (koa! K | koa) is approxi- 
mated as 
(Roa| U | Roce) 


(koa! K | Row) = 
(Roa| U (wo— Ho) 'U | koa) 
zs 
(Roa! U | Roe) 


(15) 


On consideration of the various terms in the iterative 

solution of Eq. (14) it may be seen that the eigenstates 

of the matrix (ko| K/|ko) are the same as those of 

(ko|U\ko). The equation for the phase shift may 

therefore be expressed, with the aid of Eqs. (11), (12), 

and (15), as 

Row CaF (ko, Ro) 

tanéba= . (16) 

8x? 1—C,A’ (ko) 

*B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

The normalization conventions used in the present paper are 
slightly different from those in the reference. 
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where C=C 4? are the numerical constants 


C=-1, Ci=1, C=3, C%=-3 


’ 


and 


kidk |F(ko,k) |? \Ro—BI? 
A! (ke) =—— f sce (- res ) 
F (ko,ko) (2) (we— wo) kotk 


(17) 
Substituting Eq. (12) in (17), one obtains 


Sg kdk p+ lRo+k 2 ’ 
a'(hoy=— f [n(“ )| 
dF vox (wn—wo)b ut |ho— Bl? 


w+ | Rotko|? ’ 
x{ n( —-—- ) 
uw 


In the region kyn“<p the value of A’(ko) given by (17’) 


becomes 
fg{2m’—p mp? m+a 
~ nf 
2a’ 4a3 m—a 


ko\? ys! 
(bes 
7 4a’ 


m-+a ko? 
In —2In +--+}, 
m—a 2mu 
where a?=m’—y’. Replacing the K-meson mass m by 
3.5 w, one obtains 


(17’) 


A’ (ky) = 


T 
p+ 20°? — 4a’m? 


8a*m 


ko\? 
- ) [—3—2 In(ho?/7p*) ]+--- . 


fg 
A’ (ko) {0.95+( 
T 


m 


Convergent results are obtained without introducing a 
high-energy cutoff as was necessary in the previously 
discussed direct emission-absorption case and in the 
case of w-meson nucleon scattering. 

Because of the mixing between S and P waves, 
formula (1) for the cross section is no longer adequate. 
If the noncontributing /= 3 terms are omitted, the 
modified expression for the differential cross section 


becomes!” 


da /dQ= XL | by |?+ |b |?+2/ |? 


+(2 Re b,b_*—2!b)?) cosd}, (18) 
where 
1 

[cos*e” exp(2i5,") +sin*e” exp(2i6_7)—1 ], 

1 
1 . 4 

[ sin*e” exp(2i6,7)+cos*e? exp(216_7)—1], (19) 
21 


b,7= 


7 


Lexp(2i6,7) —exp(216_") }. 


sine’ cose 


21 
See J. M. Blatt and L. C. Biedenharn, Phys. Rev. 86, 399 
(1952), and Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 
302 (1957) for treatments of similar situations involving coupled 
partial waves. 
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The relationships between the 6; appearing in Eq. (18) 
and the 0,” appearing in (19) are again given by Eq. 
(2), but with the 4; replacing the a,. Explicit formulas 
for the cross sections are then obtained by substituting 
into (18) and (19) the values of the phase shifts given 
by (16). The value of the mixing parameter e” is 4/4 
as a consequence of Eq. (10). 

Equations (18) and (19), which include only the 
J =} contributions, would be expected to hold only in 
the low-energy region. At energies between the threshold 
for P waves and D waves, the coupled P-D wave eigen 
state should begin to contribute. If these states are 
included, the expression for the differential cross section 
becomes 


(20) 


da/dQ= *{ A+ B cos6+C cos*é+ D cos*0}, 


where 


b_1|?+2|b)|?+ |by3|*+ [bs 
b3|?— 2 Re(b,,b_3*) —2 Re(b_,b,;") 
+4 Re(b,b;*), 
B=2 Re(b_1b41*)—2| b;|?+ 10) b5|? 
10 Re(b_4by3*) +4 Re(b, 16,3") 
+4 Re(b_,b_3*)+8 Re(b,b,*), 
3| b_3|?+3) by3|7+6| b3|?-+6 Re(b,:b_3*) 
+6 Re(b_1b,3*)—12 Re(b,b;*), 
D= — 18! b3|?+ 18 Re(b_3b,3*) 


A b41/*+ 
+ 2| 


(21) 


The b42,7 and by," are defined as in Eq (19), but with 
the subscript 2/ now included. The relationship of 
the bso, and by, appearing in (21) to the bye? and 
bo,” is again given by Eq. (2), with the a; replaced by 
the d,. 

Expressions for the J= 3 phase shifts may be ob 
tained by the same methods as were used for J =}. 
The results may be expressed in the form given by 
Eqs. (16) and (17) but with /(k’k) given by 


(4m)? /g(k+k’) A+1 
E nf ) 2| (22) 

16kk’ (urpev,)! A—1 
(u?-+ k?-+-k’*)/2kk’. The value of the J= 4 


and hence 


F (kk) 


where A 
mixing parameter ¢; is m/4, as is 1, 
b_2s= by2,. This allows some simplification of Eqs. (20). 

It should be mentioned that 
mulas (18) and (20) apply explicitly to unpolarized 
target nucleens. If the form of #-K interaction assumed 
above is used and if m,, the component of nucleon spin 
along the direction of the incident AK particle, is +4 
(18) 


the cross section for 


then the cross section given in Kq should be 


augmented by the additional term 


A(da/dQ) = +2 Im[ b*(b, —b_) }(1—cos8) 
This dependence of the cross section, a scalar, upon 
o-k,, a pseudoscalar, is possible because the interaction 


is not reflection-invariant. In the interaction proposed 
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by Schwinger, reflection invariance is maintained by 
taking the two K fields that occur in the interaction to 
refer to states of opposite parity. In this case the 
A(da/dQ) term, which is an interference effect between 
the parts of the scattering amplitude due to even and 
odd numbers of meson exchanges, does not contribute. 
If there is only a single type of K* particle and yet the 
n-K interaction is present the polarization effect 
mentioned above provides, in principle, a method of 
exhibiting the implied parity violation. 

The equations of this section provide a formal de- 
scription of the scattering of K particles by nucleons 
according to a Chew-type approach, In the next section 
some consequences of these equations are discussed. 


DISCUSSION 


The omission of recoil and relativistic effects con 
stitutes an obvious defect in the above theory. These 
effects may be included, in part, by replacing in the 
inhomogeneous term of the basic integral equation the 
approximated perturbation matrix elements by the 
exact perturbation matrix elements. Such a program is 
now in progress. However, at low energies the main 
effect of including these corrections will be to modify 
the resonance-damping functions A’(ko) and A(wo). 
Since these functions depend also upon the cutoff 
function (which according to the viewpoint of cutoff 
theory should be introduced to simulate the effects of 
complicated high-energy processes) they may, to some 
extent, be considered as parameters to be adjusted by a 
comparison with observed phenomena. It is of interest, 
therefore, to consider those general features of the 
theory that are not strongly dependent on the detailed 
behavior of these resonance-damping functions, but 
which constitute rather the characteristics inherent in 
the general method of approach 

It may first that 
energy dependences predicted by the three models differ 
markedly. For the scalar coupling model the cross 
section is approximately energy-independent near ko= 0. 
In the w-coupling and gradient-coupling models, the 


be noted at low energies the 


cross sections vary as the first and second powers of the 
incident kinetic energy respectively. If the 
relativistic form of the direct interaction between K 
particles and baryons is either ys or scalar, then in the 
low-energy limit an effective scalar interaction would 
be expected to predominate. In this case the K-p dif- 
ferential cross section would, according to Eqs. (1), 
(4), and (6), be isotropic with magnitude 


actual 


{ 2” | (wot My— M y)(1— 2A(wo)) |}? 

(in natural units h=c=1). Here it has been assumed 
that the phase shift is small and that the isotopic spin 
dependence of the interaction is that given in (3). 
According to Eqs. (2) and (4), the A*-n cross sections 
would be the same as the A*-p cross section and the 
exchange scattering would vanish. At slightly larger 
energies the #-coupling mechanism with its linear 


Ps 
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energy dependence and its presumably much stronger 
m-nucleon interaction would be expected to become 
predominant. A characteristic feature of this mechanism, 
at low energies, is the (1—cos@) angular dependence. 
This form of angular dependence may be seen from 
Eqs. (16), (18), and (19) if it is noticed that 6, =b_~0 
for small 6,. An unusual feature of the -coupling 
mechanism is that at low energies the differential cross 
section contains a cos@ contribution but no contribution 
of the form cos*@. For more usual interactions, in which 
states of different parity are not coupled, the angular 
distribution is isotropic until ? waves begin to con- 
tribute and then, in general, both cos@ and cos*@ terms 
appear simultaneously. For w coupling, the cos’é term 
would be expected to appear rather in conjunction with 
a cos’@ contribution. The presence of a large cos#@ term 
and a small cos*@ contribution in the differential cross 
section at low energies (e.g., less than 50 Mev) would, 
according to this phase-shift approach, be evidence for 
the presence of a K-pion coupling." 

If there is an energy range in which the w-coupling 
mechanism becomes predominant but in which the 
resonance-damping function is small, the A*t-p cross 
section will, according to Eqs. (16), (18), and (19), 
take the form 


da/dQ= 


}X*{ | 1—cos26 *+ | sin26 |? 


+ (| 1—cos26\?— | sin26 *) cos8}, (23) 


where 6 abbreviates the 6,' given by Eq. (16). As the 
energy increases, the resonance-damping function 
A’(ko) should first become important in the 7=0 state, 
since the largest of the C4” is C,°=3. In the neighbor 
hood of this first resonance the A*-n and exchange- 
scattering cross sections would become large and equal, 
whereas the A*t-p cross section would remain small. 
According to Eq. (19) the values of |6,° *, |b-°)?, and 
b° ? at this resonance are all ~}. At resonance the dif- 
ferential cross section therefore becomes approxi- 
mately isotropic with magnitude A’ just as for an 
S-wave resonance, This resonance would occur for a 
value of ky at which A’(ko)= 4. If the resonance occurs 


at a sufficiently low energy, the expansion 


A’ (ko) 


(fg m){ 0.95 +- (ky? py’) 
x{—3 


2 In(ko?/7Tu2}+ +++ J 


may be used. The estimate fg~1 has been made by 
Bernstein” on the basis of the Born approximation and 
an estimated 20-mb cross section at energies between 
30 and 100 Mev. If this value is used, a resonance or a 
near resonance would be expected in the neighborhood 
of threshold and the threshold characteristics outlined 
above would be largely overshadowed by the resonance 
effect. The value fg= 1 is, of course, only a first estimate. 
Since the predicted behavior of the cross section depends 


" This conclusion is somewhat vitiated, however, by the con 
flicting predictions of the Born approximation which, for the 
Schwinger mechanism, give a peaking around 90° for laboratory 
energies near 24 Mev. See Eq. (8) 

® Jerry Bernstein (private communication) 
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strongly on changes of fg in this region, a knowledge of 
the experimental situation would, within the framework 
of this theory, be expected to place severe conditions 
on the value of the coupling constants. The existence 
of resonances at or near threshold would also imply 
that the perturbation approximation would be com- 
pletely incorrect in the low-energy region. 

The above discussion indicates the possibility of a 
considerable structure in the scattering cross section at 
low energies if the w-coupling mechanism is operative 
and if the estimate for fg is reliable. It is of probably 
more immediate interest the somewhat 
higher energies for which experiments have already 
been performed. From the usual impact parameter 
argument the S- and P-wave formulation would be 
expected to be valid up to a laboratory energy of 
around 100 Mev. At this energy the value of A’(ko) 
given by Eq. (17’) is found by numerical integration 
to be ~4 fg. If fg is again assumed to be unity, then, 
according to Eqs. (12), (16), (18), and (19), the At-p 
differential cross section is 


to consider 


da /dQ~)*{0.58— 0.23 cosd}, (24) 


where X? is approximately 9 mb. In this expression the 
strong backward peaking characteristic of the low- 
energy perturbation treatment is considerably reduced. 


If one takes fg 


da/dQ 


2, the differential cross section becomes 


A7{ 1.23 { 0.33 cosd}, (25) 


which gives a forward peaking. 

The total cross sections given by Eqs. (24) and (25) 
are much larger than the observed value of ~15 mb." 
If smaller values of fg are used, the resonance-damping 
function becomes unimportant in At-p scattering at 
this energy and the expression for the differential cross 
section reduces to the form (23). The value of the single 
unknown parameter 6 may then be determined by fitting 
the total cross-section data. The value thus obtained is 
6~™~15°. If this value is reinserted into Eq. (23) the dif- 
ferential cross section takes the form 


da /dQ™{1.2—1.0 cosé} mb. 


This expression gives a strong backward peaking, in 
disagreement with the experimental data. The data 
suggest either approximate isotropy with constructive 
Coulomb interference at small angles or perhaps forward 
peaking.'® Thus in the framework of the no-recoil Chew 
approach, the w-coupling mechanism is apparently not 
compatible with the experimental data. 

This apparent failure of the w-coupling mechanism 
could conceivably be remedied by including recoil and 
relativistic effects. These corrections would alter the 
value of the resonance-damping function. However, in 
order to remove the backward peaking and yet retain 
the small total cross section the necessary increase in 
resonance-damping function must be a full order of 

48 Biswas, Fabbrichesi, Ceccarelli, Gootstein, Varshneya, and 


Waloschek, Nuovo cimento (to be published). I thank Sulamith 
Goldhaber for making available to me her preprint of this paper 
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magnitude. It seems unlikely that the additional con 
tributions could produce effects as large as that. 

There is a possibility that higher phase shifts are 
entering significantly at energies much lower than 
expected. The form of the differential cross section 
da/da=a+bcosé, which is characteristic of the - 
coupling mechanism at low energies, might in this case 
appear only at very low energies. Both the phase-shift 
method and the Born approximation predict backward 
peaking for energies less than 23 Mev. At higher energies 
the Born approximation leads to a forward peaking. An 
analysis of the correlation between energy and forward 
backward asymmetry would provide a critical test for 
the presence of an important m-coupling contribution 
if the Born approximation is valid. 

Unlike the r-coupling mechanism just discussed, the 
mechanism involving the direct emission and absorption 
of K particles by baryons can provide, within the 
framework of the present general approach, an adequate 
interpretation of the experimental data now available. 
These data are consistent with an isotropic distribution 
together with constructive Coulomb interference in the 
forward direction. If the K-baryon coupling is a scalar 
interaction an isotropic S-wave scattering would be 
obtained from the fixed-source theory used here. How 
ever, the effective potential obtained from scalar 
coupling is attractive and the interference with the 
Coulomb contribution would be destructive. On the 
other hand, the relativisti 
effective repulsive S-wave potential. Thus a suitable 
form for the interaction Hamiltonian would be 


5 interaction gives an 


Hint (in)ign f aexARyaN 


+ (4n)ies f @xA'RrorsN + Ha 


If we take gy=(3)~'ga, and if the hyperon mass dif 
ferences are neglected, there will be pure isotopic triplet 
scattering in agreement with the indirect evidence from 
scattering by complex nuclei. The stronger coupling of 
A particles is also indicated by the hyperon production 
ratio’ in pion-proton collisions if the estimated 3:1 
ratio of A’’ 
hyperon mass differences and recoil effects are neglected, 
the methods of Chew can be carried through much as 
before, and the S-phase shift is expressed by Eq. (6), 
but now with C!=4/3 and C°=0, 4(kof’/m)? replaced 
by ga’, {& replaced by a, minus the sum of the masses 
of the nucleon and hyperon, and Cz, replaced by C= 1 

For the P-wave phase shift, Eq. (6) is valid as it stands, 
with the values of C? and C° again 4/3 and 0 respec 

tively. The P-wave coupling constant f’ is related to 
ga by the equivalence theorem relationship 


s produced to A°’s observed is correct. If 


f’=mga/(My+M2), 


“J. Steinberger, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics, 1956 (Interscience Publishers 
Inc., New York, 1956), Sec. VI, p. 20 
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where m, Mw, and My are the K-particle, nucleon, and 
hyperon masses respectively. When the above substi- 
tutions are made, the phase-shift expressions (6) become 


4 ky 4 
ro( )/[ a.(a)|, 
3 Mn+M:z—w» 3 
‘( hogn )( ky )/ 
9\Ma-4 My wot My —M N 
4 
1 + A(wo) | 
3 
& hogan . ko 
tand,'=+ ( ) ( )/ 
9 M N + Ms; wot My = M N 


8 
f aen)| 
3 


For energies less than 100 Mev these expressions give an 
S-phase shift that is larger by an order of magnitude 
than the ?-phase shifts, provided the resonance-damping 
denominators are not dominating factors. If the P-wave 
contributions are neglected, then the differential cross 
section obtained by substituting Eq. (26) into (1) is 


tané! ~- 
tand,' 


(26) 


da 4g,” l , 


dQ (My { My wo) 1 + (4 3) A, (wo) 


where the phase shift has been assumed to be small, as is 
required by the smallness of the total cross section. At 
100 Mev the total cross section obtained from Eq. (27) 
Is 


a™3 bea’ } 0.46¢n") 2mb 


Here the cutoff energy in A;(wo) has been chosen to be 
My, the nucleon mass. The value of ga? obtained by 
equating the above expression for a to the observed 
value of ~15 mb is strongly affected by the resonance- 
damping function. Since this function will be modified 
by the contributions of recoil and relativistic effects, the 
exact numerical result obtained from this equation 
would be of little significance. But the appreciable 
damping of the scattering amplitudes in Chew theory, 
as compared with perturbation theory, is a result that 
will probably persist when the recoil and relativistic 
effects are included. 

It will be mentioned in closing that many of the 
equations given in this paper are not dependent upon 
the validity of the Chew-type approximations, Except 
for those equations that give explicit predictions for the 
phase shifts, the equations are of general validity within 
the limitations placed upon the number of contributing 
phase shifts. 


APPENDIX. INCLUSION OF COULOMB EFFECTS 


The A*-p cross sections formulas given in the text 
refer only to the nuclear part of the cross section. The 


STAR? 


nuclear part of the cross section is defined by 
(da/dQ) y= (da /dQ) p— (da /dQ) e— (da/dQ),, 


where the subscripts 7, C, and J designate the total, 
Coulomb, and interference parts respectively. The total 
cross section is the measured quantity and 


(da/dQ) c= | fe\* 


—nk . 
exp{ —in In[4(1—cos8) ]}} , 
| 


(1—cos@) 


where n=a/8=(1378)~'; 6 is the laboratory velocity 
of the incident K* particle divided by the velocity of 
light. The interference term should be calculated by 
computing the combined effect of the Coulomb and 
nuclear forces. However, a first approximation is given 
by 

(da/dQ);=2 Re(fy*fc*), 


where fy* is the direct (no-spin-flip) scattering ampli- 
tude for pure nuclear scattering. For the direct absorp- 


tion mechanism discussed first, this is 
fy4 Al a+ (2a3;+a;) cosé |; 


and for the m-meson coupling mechanism discussed 


second, the J= 4 contribution is 


fn f 


The J= 3 term is 


A(b_ 1+, cos). 


x{ 2b_3 cosd+, 3(3 cos?0— 1) |. 


fret 

An average over the two states of nucleon spin has 
been made in these expressions. For the direct-absorp- 
tion mechanism an additional correction is obtained by 
making the replacements, 

a, — a; exp(21 arctann), 

dy —> dy exp(2i arctann), 
in the equations for fy‘ and in the expression for 
(da/dQ)y of the text. The corresponding substitution 
in the w-coupling case is, for J=}, 


by 


b, — b; exp|i arctann |, 


>b ly 


b,,; — by, exp[ 27 arctann J, 


and, for J = 3, 


b_,—> b_, exp[ 27 arctann |, 


by —» by exp[_2i arctann+i arctan n/ 2 |, 


by —> by, exp[_2i arctann+ 27 arctan n/2 |. 


The approximation for (da/dQ),; described above 
becomes exact if the Coulomb interaction can be con- 
sidered to be confined outside of the region about the 
origin within which the nuclear effects are important 
and if the WKB approximation is valid in the outer 
(Coulomb) region.”” Effects of the nuclear magnetic 
moment have been neglected. 
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Double-Plate Cloud-Chamber Study of V° Particles : Classification and Related Results*t{ 
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Two rectangular cloud chambers have been used independently for the study of V° particles. A total of 
39 347 pairs of good pictures was obtained, in which there were 3439 penetrating showers. 254 V® events 
have been found in these pictures, of which 129 are shower-associated events. 102 out of these show clear 
association with nuclear interactions having measurable origins in the first or second plate or in the chamber 


roof, and have been analyzed according to the a- 


€ projection procedure supplemented with the ionization 


values. From the measured angles of the two decay products relative to the V® particles, two alternative 
sets of ionizations of the decay products (for ® and A® particles) have been obtained with the help of a—e 


diagrams and compared with the experimentally estimated ionizations. In this way 39 V events have been 
classified as due to ® particles, 23 as due to A® particles, 11 as “nonclassified” events, and 13 as anomalous 
cases. After weighting the individual events for the detection efficiency, the numbers of @ and A® particles 
are found to be 106431 and 52+18, respectively. Distributions of the noncoplanarity angles show that 
both ® and A° decays are most probably of the two-body type. The angular distribution of the decay products 
of ® particles in the rest system indicates a spin higher than 0 for # particles 


I. INTRODUCTION 


N preliminary studies, little was known about the V° 

particle. Therefore, identification of the decay 
products in each individual case was important. Supple- 
mented with other measurements, information was 
thus deduced about the nature of the V° particle and 
its decay scheme. Work of this kind was done some 
times by a magnet cloud chamber and sometimes by a 
multiplate cloud chamber.' However, it is well known 
that when these methods are used the percentage of 
measurable and hence analyzable events is usually very 
small. Therefore, in later studies when the types of V" 
particles and their decay schemes are fairly well estab- 
lished, a simpler and more efficient method is desirable 
in order to accumulate high statistics within a reason- 
able period. High statistics are needed so that physical 
quantities involved can be determined more accurately 
and detailed features, some of which may yet be 
unknown, may be revealed more readily. 

During the past year, our two rectangular cloud 
chambers* have been used independently to study the 
V° events, and up to now a good number of cases has 
been obtained. This paper (to be called Part I) presents 
an analysis of many of these events, making use of the 
a—e€ projection in conjunction with the estimated 


* Material in this paper forms part of the material of Ishwar 
C. Gupta’s Dissertation for the Degree of Doctor of Philosophy 
to be submitted to the Graduate School at Purdue University 

t Supported in part by the Purdue Research Foundation 

t Preliminary results reported at the 1955 Thanksgiving 
Meeting of the American Physical Society held at Chicago [ Phys 
Rev. 100, 1264(A) (1955) ]; also at the Washington Meeting, 
April, 1956 [ Bull. Am. Phys. Soc. Ser. II, 1, 186 (1956) }. 

' For earlier work, see references given in Progress in Cosmic 
Ray Physics, edited by J. G. Wilson (North-Holland Publishing 
Company, Amsterdam, 1952 and 1954), Vol. I and Vol. II. For 
more recent work, see, for example, Leighton, Wanlass, and 
Anderson, Phys. Rev. 89, 148 (1953); Thompson, Buskirk, Etter, 
Karzmark, and Rediker, Phys. Rev. 90, 329 (1953); Fretter, 
May, and Nakada, Phys. Rev. 89, 168 (1953); Bridge, Peyrou, 
Rossi, and Safford, Phys. Rev. 91, 362 (1953) 

2G. del Castillo, Ph.D. thesis, Purdue University, 1954 (un 
published); Phys. Rev. 98, 1163(A) (1955). 


ionization values of the decay products. After classifi 
cation, the mean decay times of the # and A° particles 
have also been determined according to a suitable 
statistical procedure ; the methods of measurement and 
analysis, and the results for the mean decay times will 
be given and discussed in the following paper." 


Il. EXPERIMENTAL. GENERAL STATISTICS 
1. Experimental 


As mentioned before, the two cloud chambers, which 
were used for the study of penetrating showers,’ have 
been set up independently to investigate V° events 
since the early summer of 1954. One chamber has been 
placed in the third floor (under one roof) and the other 
in the first floor of the physics building. The two units 
have had practically the same arrangements of the lead 
plates, counters, and photographic equipment. Each 
chamber (inside dimensions 161614 inches) con 
tains three lead plates (10X11 inches each) having 
thicknesses 2, 8, and } inches, respectively, as shown 
in Fig. 1. The spacings for observing the particle tracks 
are about 3, 34, 34, and 2} inches at the front edges of 
the lead plates. A twofold coincidence telescope (second 
tray protected by anticoincidence counters) and a 


shower detector (¢3, cy; counters separated by 4 inch 


Pb) have been used to trigger the chamber for pene 
trating showers, the number of particles entering the 
chamber via the telescope being about 60 per minute 
A Recordak Microfile camera (lens at about 


from the front edge of the central plate) and a front 


17 inches 


coated mirror (perpendicular to the chamber) have 
been used for taking pictures 

In order to apply the procedure of the a 
(see Sec. II1) for classifying the V° events, the origin of 
the nuclear interaction and hence of the V° particle has 


€ projection 


to be well determined. The two-inch Pb plate was used 


* Snyder, Chang, and Gupta, following paper [Phys. Rev. 106, 
149 (1957) |, hereafter referred to as Part II 
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Fic. 1, Experimental arrangement. 


inside the chamber with the intention that many of the 
penetrating showers would be produced in this plate; 
thus the origin could be better located than if it were 
outside the chamber. The two thinner plates (} and } 
inch) have been employed to define a V° event. In order 
to be qualified as a real V° event, at least one prong 
must pass through either plate without multiplication 
or without being scattered at an angle larger than 20°. 
However, when a V° event has an angle larger than 30° 
and its prongs do not show much multiple scattering in 
the gas, it is to be taken also as a real V® event, even if 
neither of its prongs passes through a plate. These 
conditions are designed to reduce the probability of 
mistaking electron-positron pairs for real V° events. 
The V° events in the last gas space have been ignored 
entirely. This is partly because the large-angle criterion, 
which could be used to select real V° events in the last 
gas space only, would provide a bias against narrow- 
angle V° events, and partly because this space was not 
always very well illuminated. 


2. General Statistics 


Up to now a total of 39 347 pairs of good pictures has 
been taken. It has been found that 1711 penetrating 


TABLE I, Distribution of penetrating showers and V events.** 
Total number of good paired pictures taken = 39 347 


No. of 
V° events 
unassociated 
with P. S, 


No, of 
V° events 
associated 
with P.S 


329 13 
1711 85 
1399 31 


3439 129 


No, of 
penetrating 
showers 


P. S. origin outside 
P. S. origin in Plate I 
P. S. origin in Plate I 


Potal 


*No. of V events per penetrating shower =129/3439 ~1/26 

» P. S. stands for penetrating showers 

© One backward V event is also included in the 125 events of the last 
olumn 
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showers were produced in the first plate (2 inch) and 
1399 in the second plate (3 inch). The ratio of these 
two figures is smaller than would be expected from 
that of the thicknesses of the two Pb plates. This is 
chiefly due to the fact that in many pictures cascade 
penetrating showers occurred, i.e., in many cases when 
a shower was produced in the first plate, one or more 
showers were produced in the second plate by one or 
more particles of the first shower. 

A total of 254 V° events has been found from all the 
pictures taken and examined. Many of these were 
associated with penetrating showers, produced either 
outside or inside the chamber, of uncertain origins, and 
many more with no observable nuclear events; all of 
these uncertain events had to be discarded for analysis 
though a great number of them were perfect V° events. 
Only 102 events out of the 129 shower-associated V° 
events have shown clear association with the nuclear 
interactions having origins measurable in the first or 
second Pb plate (6 of the 102 with the penetrating 
shower origins in the chamber roof) and are suitable for 
analysis. The distribution of the penetrating showers 
and the V° events is presented in Table I. The results 
of analysis of these V’ events are summarized in Table 
IV. 

A picture which has two V° events has been observed. 
In the case (34-9630) the two V° events appear to have 
been associated with one single penetrating shower 
origin and both have been classified as probably due to 
the decay of two ® particles. Of course, there is no 
way to determine whether the two @ particles are 
produced in a single elementary act (which we shall 
assume in the discussion later) or in two separate 
interactions. These two have been included in the V° 
events analyzed as shown in Table III. 

Figure 2 shows, as an example, a cloud chamber 
picture (in both views) of a V° event (30-6869), where 
the nuclear interaction takes place in the second Pb 
plate and the V° event occurs in the third gas space. 
Particle (1) makes an angle @;=8.75° with the line of 
flight and has an estimated ionization /)/Jmin=2.5, 
while particle (2) has @.=55.2° and estimated ionization 
T2/Imin= 2. According to the analysis to be discussed, 
particle (1), which is on the left-hand side in the direct 
view, is identified as a proton and particle (2) as a pion. 
Hence this V° event is classified as a A° decay event. 


III. PRINCIPLE OF CLASSIFICATION 


In general the principle employed in classifying a V° 
event is based on the conservation laws of energy and 
momentum supplemented by the ionization-momentum 
relationship and the Lorentz transformation between 
the laboratory system and the rest system of the 
decaying particle. If one assumes a two-body decay, 
the eight quantities M, m,, m2, P, pi, p2, o1, and ¢2 are 
to be determined from the three equations representing 
the two conservation laws. For example, if we assume 
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Fic. 2. Example of the 
production of a V" particle 
in the second lead plate. 
The particle decays in the ’ 
third gas space. The decay 
products are identified as 
proton (p) and w~. A® has a 
momentum, P=681 Mev/c. 
Event (30-6869) 
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a known decay scheme, i.e., M, m,, and my and are able 
to measure, say ¢; and q@2, the angles of the decay 
products with the direction of the V° particle, then we 
can calculate P, p;, and po. The ionizations, /; and /», 
are thus found from the ionization-momentum curves 
and can be then compared with the experimentally 
estimated ionizations of the two decay products. If the 
agreement is not satisfactory, an alternative decay 
scheme may be tried. Thus, a cloud chamber containing 
a producing plate and a plate to suggest the nature of 
the decay prongs should provide sufficient data for the 
analysis of the event. This direct procedure of classifying 
the event, however, would become tedious and perhaps 
practically impossible if it had to be applied to a large 
number of events, of which @;, $2, /;, and J, are meas- 
ured, 

A convenient way of employing the conservation 
laws to display the experimental results has been 
developed, from a more general point of view, by 
Podolanski and Armenteros‘ along lines similar to the 
considerations of previous workers.’ They have sug- 
gested the use of the variables a, e, and 1/P which are 
better suited for the analysis than the directly measured 
physical quantities. By using these variables, the two- 
body decay may be written as‘ 


é (a—a*)? 
we a &"? (1) 


_ (M/PY 1+ (M/P? 


‘T. Podolanski and R. Armenteros, Phil. Mag. 45, 13 (1953). 

Some of the properties of these new variables have been 
employed by earlier workers in the analysis of their V° events, 
for examples, Armenteros et al., Thompson et al., Fretter et al.; 
see footnote 1 for references. 
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where 


pu)/P=sin(o2—¢;)/sing, 


2 sing, sings ‘sing, 


(piu 
2p./P 
a*= (m2—smz2)/M?, &=2p*/M. 


Here p* is the momentum of either of the decay 
products in the rest system and thus depends only on 
M, m,, and my. 

In the analysis of our V° events, we assume that the 
majority of the V® particles decay according to either 
of the following decay schemes: 


\°> p+ +37 Mev, (4) 


—nt +9 +210 Mev. (5) 


The constants involved in these two decay schemes are 
listed in Table IL. In € projection, Eq. (1) 
represents a family of confocal! ellipses, corresponding 
to different values of P. Figures 3(a) and 3(b) show 
such ellipses for the above two decay schemes, respec 

tively. The a— ¢ plots are extremely useful in calculating 
the two alternative sets (corresponding to & and A° 


the a 


TABLE IT. Values of constants a*, e*, and p*.*~¢ 


\ Constants 
\ 


p* 


V® particles 


A°® 1116 938 139 0.69 
P 493 139 139 0 


0.18 100 
0.82 204 


* All masses and momenta are in Mev 
> Velocity of light is taken as unity 
© Myo = (2182 +2)m.; Mop = (965 + 10)m,; M, =(27340.7)m, 
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(b) 


¢) diagram for the A® particle. The ellipses in the diagram are the a—e projections with P, the 


momentum of A° particle, as parameter, whereas the hyperbolas are the projections with 6, the angle of emission of the 


decay products in the rest system, as parameter. Foci /, /: are on the a axis at (a*— 


«*) and a*+e*, respectively. The 


points representing the observed events have been used to determine the angle @ and the momentum of the A? particle. 


(b) The (a 


¢) diagram for the ® particle. The ellipses in the diagram are the a—e projections with P, the momentum 


of the @ particle, as parameter, whereas the hyperbolas are the a—e projections with 6, the angle of emission of the decay 
products in the rest system, as parameter. Foci /,, F; are on the a axis at —e* and e*. The points representing the observed 
events have been used to determine the angle @ and the momentum of the # particle. 


particles) of p; and 2 and hence of the ionizations, 
which can be then compared with the experimentally 
estimated ionizations. 

Equation (1) with @, the angle of emission of particle 
(1) in the rest system, as a parameter, is given by 


(a—a*)? 


: - awe 
cos’é 


(6) 


sin’6 


Hence, the curves @= const (i.e., pp= const) are a set of 
confocal hyperbolas with the same foci as the ellipses. 
These hyperbolas have been used for testing the isotropy 
of emission of the decay products in the rest system 
of the V° particle, as will be discussed later. 


IV. MEASUREMENTS 


1. Reprojection 
Each V° event and the associated penetrating shower 
origin were examined with a three-dimensional repro- 


jection unit,® which has the same geometrical configur- 
ation as the camera-mirror-cloud chamber arrangement 
in the experiment. The distance from the projector and 
angles of rotation of the screen about two perpendicular 
axes can be read from scales. 

A mapping of each picture containing a V° event 
associated with a penetrating shower was made in the 
following manner. After projecting the picture, the 
screen was oriented so as to bring into coincidence the 
two projected images of the V° event and those of a 
few high-energy penetrating shower particles. This 
whole picture including the related illumination edges 
was carefully traced over a sheet of semitransparent 
paper attached firmly on to the screen. The illumination 
edges were determined beforehand and formed the 
boundaries of the uniformly illuminated region in the 

*A. Snyder, M.S. thesis, Purdue University, 1955 (unpub 
lished) ; see also footnote 2. This is one of two units designed and 


built for examining the penetrating shower pictures taken with 
the two cloud chambers placed one above the other. 
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chamber. The penetrating shower origin was taken as 
the center of gravity of the intersection points (on the 
V° plane extended) of the shower particles. The region 
over which the intersection points are scattered is 
approximated by a circle and is referred to henceforth 
as the “circle of uncertainty.” The mapping of the 
illumination edges together with the V° event is neces- 
sary for the measurement of the potential decay length 
to be discussed in Part IT. 


2. Angles, ¢; and ¢», and the Ionizations, J, and /, 


The angles ¢; and @», were measured from the 
mapping according to the convention $:<q@2. The 
values of ¢; and ¢2 are shown in Table III. Errors in 
the measurements of angle come mainly from uncer- 
tainty in the location of the penetrating shower origins. 
The magnitude of the uncertainty in the angles varied 
from one event to another. In the classification of the 
V° events, the effect of this uncertainty on the calcu- 
lation of p:, p2 and hence on the corresponding ion- 
ization was taken into careful consideration in each 
individual case. 

The ionization of the prongs of the V° event was 
estimated in the usual way. Each of the estimated 
ionization values given in Table III represents an 
average over independent estimates by three people. 


3. Angle 6 


In the present analysis of the V° events it is assumed 
that the decay schemes involve only two secondary 
particles. Therefore the plane of each V° event should 
contain the origin of the V® particle. To check this 
coplanarity, the angle 6 between the line of flight of the 
V° particle and its decay plane was measured. To fix 
the line of flight of the V°® particle, the origin of the 
penetrating shower was determined by extending the 
high-energy particle tracks backward and was indicated 
by a pointer at that place. The screen was then adjusted, 
so as to bring the apex of the V® event on the dia- 
metrical axis of the screen and to make the two images 
of the V°® event coincident. Now rotating the screen 
about its diametrical axis until it touched the pointer, 
representing the origin of the penetrating shower, the 
angle 6 was read off the scale. The mean value of 6 for 
each event is listed in the last column of Table III. 


V. CLASSIFICATION, RESULTS, AND DISCUSSION 
1. a—e Ionization Procedure 


For each V°® event, the values of a and ¢ can be 
calculated from the measured angles, ¢, and ¢2, by 
using Eqs. (2a) and (2b). Let f; and fo be the distances 
of this point to the foci of an a~e plot. Then the angle 
of emission, 9, in the rest system of the V° particle is 
given by 


cos6 = (fi-— fe), Ze. (7) 
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Since the transverse momentum is unchanged under 
Lorentz transformation, 


pi= p* sin6/sing, ; (8) 


Values of e* and p* for the two decay schemes to be 
used in classification are given in Table II. Therefore, 
for each event two alternative sets of /; and fy can be 
obtained from Figs. 3(a) and 3(b), respectively, and 
hence two sets of p, and 2. Consequently, two alter- 
native sets of ionizations, J;/Zmin and /2/Imin, can be 
found from the ionization—momentum curves and be 
compared with the experimentally estimated values. 
In this way, one of the two decay schemes may be 
decided. The results of classification are presented in 
Table III, where the three pairs of ionizations (two 
calculated and one observed) are also given. In the 
process of classification, the effects of the uncertainty 
in the measurements of @; and @»2 on the values of a and 
e (and hence on p; and p») have been carefully con- 
sidered in each case, and the location of p,; and py» in 
the momentum-ionization curves has also been noted. 

The following conditions have been generally used to 
define the degree of definiteness in the classification : 

(1) A classification (into #, A°, or anomalous event) 
is called “certain,” if the ionization agreement is good 
and the classification is not changed when the initial 
point of the line of flight is shifted from the center to 
the opposite extreme points’ of the ‘circle of uncer- 
tainty” (see Sec. IV, 1). 

(2) Aclassification is called “‘starred”’ if the ionization 
agreement becomes poor when the initial point of the 
line of flight is shifted to either extreme point of the 
“circle of uncertainty,” or if the observed ionization 
values are only near to that of the event as classified. 

(3) An “anomalous” event is one whose observed 
pair of ionizations do not agree with either one of the 
two calculated pairs, no matter how the line of flight 
is drawn within the “circle of uncertainty.” 

(4) A ‘“‘nonclassified” event is one whose observed 
pair of ionizations appear to agree with both calculated 
pairs, or one which would switch from a @-like to a 
A’-like event when the line of flight is drawn differently 
within the “circle of uncertainty.” 

For the purpose of measurement, the smaller angle 
has been taken as ¢; so that ¢;<@2. In reality, for # 
decay events both signs of a are equally probable, and 
a change in the sign of @ does not actually affect the 
values of p, and py». This is obviously not true in the 
case of A°® decay [see Figs. 3(a) and 3(b) ]. In the case 
of A® decay events, the particle m, (proton) has in 
general a smaller angle (due to larger momentum) than 
m», and hence $;<q@2, except when the A® particle has 
very low energy. Therefore, it is necessary to try the 
negative value of a only for those cases where one or 
both prongs have heavy ionization. Negative values of 


p2= p* sind/singds. 


sc 


7 The 6 value of the V° event may be taken as a useful check for 
the uncertainty in the ¢, and 2 values, presuming the decay to 
be a two-body one 
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Tape III. Classification of the shower-associated V events.* 


o Observed 
Film and pi co Ji ds tt Js Classifi pi pr 
frame No deg deg a’ Jmwin lmin J min Twin cation Mev/c Mev/c 


264 0,92 2.2 4 1200 57 

3.4 0.36 1 ; f 450 210 
19.0 0.32 d / 330 170 
39.0 0.55 a os f 410 150 
14.5 042 7 5-! <i , 530 220 


S 
a 


15.5010 29 0.54 5 ‘ 550 180 
15-5400 15 0.04 7 d 160 140 
16.5516 15 0.04 ; 810 750 
16-5583 7 5 0.53 o 580 240 
16-6182 37 0.55 J 450 160 


— RD ee 


17-6438 7 0.07 j 170 150 
17-6595 0.08 : 1-2 980 840 
17.0949 0.03 ; ‘ 130 130 
18-7359 0.15 P <7 320 120 
19.8280 0.06 > 1900 1700 


wn 


ocoo-- 
ui 

oun out pun gun nt 
we wi 


22-0182 0.32 J 340 =: 1180 
22-0411 0.16 > 530 = 410 
22-0649 0.44 7 . 1500 620 
23-1248 0.04 ; 660 620 
24-1725 24 0.15 12 640 = 490 


we 
20 


24-1895 0.01 on 710 700 
27-4019 2 0.54 : <1! 670 210 
28.4933 0.24 280 170 
29-0016 0.25 7 1900 1100 
30.6494 Z 0.433 480 430 


we 


——— PbO ew 
oO a 
——SONS S&C wn 


40.6794 0.03 1200 =1200 
30-0469 ‘ O81 2 f 620 110 
41.7464 0.03 > < 730 690 
$1.7629 0.12 , 1800 1400 
43-8745 0.09 > 14 890 750 


=NeOo 
ek) 


N 
noeK-o~ 


Ro OD 


44-9528 0.23 2600 1700 
34-9640(A)e 0.10 > 1800 1500 
34.9630(B)e 0.06 > 4 2000 1800 
44.9972 4 044 2 590 230 
34.9995 0.33 ; 370 250 


wo 


Cr me ee ee Gs 
ASew 

aero 
we 


- 
= 


35-0343 , 0.04 1000 940 
35.0707 ( 0.05 > 2 1200 1100 
35-0766 0.61 y ‘ ‘ 420 140 
46-1151 j 0.19 820 580 
37-1869 0.34 2000 =1000 


“wen 
= 

oouNe 

we RO 


38.2438 0.29 > 280 230 
38-2494 0.53 f 360 140 
38.2506 § 044 f 670 270 
38.2954 . 0.21 1900 1300 
38.2976 : 0.16 1 960 700 


eoos- 
an 

R= oOn= 
aw 


40.4526 0.23 5-2 2200 1400 
44.8014 0.17 1900 =1400 
U2-0938 yg 0.20 1000 710 
13-1485 oa O11 1300 1000 
U4.2176 ‘ 0.10 > 580 490 


nun 


0,82 a 500 110 
520 190 

830 360 

1500 1400 

900 570 


an Ww 


‘ oa 310 160 
9.0000 7 43 ; o 1300 630 
U11-7302 -1. 680 160 
13.9043 ] : 2 1500 780 
U21-5050 2! > j 430 410 Extreme Orientation 


NEOUM NKESNUN NOBO=— 
ww 


1722-5825 ¥ ‘ 620 380 2 1.3 
23-0891 2s f 800 210 0 0.5 


7-9325 : Anom 
8.9973 d Anom 
9.4708 2 ; Anom 


16-570) 2 Anom 
17-6952 2.5 Anom 


20-8736 Anom 


21-9644 11 2 : of Anom 
22-0633 ) Anom 
44.7851 32 ! > Anom 
11-0374 2 7 Anom 
U8.5672 d ‘ Anom 
119.5993 27 2 Anom 
U23-6802 7 Anom 


* See text for the definitions of the certain, starred, and anomalous events 
+ @ has either (4+) or ( sign (i.e., equally probably) for all 6®-decay events but only (+) sign for the present A®-decay c: 
¢ Fvents (34-9630A, B) are two @ particles which appear to come from the same penetrating shower origin 
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a have been tried also for the starred events and 
anomalous cases. 

A summary of the results of classification for the 129 
shower-associated V° events is given in Table IV. It is 
seen that 23 events have been classified as due to the 
decay of A° particle, 39 as due to ® particles, and 13 as 
anomalous events. In addition, there are 11 nonclassified 
events and 16 events with rather poor origins, neither 
of which are listed in Table II], and 27 events of 
nonmeasurable origins. 


2. Simple Method 


This method may be called “ionization-momentum- 
ionization”? method to distinguish it from the ‘“a—e- 
ionization” method, and is a much quicker method for 
checking those cases where the ionization can be fairly 
accurately estimated (e.g., //Imin& 2—6). One starts 
out by calculating p:/p2=sing2/¢;, which is true for 
any two-body decay scheme. By using one of the two 
estimated ionizations, say /;/J min, two possible values 
of p, (for a proton and a pion) are found for the two 
possible decay schemes, and hence two possible values 
of p2 from the above ratio. Consequently, two possible 
values of J2/Imin are obtained from the ionization- 
momentum curves and can be then compared with the 
observed I2/Imin. AS an example we take the event 
(27-4019). Here, pi/p2=sing2/sing; = 3.1. The observed 
1\/Tmin and I2/Imin are, respectively, about 3 and 1.5. 
We assume first #—>rt+a~. Then the corresponding 
p; is found to be about 75 Mev. Hence p,=75/3.1~24 
Mev, and the corresponding J2/Jmin is found to be 
greater than 14. Therefore, this event cannot be a 
#-decay event. Let us assume next that A°-p+_r 
Then p; (proton) corresponding to 1;/Jminc~3 is about 
500 Mev, and p»2 (pion) = 500/3.1~160 Mev for which 
I2/Imin is about 1.4 in good agreement with the ob- 
served value ~1.5. Therefore, this event is very 
probably due to a A° particle. The a— ionization meth- 
od leads to the same conclusion. This simple method 
has been used to check the classification for many of 
the events, including all the starred cases, nonclassified 
events, and anomalous cases. 


3. Ratio Nw/Nw 


In order to obtain the corrected numbers for the # 
and A° particles and hence a value for the ratio, correc- 
tions for the different bias effects have to be considered 
For example, in the first place, each event should be 
weighted so that account can be taken of the particles 
which undergo decay before entering and after leaving 
the illuminated region. The weighting factor thus 
depends on the momentum and the mean lifetime of the 
V° particle. Secondly, the detection may have different 
biases for the two types of particles, particularly at 
low energies. Specifically, the number of low-energy 
particles having decayed in the plate is unknown and 
may be different for the two types of particles. Finally, 
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TaBLe IV. Summary of results of classification of the 
129 shower-associated V® events.*”° 


Type of events Anomalous 


Certain 38 12 
Starred 1 


*See text for the definitions of the certain, starred, anomalous, and 
nonclassified events 

b In addition, there are 11 nonclassified events, which may be either #6 
or A® particles; and 16 events have such large uncertainty in their origins 
that the classification can hardly be meaningful, though their origins are 


measurable and have been located (with large “circle of uncertainty," 


of course), 
¢ 27 cases, the rest of the 129 events, have unmeasurable origins, though 
they are seen to be associated with penetrating shower particles, 


the uncertainties in the classification should also be 
considered. 

We have weighted each of our V° events in Part II; 
namely, we have corrected each event for the decay 
in the plates and that outside the useful part of the 
chamber. The values of the weighting factor W are 
shown in the last columns of ‘Tables I and I in Part II. 
The uncorrected and corrected numbers of @ and A° 
particles are given in Table V with and without the 
starred cases. The standard deviations given for the 
corrected numbers in the last two columns have been 
calculated from (3°, W,*)*. As is seen, the corrected 
numbers of # and A®° particles are, respectively, 106 
and 52, giving a value of 2-+-1 for the ratio Voo/N 4», 
which is practically the same as the ratio of the two 
uncorrected numbers. The weighting done in Part II 
does not include the correction for the decay in the 
core of the penetrating shower, which is difficult to 
estimate. 

Our observed ratio is therefore greater than obtained 
by previous workers.* "' However, our ratio seems to 


be compatible with the recent observation of “pair’’ 
production of V° events," where pairs of two # particles 


Paste V. Observed production ratio of to A° particles. 


ected number Corrected number*® 


Excluding 


starred Cases 
+31» 105 +31» 


+ 18> 43 +17» 
24+ 14 


Including 


starred case starred ca starred cases 


ia 499 +6 38 tO 106 
A°® 23 +5 17 +4 52 
No/Nae 1.7+0.6 2.2+0.9 2.04 1.3 


* The corrected numbers for the @ particles include only 35 events, for 
which the weighting factors can be calculated. The other four have values 
of | <0.4 om, For definition l refer to Part I 

6 Kach of these errors ha eulated from (Ly W,2)9 


been ¢ 
* PD. B. Gayther, Phil. Mag. 45, 570 (1954) 
¥ J. G. Wilson, in Progress in Cosmic Ray Physics, edited by 
G. Wilson (North-Holland Publishing Company, Amsterdam, 
1954), Vol. II, p. 91; the ratio quoted here is about 4 from the 
experiments of several workers 
” 1). B. Gayther and C. C. Butler, Phil. Mag 
1D). B. Gayther, Phil. Mag. 46, 1362 (1955). 
2 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
961 (1954); Ballam, Hodson, Martin, Rau, Reynolds, and 
Treiman, Phys. Rev. 97, 245 (1955), and the references given 
there; Fretter, May, and Nakada, Phys. Rev. 89, 168 (1953); 
D. Sorrels (reported by C. D. Anderson) Proceedings of the 
Fifth Annual Rochester Conference on High Energy Physics ([nter 
science Publishers, Inc., New York, 1955), p. 90. 


16, 467 { 1955) 
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Fic. 4, Distribution of 6, the angle of emission of the decay 
products of ® particles in the rest system. Here the dotted curve 
represents the sin@ distribution, i.e., the isotropic distribution. 
Taking the 11 nonclassified events as @ events practically does 
not change the distribution. Four & events, which have not been 
weighted due to values of / smaller than 0.4 cm and hence are not 
included in the curve, lie in the angular range about 90’. There- 
fore, they would have made the peak about 90° stronger, if they 
were included in the plot 


and pairs of one @ particle and one A° particle have 
been found but not pairs of two A° particles.” In fact 
a value around unity for the above ratio has also been 
indicated in the magnet cloud chamber experiments" 
of Newth and James and of Arnold ef al., where the 
authors were concerned, on the average, with higher 
momenta of the V° particles. 

One may perhaps think that we might have missed 
those backward A® particles which have been observed 
by some workers,'® and these would naturally decrease 
the above ratio. However, so far we have not observed 
any beckward V® particle decaying in the first, second, 
or third gas space associated with the nuclear inter- 
actions in the first, second, or third lead plate. We 
might have missed those (if any) decaying in the first 
gas space, which was often poorly illuminated, but not 
those in the second or third gas space. The backward 
V° particles (if any) in the second and third gas spaces 
would have been observed as frequently as those in the 


4 In fact, recent experiments with the Brookhaven Cosmotron 
have strongly indicated the great difficulty of pair production of 
two A® particles; see G. Collins, Proceedings of the Fifth Annual 
Rochester Conference on High Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955), p. 139; also A. Pais and O. Piccioni, 
Phys. Rev. 100, 1487 (1955), footnote 3. 

“J. A. Newth and G. D. James, Report of the Bagneres Con 
ference on Cosmic Radiation, 1953 (unpublished); also, D. I. 
Page and J. A. Newth, Phil. Mag. 45, 43 (1954); Arnold, Ballam, 
Grisaru, McGrew, and Wyld, Phys. Rev. 100, 1804 (1955). 

 Fretter et al. have observed only one backward A® particle 
in 23 A® particles and none for ® particles. Gayther and Butler” 
have observed 8 backward A° particles in 28 A° particles and none 
for ® particles. 
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first gas space, for the number of nuclear interactions 
in the second and third plates together is more than 
80% of that in the first plate (see Sec. II for reason) 
and moreover each of the lower plates is much thinner 
than the first one so that backward (low energy) V° 
particles (if any) would have had greater chance to 
emerge from the plates and decay in the gas. 

Our ratio is compatible with the notion that in A° 
and ® pair production, the @ is not subject to capture 
by nuclear material in the originating plate, while the 
A® has a definite chance of being left behind in an 
unobserved hyperfragment. However, our result that 
® particles may be produced as abundantly as or more 
abundantly than A® particles must be taken only as a 
preliminary indication, because the statistics are still 
low and perhaps some unknown biases might have 
been present in observing and selecting the events for 
analysis, though at present we cannot think of any. 


VI. OTHER RESULTS 


1. Angle 6——The study of the angle 6, the angle 
between the line of flight of V° particle and its decay 
plane for our classified events, suggests that the decays 
are of two-body type. The 6 values were measured for 
all these cases and are presented in Table III. 

2. Angular Distribution in the Rest System-—As is 
known, in the two-body decay process the emission of 
the secondary particles is isotropic in the rest system 
of the V° particle, if the spin'® of the V® particle is 0 
or 4. In order to get some information about the spin 
of the V°® particle, we have plotted the experimental 
points as shown in Figs. 3(a) and 3(b). To obtain 
more accurate angular distributions, we have taken 
into account the weighting factors W for the individual 
® and A° events as has been calculated in Part IT and 
discussed in Sec. V3. 

In the decay of the A® particles, 4 events lie in the 
angular region of 0°-90° in the a—e plot with 6, the 
angle of emission of the proton in the rest system, as a 
parameter, and 19 lie in the region 90°-180°. However, 
considering the detection biases of the chamber as 
explained before, the corrected number of A° events 
lying in region 0°-90° is 21 and that of the events 
lying in 90°-180° is 32; considering all the 11 non- 
classified cases as due to the decay of A° particles 
practically does not change this distribution. Therefore, 
because of low statistics and of the general trend of the 
distribution, no real asymmetry can be claimed. 


16S. B. Treiman et al., Phys. Rev. 97, 244 (1955); J. Ballam 
et al., Phys. Rev. 97, 245 (1955); J. D. Sorrels, Proceedings of the 
Fifth Annual Rochester Conference on High Energy Physics (Inter 
science Publishers, Inc., New York, 1955), p. 90; B. Rossi, Pro 
ceedings of the Fifth Annual Rochester Conference on High Energy 
Physics (Interscience Publishers, Inc., New York, 1955), p. 125; 
G. Reynolds, Proceedings of the Fifth Annual Rochester Conference 
on High Energy Physics (Interscience Publishers, Inc., New York, 
1955), p. 98; R. Gatto, Nuovo cimento 4, 841 (1955). 
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As to the ® decay, the indication of the departure 
from an isotropic distribution appears to be quite 
strong. The distribution for ® particles is presented by 
the histogram in Fig. 4. The standard deviations have 
been calculated as before from (3°, W,?)! (summing 
over the number of events in each angular interval) 
and are indicated by the vertical lines. The dashed 
curve in the figure represents the sin distribution, i.e., 
the isotropic distribution. Taking the 11 nonclassified 
cases as due to & particles does not affect the distri- 
bution. 

It is rather difficult to see how this departure of the 
observed distribution from isotropy can be explained 
except by taking J 2 1. It may be of interest to make an 
estimate for the spin of the @ particle, using the 
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relation!’ 
J 21/ (246) 


as deduced from the uncertainty principle. Here Aé is 
taken as the total width at half-intensity of the angular 
distribution as estimated from Fig. 4. Such an esti 
mation gives J 2 1. 

However, this indication of higher spin for & particles 
may be regarded only as a preliminary indication, 
because the statistics are still low and because there 
might be some unknown biases which we cannot trace 
at present. 

17 We should like to thank Dr. D. C. Peaslee for his helpful 
discussion on the estimation of the spin of the V® particle from 


the angular distribution of the decay products in the rest system, 
and for his comment on the ratio Vg°/N 4° 
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The mean decay times of 35 ® particles and 23 A° particles have been calculated according to the 
maximum-likelihood procedure as discussed by Bartlett. For each event, the decay length, the “total 
potential” decay length and the “‘plate-potential” decay lengths were measured with the usual caution 
The velocity of each V® particle was determined from the a—e plots, and used to convert decay lengths 
into the corresponding decay times in the rest system. The mean decay time for the 35 ® particles is found 
to be (0.8_6.2*° 4) KX 10~™ sec, and for the 23 A® particles (2.89 7*4?)K10~™ sec. The differential momentum 
distributions of the @ and A° particles are obtained and appear to be different in shape and momentum 
range for the two types of V® particles. The mean detection probability of our chambers has also been 
studied as a function of the momentum of the V® particles. 


I. INTRODUCTION 


HE mean decay times for # and A° particles have 

been determined by several workers.'! However, 
for either type of particle the experimental values for 
the mean lifetime vary considerably. For example, in 
the case of A° particles they lie in the wide range (1 to 
10)X10~-" sec, while for @ particles they vary from 
about 1X10~ sec to 4X10~-" sec. This is partly due 
to the fact that the statistics have been very low, 
particularly for @ particles, and partly because there 
has not been a single acceptable method of measure- 


* Material in this paper forms part of the material of Allen L. 
Snyder’s Dissertation for the Degree of Doctor of Philosophy to 
be submitted to the Graduate School of Purdue University. 

t Supported in part by the Purdue Research Foundation. 


t Reported partly at the 1955 Thanksgiving Meeting of the 
American Physical Society held at Chicago [Phys. Rev. 100, 
1264(A) (1955) ]; also at the Washington Meeting, April, 1956 
[Bull. Am. Phys. Soc. Ser. II, 1, 186 (1956) ]. 

! For examples: Leighton, Wanlass, and Anderson, Phys. Rev. 
89, 148 (1953); Fretter, May, and Nakada, Phys. Rev. 89, 
168 (1953); Bridge, Peyrou, Rossi, and Safford, Phys. Rev. 91, 
362 (1953); D. I. Page and J. A. Newth, Phil. Mag. 45, 38 (1954); 
D, B. Gayther, Phil. Mag. 45, 570 (1954). 


ment and of analysis. In 1952, Wilson and Butler’ 
suggested how the quantities involved in this problem 
should be measured, and that the maximum-likelihood 
procedure should be followed to deduce the lifetime. 
Some of the ideas have already been incorporated in one 
way or another by other authors! in their work. Recently 
Bartlett® has described, from general statistical con- 
sideration, the maximum-likelihood procedure for the 
evaluation of the lifetime of unstable particles observed 
in a magnet or multiplate cloud chamber. This pro- 
cedure has been applied by Page and Newth! and by 
Gayther' to the estimation of the mean decay times of 
the V° particles. 

We have adopted the general methods of measure- 
ment as discussed by Wilson and Butler and used by 
other workers and the statistical procedure put in a 
more convenient form by Bartlett to determine the 
mean decay times of our # and A° particles, which have 


2 J. G. Wilson and C. C. Butler, Phil. Mag. 43, 993 (1952) 
4M. S. Bartlett, Phil. Mag. 44, 249, 1407 (1953). 
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been classified in the preceding paper,‘ because we 
feel that these methods are in principle satisfactory. 
Since the V° particles occur very rarely, single groups of 
workers collect analyzable data rather slowly. There- 
fore, it is important that the results from many groups 
be combined in a straightforward manner. In this 
paper we should like to mention briefly the maximum- 
likelihood procedure to be used and to discuss the 
methods of measurement, as well as to report 
finally our results for the mean decay times of the 
& and A®° particles together with the weighted mean 
values of all the published results including our own. 


II. STATISTICAL ESTIMATION 


We consider, as a general case, a multiplate cloud 
chamber to observe the V° particles produced in the 
plates. Then, the probability that the rth (arbitrary) 
unstable particle undergoes decay in an illuminated 
region at time® /, in the time interval dt, is, according 
to the exponential decay law,® given by 


1 edt, 
S(t,)dt,= . (1) 
rl—e TS (—1) tT! 


The probability of observing a particular set of in- 
dependent decay times (,,---t,,---t, is therefore equal 
to the so-called likelihood function H: 


H - |] {(ty), (OS t,$T,). (2) 
rel 


The estimation equation can be obtained from Eq. (2) 
by employing the maximum-likelihood procedure,’ i.e., 
by setting 0 In/J/d7r=0. In the approximation in which 
T/r is taken to be small, we have 


1/r~ —> (lt, hc, bot ks (3) 
and the standard error 


A(1/r)=1/(32,X,)!, 


(d, 3b,) 
b,= T,—)>,.(—1)'T 1; ty 


where 
(Cc, 2b, )* “ 


T?—>.(—1)'T,,; 
d,=T3-¥,(-1)'T,2. 


‘Gupta, Chang, and Snyder, preceding paper [Phys. Rev 
106, 141 (1957) }, hereafter referred to as Part I. 

* All these times, t,, 7,, and 7,,, are to be measured from the 
same moment, when the rth particle emerges from the producing 
plate. ¢, is measured to the instant when the actual decay occurs, 
7, to the instant when the particle leaves the useful volume (if 
it does not decay), and 7,, to the instant when it enters or leaves 
a plate, an odd value of s referring to entering and an even one 
to leaving. 

* The denominator of Eq. (1) actually represents the probability 
of decay in the available time 7, in the chamber minus that in 
(Ta- 71), etc., in the plates. Therefore, normalization with 
respect to this denominator essentially corrects for those particles 
which decay outside the chamber and for those which decay inside 
the plates. 

7E. T. Whittaker and G. Robinson, The Calculus of Observations 
(Blackie and Son Limited, London, 1942), third edition, p. 186 
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These equations can immediately be reduced, by 
equating the sums over s to zero, to the corresponding 
equations* for a magnet cloud chamber which does not 
contain any plate in it. 


III]. MEASUREMENT OF DECAY LENGTHS: 
DETERMINATION OF V°® PARTICLE 
VELOCITY 


The different decay times t,, 7,, 7',, mentioned in the 
preceding sections are to be obtained from the corre- 
sponding decay lengths /,, L,, L,., which are measured 
in each event along the line of flight of the V° particles, 
using the coincident cloud-chamber picture of the 
direct and stereoscopic pictures (see, for example, 
Fig. 1). The boundaries of the useful (uniformly 
illuminated) volume of our chambers were marked 
before the start of our experiments and have been used 
in the measurement of the “potential” decay lengths 
L,. These boundaries were measured and clearly 
marked on our three-dimensional projection system so 
that the effective illumination edges could be readily 
marked on each tracing along with the V° event, 
the chamber plates, shower origin, etc. The “‘fiducal” 
marks were placed at 6 cm from the back edge of our 
chamber, 1 cm from the front edge (toward the camera) 
and 2 cm from each side edge. 

The following discussion explains how our decay 
lengths have been measured. Since in nearly all of our 
V° event pictures, it is difficult to recognize particle 
tracks within 0.1—0.2 cm of a plate surface, these 





Film NO, 30 
Frame NO, 6794 


Ist Plate 





2nd Plote 


Side Illuminotion Edge 











3rd Plate 





Fic. 1. Tracing the event No. 30-6794, representing a typical 
picture where measurements of potential lengths (see text) 
requires careful consideration. 


*M. S. Barlett, Phil. Mag. 44, 249 (1953). See also W. L. 
Alford and R. B. Leighton, Phys. Rev. 90, 622 (1953); Fretter, 
May, and Nakada, Phys. Rev. 89, 168 (1953). 
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lengths have been measured, for each event, from the 
same point 0.4 cm below the bottom surface of the 
plate concerned. Similarly the lengths L,, have been 
measured respectively fo a point 0.4 cm above the top 
surface and fo another point 0.4 cm below the bottom 
surface of a plate. The “potential” decay length L, 
has been measured to a point where the shortest 
prong (if decay took place at this point) would have 
3 cm from the effective illuminaion edge or from the 
top surface of the last plate. This length of 3 cm is 
large enough to detect any appreciable multiple 
scattering even in the case of narrow-angle V° events. 
Since V® events in the last gas space were entirely 
ignored (see Sec. II of the preceding paper), the 
terminal point of LZ, has not been extended to this gas 
space. As a consequence, we have in general only the 
lengths L,, and L,» in addition to L, and /,, and in some 
cases only L, and /, (see Tables I and II). 

Figure 1 is a picture typical of a few difficult cases 
where measurement of L,, L,, requires careful considera 
tion. It is an actual tracing of the event (30-6794). 
Here the penetrating shower origin is in the first plate 
(2 inches) and the apex of the V° event is about 0.8 
cm (along the line of flight—the dotted line) from the 
surface of the plate. The shower particles shown are 
projected tracks on the plane containing the V° event. 
The dashes (a,c,d) parallel to the plate surfaces indicate 
the places up to which and from which these decay 
lengths have to be measured. The point 6 is the apex 
of the V° event, and so /,=ab along the line of flight. 
At first sight one might think that the terminal point 
L, should be extended to the point X», where the 
shortest prong would have 3 cm from the side illumina- 
tion edge; L, would be then equal to aX», L,; equal to 
ac, and L,»2 equal to ad. But it should be easily realized 
that the V° event could not have been identified and 
included in the statistics (see Sec. II of Part I) if it 
took place at this point. Therefore, L, was measured to 
the point X,, where the would-be prongs are indicated 
by the dashed lines. Hence, for this event we have 
l,=aband L,= aX, only. Of course, if the angle between 
the two prongs were larger than say, 30° (actually 
only 19.5°), the terminal point of LZ, could have been 
at X2, for a large angle itself also provides a good method 
of identification (i.e., of distinguishing from an electron 
pair; see Sec. II of Part I). 

These decay lengths /,, L,, L,, so measured have to 
be converted into the corresponding decay times 1,, 
T,, T,, which are to be used directly for calculating 
the mean decay time r of @ or A° particles. Hence, for 
each event the velocity of the V® particle has to be 
determined. This can be done more easily by the 
graphical construction, i.e., by the a—e plots discussed 
in the preceding paper. As before, let f; and fy be the 
~ measured distances of the event from the foci /; and 
F;, respectively. Then the velocity of the V°. particle 
can be found by means of the relation 


1/B= (fit fr)/2e*. (7) 


PARTICLES 
TABLE I. Lifetime data for 35 & particles. 


tr T; Tr 
Film and ao-* (1O-%" (10> 
frame No (e sec Bec 8e( 


16-5516 0.22 2.29 
16-5583 0.05 1.42 
17-6595 0.27 0.58 
18-7359 0.76 7.08 3.67 
19-8280 0.03 0.23 
22-0411 040 3.83 18 
22-0649** 0.07) 2.18 1.1 
23-1248 0.03 1.25 
24-1725 0.37 2.99 
24-1895 0.08 1.47 
30-6794 0.02 0.96 
31-7464 0.24 O91 
31-7629 0.01 0.32 
33-8745 0.18 0.72 
34-9528 0.02 0.29 
34-9630( 0.02 0.46 
34-9630/ O.11 0.35 
34-9995 1.15 3.12 
35-0707 0.01 0.38 
36-1131 0.19 0.90 
37-1869 0.01 1.20 
38-2438 0.40 3.39 
38-2954 0.04 0.29 
38-2976 0.27. 1.90 
40-4526 0.21 0.25 
44-8014 0.02 1.09 
U2-0938 0.10 1.44 

O17 2.82 

0.85 4.77 

0.26 2.98 

0.04 0.84 

0.04 2.30 

0.09 0.99 

0.10 044 

0.37 1.04 
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Total W = 106.1 


“r to Sec, V1 of the preceding paper 
As the event has been classified already in Part I, the 
appropriate value of e* is known and is given in ‘Table 
II of Part I. Since 7 is to be the mean decay time at 
rest, the decay times t,, 7',, T,, have to be measured in 
the rest system of the V° particle. Hence 


L,/(cBy), Tr=Ln/(cBy), (8) 


y=1/(1—6*)'. The values of chy (=P/M, 
specific momentum) together with the decay paths 
l,, L, are given in Tables I and II, respectively, for 
the # and A® particles. The values of W in the last 
columns (calculated in Sec. V) are the weighting 
factors, a correction for the detection efficiency of the 
individual events, which have been used in Part I 
for the discussion of the ratio of # to A® particles and 
the angular distribution of the decay products in 
the rest system and which are used in the present 
paper for the discussion of the differential momentum 


t,= |, (cBy), Ba 


where 


distributions 


IV. RESULTS AND DISCUSSION 


In order to estimate the mean decay times of # 
and A®° particles and the respective standard errors, 
we have listed, for each event, the values of Ay, |,, 
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TABLE II. Lifetime data for 23 A° particles. 





Tr Tn Ta 
ao (07% (107% 
sec) sec ) sec) 
5.20 
4.82 
7.05 
20.67 
8.16 
4.23 
15.26 
13.04 
12.87 
10.14 
8.96 
5.48 
15.27 
12.93 
3.72 
5.41 
9.35 
15.37 
2.96 
14.38 
15.58 
9.90 
6.90 


tr 
(107% 
sec) 


1.44 
0.31 
0.15 
0.11 
0.05 
0.40 
3.08 
0.29 
0.46 
0.69 
2.74 
0.20 
0.08 
0.73 
3.11 
0.23 
3.41 
0.16 
0.13 
0.45 
1.50 
0.07 
1.07 


Film and lr 
frame No. By (em) 


11-2589 1.18 18.4 
13-3472 0.64 9,25 
13-4007 044 9.3 
14-4411 0.47 29.2 
15-4953 0.67 16.4 
15-5010 0.63 8.0 
15-5400 0.26 11.9 
16-6182 0.46 18.0 
17-438 0.29 0. 11.2 
17-0949 0.24 0. 7.3 
22-0182 0.45 12.2 
274019 = 0.77 12.7 
28-4933** 0.43 19.7 
30-6394" 0.50 19.4 
30-6869 0.61 ‘5. 6.8 
34-9972* 0.74 0.5 12 
35-0766 0,46 12.9 
38-2494 OAl 18.9 
38-2506" 0.89 79 
U4-2251 0.48 20.7 
09-5775 040 18.7 
U11-7302* 0.68 20.2 
U23-6891* 0.87 18.0 


10.28 12.91 
448 5.62 
7.03 8.84 


8.45 10.39 
7.30 9.00 


8.05 10.08 


9.03 
11.33 
6.72 
4.79 


7.15 
8.92 
5.25 
3.79 


Total W=51. 


* For definition of starred cases refer to Sec. V.1 of the preceding paper. 


L,, 4, T;, Tn, Ta in Tables I and II (to save space, 
values of L,, and L,2 are omitted). In addition to the 
standard errors, one has “nonstatistical” errors from 
the measurements of the decay lengths and the velocity 
of the V° particle as well as from its mass. However, it 
has been found by actual examination that the effect 
of errors on the value of r chiefly comes from the errors 
in the velocity of the V° particle and that in /, (because 
of its small magnitude). The effect of the various errors 
has also been discussed by Page’ in connection with 
the magnet cloud-chamber experiments. In our case, 
the velocity has been determined by Eq. (7), where the 
values of f; and f2 are naturally affected by the errors 
in the values of a and e«, which are in turn calculated 
from the measured angles ¢; and @2 (see Sec. IV of the 
preceding paper). It is estimated that these different 
errors together could give rise to an error in 7 of as 
much as 15% which is perhaps smaller than but at any 
rate comparable with the standard errors. 

When one uses Bartlett’s statistical procedure, the 
mean lifetime of & particles from the measurement of 
35 cases" is given by 


1/r= (1.32+0.45) X10" sec (9) 


r= (0.8_0.2t°*) XK 10-" sec, 
and for the 23 A° particles; 


1/r= (0.36+0.11) X10" sec", 


*D. I, Page, Phil. Mag. 45, 863 (1954). 
” Four of the @ cases with /, <0.4 cm are not included. 
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or 
r= (2.8_0.771-*) K10-™ sec. 


The errors mentioned include the nonstatistical errors 
of about 15% as discussed above. 

In Table III we have summarized all the published 
results, including ours, for the mean lifetimes of # and 
A® particles. In order to combine these values to get a 
weighted mean value for each type of particle, we have 
used the values of 1/7, which are expected to have an 
approximately normal distribution. The 1/7 values 
thus obtained are listed in the third and sixth columns 
of Table III together with the corresponding sym- 
metrical errors. On the basis of certain arguments," 
the results of Fretter ef al. have been excluded, and 
only the low-0 events of Alford and Leighton have 
been included for weighting. Some recent results of 
Blumenfeld et al.,” which were obtained from V® 
particles produced at the Brookhaven Cosmotron, 
have not been included in the weighted mean lifetimes 
so that these values may refer to cosmic-ray experi- 
ments only. Thus, the weighted mean lifetime for the 
83 & particles studied by different groups of workers 
is found to be 


1/r= (0.7240.15) X10" sec (11) 


Tw= (1.4-0.2**4) XK 10 sec, 
and the weighted mean value for 173 A° particles is 


1/7» = (0.27+0.04) X 10" sec (12) 


Ty= (3.70,4***) X 10~” sec. 


V. MOMENTUM DISTRIBUTION OF A® 
AND 6° PARTICLES 


In many cases (e.g., N#/N4°, momentum distribu- 
tion, etc.) one wants to weigh each event for its detec- 
tion efficiency by the cloud chamber. The weighting 
factor mainly comes from the corrections for the decay 
in the plates and that outside the chamber, and it can 
therefore be calculated as follows: The probability 
that a V° particle decay and be observed in our chamber 
is 

P= (e-"'-¢E Tir) — (e T/r_ ¢ T/r), 


(13) 


The first set of parentheses represents the probability 
that the V® particle decays in the time interval (T—?) 
and the second set of parentheses is the probability 
that it decays in the second plate. As in previous 
sections, these times are to be referred to the rest 
system and are calculated from the corresponding 


“In the experiment of Fretter et al., the correction for the 
decay in the plates has been neglected. Alford and Leighton 
have set the dividing Q values at 50 Mev, and therefore the 
high-Q events may be a mixture of @, A®°, and possibly some 
other particles. [See also Page and Newth, reference 1.] 

Blumenfeld, Booth, Lederman, and Chinowsky, Phys. Rev. 
102, 1184 (1956). These authors obtain a mean lifetime value of 
(0.8_0 2*°*) X10~ sec for their 25 ® particles and (2.8 o4**-*) 
X10~-" sec for their 65 A° particles. 
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lengths by relations similar to the following one: 


l l 
=—= X 10-" sec. 
cBy 3(P/M) 


(14) 


Thus, from Eqs. (13) and (14) the detection probability 
¥ depends on the momentum P of the V° particle. 
The lengths, LZ, LZ, 22 mainly depend on the disposition 
of the plates and the dimensions of the chamber. 
Therefore, their dependence on the momentum P 
may be neglected. But / depends on P, though its 
dependence on P is determined by the dimension of 
the chamber relative to the mean decay length. Hence, 
the dependence of the probability ? on the momentum 
P is through / as well as through P explicitly as shown 
in Eqs. (13) and (14). For each event the weighting 
factor W is therefore taken as the reciprocal of the 
detection probability &, i.e., 


W vy. (15) 
The values of W so calculated for the individual events 
are given in the last columns of Tables I and II, and 
have already been used in Part [. 

Before discussing the momentum distribution of the 
& and A° particles, it may be interesting to see first 
how the mean detection probability of our chambers 
varies with the momentum of the V° particle. By 


TABLE IIIT. Summary of published estimates of the mean 
lifetimes of A° and @ particles. 


® particles 

No. rl r No rl r 
Groups of of (10% (107% of (10% (107% 
workers events sec™!) sec) events sec™!) sec) 


A® particles 


Fretter et al.* 

(1953) 22 
Alford and 

Leighton» (1953) 74 
Alford and 

Leighton» 

(high Q) 20 


Alford and 
Leighton» 

(low Q) 

Bridge et al.¢ 
(1953) 
Deutschmann4 
(1953) 

Astbury* (1953) 
Gayther! (1954) 
Page and Newthe 
(1954) 

Page» (1954,1955) 
Present paper 


10+7 11 443 


2.5+40.7 


1,340.5 


0.34 40.14 


0,29 +0.11 1.1140.71 0.9 94° ¢ 
2.3~0.7°3-! 
1.6.06°?? 
0.692704 


0.21 40.07 9 043+40.20 
11 0.6340.37 
0.25 40.12 7 8 18 +08 


0.27 40.14 
0,28 +0,07 1.43 +0.57 
0.36 +0.11 7 1.32 40.45 


0.7_62°¢4 
0.8-62°°4 


©W. B. Fretter et al., reference 1 

»>W. L. Alford and R. B. Leighton, reference 8; for discussion of the 
classification of V® particles by these authors, see reference 11, For the 37 
low-O events regarded as A® particles, the 1/r value is calculated from the 
r value given, and the symmetrical error of 1/r shown is the largest error 
of 1/r. 

¢ The asymmetrical error for r of A® particles of Bridge et al. is quoted by 
Page and Newth (reference 1); the value for r of @ particles is quoted 
by Gayther (reference 1). 

4 + values (also number of events) for A® and for @ particles of Deutsch 
mann are quoted, respectively, by Page and Newth and by Gayther 
(reference 1), 

¢ These results are quoted by Gayther (reference 1) 

{D. B. Gayther, reference 1. Gayther’s 7 value for 6 particles is his 
recently corrected value [see Phil. Mag. 46, 1362 (1955) ). 

«D. 1, Page and J. A. Newth, reference 1 

» D. I. Page, Phil. Mag. 45, 863 (1954) for A® particles; 46, 103 (1955 
for @ particles 
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Fic. 2, Mean detection efficiency curve for the cloud-chamber 


setup used in our experiment 


“mean detection probability’ it is meant that in 
calculating this probability (®), mean values of J, 
L, Ly, and Ll» are used, the assumption being made that 
these mean values are practically independent of the 
momentum P of the V® particle. This variation is 
represented by the curves in Fig. 2, the dashed one 
being for ® particles and full one for A° particles. It 
is seen that our chamber has a maximum mean detection 
probability ~0.6 for both @ particles (at P~1500 
Mev/c) and A®° particles (at P~700 Mev/c). To 
detect A° particles of momentum between about 150 
Mev/c and 3500 Mev/c or 6° particles between about 
400 Mev/c and 8000 Mev/c, the chamber still has a 
mean detection probability between 0.3 and 0.6. Our 
chamber has therefore the ability to detect partic les 
of either type over a wide range of momentum without 
losing too much efficiency. This may reflect some idea 
of the veracity of the momentum distribution, shown in 
Figs. 3(a) and 3(b) for A® and @ particles. 

After weighting each event for the detection efficiency 
according to Eqs. (13) and (14), we have plotted the 
momentum distributions in Figs. 3(a) and 3(b), 
respectively, for A° and @ particles. The momentum of 
each event was obtained by multiplying the Ay in 
Table I or II by the mass M. The standard deviations 
are obtained as before from (3_,W,?)! and are shown by 
the vertical lines. Without discussing some known 
sources of bias, it may be interesting to note that the 
two distribution curves are different in the momentum 
range covered, The & curve covers the interval approxi 
mately from 300 Mev/c to 4500 Mev/c. while the 
A® curve runs from about 250 Mev/c to 1300 Mev/« 
The number of V°® particles with low momentum is 
probably understimated because low-energy V° par 
ticles probably make Jarge angles with the penetrating 
shower axis and hence may decay near or in the 
Butler 


4 T). B. Gayther and C. (¢ Phil. Mag. 46, 467 (1955) 
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Fic. 3. (a) Momentum distribution for the 52 A® particles. The weighted mean momentum is about 
640 Mev/c for the A® particles. (b) Momentum distribution for the 106 @ particles. The standard errors 
shown by the vertical lines in both Figs. 3(a) and 3(b) have been calculated from (2,W,?)4 (see text) 
The weighted mean momentum for the @ particles is about 2620 Mev/« 


producing plate and not be observed. This is more 
nearly true of A° than @ particles, since the A° have on 
the average much lower momenta. The A° distribution 
indicates a decrease’ in the number of particles 
towards the high-momentum end. 

The encouragement of Professor K. Lark-Horovitz, 

“4 Similar indications have been observed by J. Ballam et al., 
Phys. Rev. 91, 1019 (1953) and Gayther and Butler (reference 13). 


head of the Physics Department at Purdue University, 
has been of great value to us. We should like to express 
our gratitude to him for his continued interest and 
support in this work. We are also grateful to Professor 


D. C. Peaslee for his stimulating suggestions and 
considerable help in this work. To Dr. G. del Castillo 
we wish to express our appreciation for his participation 
when these experiments were first started. 
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Al’’(n,a)Na** Reaction Induced by 14.8-Mev Neutrons* 
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Samples of aluminum foil inserted between two C2 nuclear plates were bombarded with 14.8-Mev 
neutrons, and the angular and energy distributions of the alpha particles resulting from Al*’(n,«)Na™ 
reaction were measured. It was found that the angular distribution of all energy regions in the center-of 


mass system is concave upward and approximately 90° symmetrical 


Also the curve on a semilog plot of 


the relative level density calculated from the energy distribution of the alpha particles fits a straight line 


which would correspond exactly to Maxwellian distribution with a temperature of about 1.45 Mev 


rhe 


results are compared with the predictions of the statistical theory 


[\ the past few years, several experiments have been 
performed to measure the density of energy levels 
of nuclei as a function of the nuclear excitation energy. 
In those experiments, measurements were made of the 
energy distributions of neutrons and of protons from 
(n,n’),'? (p,n),?* (p,p’),°°? and (a,p)** reactions on 
various nuclei. The presence of non-compound-nucleus 
processes and secondary nuclear reactions throws serious 
doubt on the interpretation of the results of those 
experiments and prompts a search for new experiments 
which might provide less ambiguous information about 
the energy level density. Experimental data on (n,qa) 
reactions may give more reliable information on the 
energy level density, since it seems improbable that 
alpha particles will be emitted by direct interaction, 
Except for light nuclei, angular and energy distributions 
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Fic. 1. Experimental arrangement. 
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of the (mw) reaction have been observed so far only 
for zirconium," for which the angular distribution above 
120° has not been measured and the energy distribution 
has not been reported in detail. Our present experiment 
was therefore designed to measure the distributions of 
energy and angle of the alpha particles resulting from 
the incidence of 14.8-Mev neutrons 

The experimental arrangement is shown schemati 
cally in Fig. 1. We bombarded samples of aluminum 
foil (1.8 mg/cm*) inserted between two C2 nuclear plates 
(thickness 2004) with d—T neutrons produced by 
a Cockcroft-Walton The neutron flux 
accurately determined by counting the accompanying 
alpha particles from the T(d,n)a reaction. Platinum foil 
(60 mg/cm?) was used to reduce the background. An 


machine, was 


incident angle of 45 degrees was chosen for the neutrons 
to reduce the errors arising from the correction of the 
angular distribution. In order to discriminate alpha 
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Fic, 2, Angular distribution of alpha particles from the 
Al?’ (n,a) Na™ reaction. The dashed line shows the observed angular 
distribution, while the solid line shows the corrected angular 
distribution 
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Fic. 3. Energy distribution of alpha particles from the 
Al’ (n,a) Na™ reaction. The histogram and dashed curve show the 
observed energy distribution, while the solid curve shows the 
corrected energy distribution. 


particles from protons in the emulsion, the plates were 
processed by the temperature method!! using low pH 
(6.6) amidol developer," and for the hot stage, we 
chose the values of 15 minutes and 18°C for the suitable 
time and temperature respectively after several trials. 
In the right half of the emulsion in Fig. 1, the back- 
ground tracks were measured. 

The angular distribution in the center-of-mass system 
of the alpha particles from the (n,a) reaction for the 
entire energy region is shown in Fig. 2. We divided 
the uncorrected angular distribution into two energy 
regions, namely, a high-energy region (>6 Mev) and 
a low-energy region (<6 Mev), and it was found that 
the angular distributions for these two regions are 
similar to each other. Therefore we assumed that the 
angular distributions for various energy regions are all 
the same. Thus the correction for the energy loss of 
alpha particles in the aluminum sample was carried out 
for the uncorrected energy distribution in Fig. 3, using 
the angular distribution. Then, making use of this 
corrected energy distribution, the correction for the 
absorption loss of alpha particles stopped in the 
aluminum sample was carried out for the uncorrected 
angular distribution. The final results obtained by the 
successive corrections are shown by the solid line in 
Fig. 2 and by the solid curve in Fig. 3. Although there 
appears to be slight peaking in the forward direction, 
the deviation from symmetry about 90° lies within the 
statistical error. The total cross section is 92+15 mb, 
which is in fairly good agreement with values obtained 

4 Painton, Gattiker, and Lock, Phil. Mag. 42, 396 (1951) 

Stiller, Shapiro, and O'Dell, Rev. Sci. Instr. 25, 340 (1954) 


TAKEKOSHI, OGIATA, 


TSUNEOKA, AND OKI 





500 Tt 


T T T T T rT 


6 4 2 0 
EXCITATION ENERGY (MEV) 








Sa i 4. 
12 14 
€ (MEV) 





hic. 4. The relative level density w= N/(eSq) of Na*. 


by other authors.'*~'® Figure 4 shows the result pre- 
sented by plotting the measured energy spectrum 
divided by «S,,'® where ¢ is the total energy (in Mev) 
of both the outgoing alpha particle and the recoiling 
Na* particle, and S, is the cross section, including the 
effects of barrier penetration for a nuclear radius of 
1.5 10-"A* cm, for the formation of the compound 
nucleus in the same state of excitation by the reverse 
reaction, in which particles of energy ¢ strike the 
excited residual nucleus. The data fit a straight line 
which would correspond exactly to a Maxwellian dis- 
tribution with a temperature of about 1.45 Mev. 

The approximate 90° symmetry of the angular distri- 
bution of the alpha particles indicates the fact that 
most of the reactions probably occur through the for- 
mation of the compound nucleus. However, the angular 
distribution is inconsistent with the isotropic pattern 
predicted by the statistical theory, while the observed 
energy distribution is found to agree well with that 
predicted by the evaporation theory,'’ although the 
temperature is fairly low as compared with that ob- 
tained by other authors. 

In conclusion, the authors are deeply indebted to 
Professor K. Kimura for many useful discussions and 
suggestions throughout the course of the present 
experiment. 


SE. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 
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Meaning of the Solutions of Low’s Scattering Equation 


F. Ji Dyson 
Institute for Advanced Study, Princeton, New Jersey 


(Received December 17, 1956 


The meaning of the “redundant” solutions of Low’s scattering equation is clarified, by constructing a 
model in which every one of these solutions may be the physically correct one 


1. INTRODUCTION 


HE scattering equation of Low! in the one-meson 
approximation possesses solutions which involve 
an infinite number of arbitrary parameters.” In reference 
2 the conclusion was drawn that “The Low equation 
does not determine the scattering, but only expresses 
a property of the scattering which is independent of the 
internal structure of the scatterer.”’ Several physicists* 
have objected to this conclusion. They consider that 
some general principles would allow us to choose one 
solution of the Low equation as “the physical solution”’ 
and to reject all the others as “nonphysical.” In 
practice, the honored title of “physical” is usually 
given to that solution for which the scattering amplitude 
is never zero. 

The purpose of this note is to describe a simple model* 
for which the one-meson approximation to the Low 
equation is exact, and in which the scattering amplitudes 
can be calculated by direct solution of the Schrédinger 
equation. The model is almost identical with that used® 
in a different context by Lee. The model satisfies the 
requirements of nonrelativistic quantum mechanics 
(over-all causality and unitarity) but not those of 
relativity and “crossing-invariance.’”® 

The qualitative features of the model are suggested 
by the “compound nucleus” description of nuclear 
reactions. Accordingly, it is not surprising to find that 
the scattering amplitudes are represented by expressions 
having a close similarity to the dispersion formula of 
Wigner and Eisenbud.’ 


2. THE MODEL 


Consider a single spinless particle interacting with a 
fixed scatterer. A complete orthogonal set of states for 
the combined system is composed of two parts. There 
are the “free states,” denoted by the symbol |k), in 
which the particle is moving in a plane wave with 
momentum k while the scatterer is in its ground state. 
There are the “compound states,” denoted by |n) 
where takes the values 1, 2, ---; these states may be 
finite or infinite in number but have in any case a 


1F, E. Low, Phys. Rev. 97, 1392 (1955). 

? Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 (1956). 

3 Schwinger, Low, and Haag (private communications). 

‘ The use of this model was suggested to me by R. Haag. 

‘'T. D. Lee, Phys. Rev. 95, 1329 (1954). 

6M. Gell-Mann and M. L. Goldberger, Phys. Rev. 96, 1433 
(1954). 

7E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 


discrete spectrum. The Hamiltonian for the model is 
H= Ho+ H,. (1) 
Here Hy is diagonal in the states |k) and |m), with 


Ho|k)=axlk), Holn)=E,|n), (2) 


and w,= (u?+k*)!. The interaction operator is 


Hy fumastoa) + A*(r)O* ]. (3) 


Here U(r) is a real spherically symmetric function of 
position, defining the shape of the scatterer. QO is an 
operator having matrix elements Q, from the ground 
state of the scatterer into the compound states |»). 
A(r) is an operator absorbing the particle from a free 
state at the position 7, that is to say, 


A(r)|k)= V~4e**-r| ), (4) 


where | ) denotes the ground state of the scatterer 
with no particle present, and V is the normalization 
volume for the particle wave functions. The operators 
A*(r), O* are Hermitian conjugates to A (r) and Q. 

The Schrédinger equation for this model can be 
solved exactly. The particle will be scattered only in 
S states, and all the scattering will be elastic. The 
scattering states will be of the form 


V=> Wk) | kad +d wn) |n), (5) 


where |k,) is the free S-wave state of momentum k, 
normalized in a spherical box of radius L. The matrix 
elements of 7; are 


(n| H,|k.) = (24 L) 40 ,ku(k), 
(ke| Hi |n) = (2L)-40,*ku(k), 


u(k) - [Ue "dy. (8) 


The Schrédinger equations for the scattering state of 
momentum p are 

(we— wy W(R)+ (29) thu(k)> Owl(n)=0, (9) 

(En- 


wp (n)+ (29L)0,*> kulky(k)=0. (10) 


157 





158 F . 
Passing to the limit L-+~, the standing-wave solution 
of these equations is 


(11) 
(12) 


V(k) = 9b5(w.—wy) +8 (k) (wr—wy)™, 
g(k) = kw u(k)u(p)R(w,)[1—J(w,)R(w,) }', 
1 _ 1Q,|? 


) 


2n » E,—w 


R(w): (13) 


I (w) (14) 


ot hu? (k)wyduwr, 


TY? Wh W 


the last being a principal value integral. 
The phase shift 6 is given by 


tand= ¢(p) = pw,u?(p)R(w,)[1—J(w,)R(w,) |, (15) 


and the scattering amplitude by 


S(p) 


e” sind 

- pw, u?(p)[ J (wp te)—R '(w,) | ' (16) 
By applying the arguments of reference 2, it is easy to 
show that this amplitude satisfies the Low scattering 
equation 


fp) 1 


fk | {(k) |*daoe 
pu?(p) _ ” 


hu? (k) (we—wp— te) 
_ Asks 
+2, =C, 


B Es—w, 


(17) 


where the Ey are the real roots of the equation 


J(En)R(En)=1 (18) 
in the range Ly<p, and the Ag and C are positive 
coefficients. If all the compound states |) have 
E,,>p, and if the interaction operator Q is weak enough 
so that 

J (w)R(u) <1, (19) 
then Eq. (18) has no roots in the range .,<,y, and the 
second term on the right of Eq. (17) drops out. If there 
are just N compound states with E,<y, then the 
number of roots /, is always either VN or N+1. 

It is easy to see, by examining the solution of the 
Schrédinger equation (Eq. (11)-(14)), that there 
exists a true bound state of the system particle-plus- 
scatterer at each of the energies ,. Thus the second 
term in Eq. (17) has the correct form for the bound- 
state contribution to the Low equation. 

In this model there is no renormalization, and 
therefore none of the unphysical consequences of the 
Lee model® can appear. The correct causal behavior 
of the scattering amplitude [ Eq. (16) ] is guaranteed by 
the fact that the function 


-[J(w)— R“'(w) (20) 


DYSON 


is a generalized R function in the sense of Dalitz,? i.e., 
it is a regular function and has a positive imaginary 
part throughout the upper half of the w plane. 


3. CONCLUSIONS 


The Low equation (17) holds in the model, the 
scattering amplitude f(p) being given explicitly by 
Eq. (16). The bound-state parameters Ex, Ag which 
appear in Eq. (17) are finite in number, whereas the 
compound-state parameters £,, QV, which appear in 
Eq. (13) may be finite or infinite in number. The £, 
and (, determine the bound-state parameters uniquely, 
but the bound-state parameters do not determine the 
E, and Q,. A variety of models with different 
compound-state spectra satisfy the same Low equation. 

Thus the Low equation (17) has an infinity of 
solutions of the form (16), and every one of these 
solutions is the physically correct scattering amplitude 
for one particular model, From this result we logically 
infer the following conclusion. If there exists a general 
physical principle which would allow us to pick out in 
a unique way one physically admissable solution of the 
Low equation, that principle must be violated in the 
model which we have described. 

I wish to thank J. Schwinger, F: Low, and R. Haag 
for the criticisms which forced me to investigate this 
model in detail. 


APPENDIX. CROSSING-INVARIANT MODEL 


It does not seem to be easy to find a physically 
realistic model in which the one-particle approximation 
to the Low equation is exact and in which crossing- 
invariance® is preserved. The model proposed in this 
paper can be modified so as to become crossing- 
invariant, while losing any resemblance it may have 
had to physical reality, as follows. 

Suppose the scattered particle possesses two free 
states, with energies (+«,) and (—w»), for any value 
of the momentum &. In all other respects the model is 
unchanged. The operator A(r) absorbs the particle at 
position r, irrespective of the sign of the energy. 

The modified model still allows only elastic scattering 
of particles with energy of either sign. The negative- 
energy states do not cause a runaway catastrophe, 
because the scatterer always remains finally in its 
ground state. The scattering amplitudes can be calcu- 
lated by solving the Schrédinger equation as before. 
The amplitudes for plus-energy and minus-energy 
particles are 


S*(p) = — pop? (p)[T (wp tte) FR“ (+,) F, 


with 


(21) 


I(w)= 


2w 7” ku? (k)w dw, 
f : (22) 


wri, wp? — w* 
the remaining symbols retaining their earlier meanings. 
The crossing-invariance is expressed in the statement 
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that the functions 
h* (wy) = [wp f*(p)/ pu? (p) } (23) 


can be continued analytically into two regular functions 
h*(w) which are related by 


ht (—w)= —h-(w) (24) 


for any complex w. 
The Low equation for the modified model becomes 


da, { |ft(k)|? | f*F(R)|? 
re 


Wk + Wp 


———f 
pu(p) rl, ku?(k)lwp—wy—ie 


A pEp 


ty ~C, (2) 


B EpFwy 
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where now the sum extends only over the bound-state 
energies, which are the roots of the equation 


I(Eg)R(Ep)=1 (26) 
in the interval —u<Ep<uy. 

The crossing-invariant Low equation (25), and its 
solutions given by Eq. (21), are essentially identical 
with the corresponding expressions derived from the 
charged scalar meson field theory in the one-meson 
approximation.” The only difference is that negative 
energy states appear in the model instead of negative 
charge states. This nonphysical feature of the model is 
not accidental, but is a reflection of the fact that in a 
truly field-theoretical system the one-meson approxi 
mation can never be exact. 





PHYSICAL REVIEW VOLUME 


Letters to the Editor 








UBLICATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department. 

The closing date for this department is five weeks prior to the date of 

issue. No proof will be sent to the authors. The Board of Editors does 

not hold itself responsible for the opinions expressed by the corre- 

spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate. 


Experiments on Spin Temperature 
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Gif-sur-Yvette (Seine-et-Oise), France 

(Received January 21, 1957) 


E have performed experiments, to be described 

below, which may be explained only by utilizing 
the concept of spin temperature. The first group, which 
may be described as experiments in nuclear calorimetry, 
are studies in the changes of polarization produced by 
the thermal mixing of the spin systems of two nuclear 
species contained in the same sample. The process of 
mixing is performed by taking the sample from the 
strong magnetic field Ho into the earth’s field and 
returning it into the field Ho in a time short compared 
to the spin-lattice relaxation time. The two spin 
systems, isolated by their different Larmor frequencies 
in the strong field, are no longer isolated in the weak 
field and find a common temperature. Hence this 
process is irreversible in the Ehrenfest sense and 
thermodynamically reversible only in very special 
cases, 

‘These experiments are summarized in Table I, where 
My, and M,’ stand for the equilibrium polarizations of 
the species in question. The sample used was a single 
crystal of LiF, for which, in Ho, T\(Li7)=4.5 min, 
7T\(F")=1.4 min, and in the earth’s field, 7(common) 
6 sec. The observations were made with a Varian 
V-4200 spectrometer, adjusted for U/-mode observation 
with H,;=1 gauss at 8 Mc/sec, with which the level 
populations could be examined, reversed by fast 
passage, or saturated, 


Taste I. Summary of nuclear calorimetric experiments. The 
observed values, which represent the average of several measure- 
ments, are reproducible to about 10%. 


Polarization after mixing 
Fluorine ithium 


0.95 Mo 0.95 Mo 
0.42 Mo 0.51 Mo’ 
0.42 Mo 0.43 M9’ 
0.27 Mo 0.20 M9’ 
0.05 Mo 0.00 M 9’ 
0.16 Mo 0.17 Mo’ 
-0.29 Mo -0.34 M,’ 
0.71 Mo ~0.73 Mo’ 


Polarization before mixing 
Fluorine Lithium 


Mo M,’ 
M> Saturated 
Saturated M,’ 
Mo M,’ 
Mo M,’ 
Saturated M,’ 
Mo Saturated 
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The results of the experiments described by Table I 
can be understood in terms of ordinary calorimetry by 
assigning to each system a specific heat proportional 
to y*I(I+-1) and by making allowance for the relaxation 
which occurs during the course of the experiment and 
for the incomplete reversal of the magnetization by 
the fast-passage operation. This simple analysis is 
valid as long as the mixing field is high compared to 
the internal loca] fields because the energy of the 
spin-spin interaction may then be neglected Experi- 
mentally we have found that mixing begins to take 
place in a field of 75 gauss which is about ten times 
the rms local field. Experiments (a) and (h) can be rec- 
ognized as the reversible processes observed by Pound! 
and Pound and Purcell? and appear here as a special 
case of the-mixing of two systems at the same tempera- 
ture. Experiments (d) through (h) are believed to be the 
first examples of calorimetry carried ou. with systems 
at negative temperatures.” 

The results of Table I suggest that it is possible to 
“pump” a nuclear system with a long spin-lattice 
relaxation time into a polarized state by cooling it at 
regular intervals by thermal contact with a system 
which has a shorter 7. This was demonstrated by 
using a powdered sample of CsCl for which 7,(Cs)=9 
min, 7\(CI)=3 5 sec in strong fields, and 7(common) 
20 sec in the earth’s field. Commencing with Cs 
unpolarized, the sample was quickly removed from and 
restored to the strong field at six-second intervals, 
chosen to allow time for the Cl to polarize, for a period 
of two minutes, after which the Cs showed a polarization 
of 0.7 Mo, which otherwise would have taken about ten 
minutes to obtain. It is interesting to speculate that 
in favorable cases it may be possible to measure the 
magnetic moment and thermal relaxation time of an 
isotope which is not otherwise observed by measuring 
its heating effects upon an observed isotope. 

An experiment of quite a different kind demonstrates 
that, for the case of equally spaced levels, the mechanism 
of mutual spin-flips seeks in a time ~7>, to establish a 
spin-temperature for the spin system. This mechanism, 
unfortunately overlooked by Proctor and Robinson,* 
has been shown to account for the complete saturation 
of the nuclear magnetic energy levels of Na™ in NaC! 
caused by intense ultrasonic waves at twice the Larmor 
frequency. This may be understood in the following 
step-wise fashion: the pure quadrupole transitions 
caused by the ultrasonic waves tend to saturate the 
levels related by Am=2, resulting in a polarization 
0.2 Mo. However, in a time ~7, a Boltzmann popula- 
tion is re-established, allowing further ultrasonic 
saturation to take place. Equations (4) and (6) of 
reference 3, describing the saturation for the cases 
of dipolar and quadrupolar relaxation, become identical 
and correspond to M/Mo=(1+12W7;\/7)"', where W 
is the quadrupole transition probability. This expression 
has been experimentally verified in this laboratory for 
all values of M. 
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Further experimental results and a_ theoretical 
discussion will be published at a later time. 

'R. V. Pound, Phys. Rev. 81, 156 (1951) 

*E. M. Purcell and R. V. Pound, Phys. Rev. 81, 279 (1951). 


*W. G. Proctor and W. A. Robinson, Phys. Rev. 104, 1344 
(1956) 


Unified Theory of Interacting Bosons 
EUGENE P. Gross 
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ECENT work has contributed to the understanding 
of properties of helium II. Yet there is room 
for a unified theoretical approach to the problem of 
interacting bosons for both solid and liquid states. 
In particular the liquid is like the solid as regards 
cohesive energy and packing. One is interested in 
computing these from first principles, as well as in the 
connection between the vibration spectrum of the 
solid and the excitation spectrum of the liquid, the 
elucidation of the liquid solid transition under pressure, 
scattering of excitations, etc. The treatment of these 
diverse phenomena requires construction of wave 
functions for the system of interacting bosons, which are 
reasonably accurate and simple, from a unified point 
of view. In the following we report on one such unified 
approach, based on an elementary physical picture. 
The procedure is an outgrowth of the small-oscillation 
theory of the interaction of a particle and a scalar field.’ 
The Hamiltonian for a system of bosons of mass M 
with the two-body interaction potential V (thus 
neglecting the detailed electronic structure of the 
will be written in the formalism of second 
quantization: 


h? 
H= f vyr- vy | f [vcore 
2M. : 


x’ W(x) (x’)d3xd*x’ , 


atoms) 


“Vix 


where w(x), W(x) operators satisfying the 
Bose-Einstein commutation rules such as [y(x), 
y' (x’) ]}=6(x—x’). Associated with H are the Heisenberg 
equations of motion for the time-dependent operators 
y(x,t) and y' (x,t): 


Oy 1 
at nh al 


are 


oy! 


1 
=-[Hy' |. 
st y") 


We may consider H as governing the motion of a 
nonlinear, three-dimensional classical wave field. The 
commutation rule for the conjugate 
variables, 


canonically 


p(x) = (W—Y') (h/2)%, 


and 


q(x) = (Wt+W) (h/2)! 
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is replaced by the Poisson-bracket relation. A is retained 
insofar as it enters in the kinetic energy of the field, 
describing the DeBroglie wave character of the asso- 
ciated particles. The classical equation of motion has 
special, exact, separable solutions of the form y= /(x) 
Xexp(—iEit/h), where f(x) and E are obtained from 


the nonlinear eigenvalue problem 


h* 
kf vst [Vix x’) | f(x’) |*d'x’- f(x), 


2M 
f [f[t@e=N, 


We note that there is always a solution of uniform 
density, namely, 


i ) No 
f(x) ( ) li | V (x)d?x, 
L' L' 


But if V(x) is negative in some region of space, there 
may be other solutions, such as a periodic solution with 
E lower than for the uniform solution. In the classical 
theory there are solutions in the vicinity of each exact 
solution in which the field carries out small oscillations, 
Writing O=(¢t+¢')(h/2)', poe '*'" f(x) + ¢(x,) ] 
and linearizing the equation of motion, we obtain 


 . vy/y\) vy 
thO=4 (« ) (~ Jorn 
2M (/\ om 
| 2p fix x’) f(x \O(x’) «d4x’}, 


The character of the oscillation spectrum depends on 
V(x) and on the underlying solution f(x). For the 
uniform solution one obtains Bogolyubov’s*? spectrum 
yielding phonons for long wavelengths, free-particle 
behavior for short wavelengths. 

The classical analysis may be used to find eigen 
functions by noting that three elementary canonical 
transformations are involved; a time-dependent one 
introducing a phase, a linear shift Y->/+y, and a 
normal-mode transformation. These are then simple 
unitary transformations in the quantum theory, the 
first adding a term to H/. We are thus led to the set of 
approximate eigenfunctions, 


= exp(S2)-exp(Sy)Po(-- > Ny ) 
VulVe. 


po are eigenfunctions of the number operators V, 
[yx is a Fourier component of (x). | 


So fu {?(x)p}d*x, 


and §; is a quadratic form in y, W’. From the set we 
construct eigenfunctions of the total number and 
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momentum operators by applying projection operators 
and we form an orthogonal set. For the uniform 
solution, 

53;= i » is (Lihat. xt + CC). 


ka>0 


Noting that the method has a variational aspect, ly 
need not be taken from the small-oscillation analysis 
but may be freely chosen to describe average large- 
amplitude effects. We obtain improved ground-state 
energy and single- and multiple-excitation spectra. 

For the solid-like solution, f(x) is periodic. We expand 
v= >ay*¢u*(x), where [a,%,a;'"|]=5, pix.1. Here ¢x* 
are a complete set of Bloch tight-binding orbitals for 
which k takes on values in the first zone; a labels the 
zones. For k=0 the gx" are periodic; for k#0 they have 
a modulating factor. Thus if the linear shift is performed 
only for the ao*, the ground-state expectation values of 
physical quantities are periodic. If shifts for k#0 are 
required, the expectation value of the correlation 
operator ceases to be periodic. 

The connection between the two solutions is seen 
by referring to the quantum problem of a particle in a 
well with several minima (or stationary points). 
Because of the tunnel effect, good approximate wave 
functions are superpositions of functions appropriate 
to the classical separate regions. By analogy, we take 


V=P(N yo(P) f Gia) exp.S2(R) 
-exp.S3(R)P(- - 


‘Ny: ++)dR. 


The coefficients of the linear and quadratic forms 
depend on R; the integral over R includes a discrete sum; 
¥(N) and @(P) are projection operators of total number 
of particles NV with total momentum P. Detailed calcu- 
lations of properties of liquid and solid helium based on 
the present approach are in progress. 


1 E. P. Gross, Phys. Rev. 100, 1571 (1955). 
*N. Bogolyubov, J. Phys. (U.S.S.R.) 11, 23 (1947) 


Microscopic Theory of Superconductivity* 


J. BArpren, L. N. Cooper, Anp J. R. ScHRIEFFER 


Department of Physics, University of Illinois, Urbana, Illinois 
(Received February 18, 1957) 


‘INCE the discovery of the isotope effect, it has been 
known that superconductivity arises from the 
interaction between electrons and lattice vibrations, 
but it has proved difficult to construct an adequate 
theory based on this concept. As has been shown by 
Fréhlich,' and in a more complete analysis by Bardeen 
and Pines? in which Coulomb effects were included, 
interactions between electrons and the phonon field 
lead to an interaction between electrons which may be 
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expressed in the form 


hw|M,|? 


- : : 
kk’ 4,0 (Ey —- Ey)?- (hw)? 


H,;= 


(1) 


KO, aC’, oC ns x, oCk, et Acout, 


where |M,!? is the matrix element for the electron- 
phonon interaction for the phonon wave vector x, 
calculated for the zero-point amplitude of the vibrations, 
the c’s are creation and destruction operators for the 
electrons in the Bloch states specified by the wave 
vector k and spin s, and Hou: represents the screened 
Coulomb interaction. 

Early attempts’ to construct a theory were based 
essentially on the self-energy of the electrons, although 
it was recognized that a true interaction between 
electrons probably played an essential role. ‘These 
theories gave the isotope effect, but contained various 
difficulties, one of which was that the calculated energy 
difference between what was thought to represent 
normal and superconducting states was far too large. 
It is now believed that the self-energy occurs in the 
normal state, and results in a slight shift of the energies 
of the Bloch states and a renormalization of the 
matrix elements. 

The present theory is based on the fact that the 
phonon interaction is negative for | Ey—Ey| <hw. 
We believe that the criterion for superconductivity is 
essentially that this negative interaction dominate 
over the matrix element of the Coulomb interaction, 
which for free electrons in a volume & is 2me?/Qx’. In 
the Bohm-Pines* theory, the minimum value of «x is 
ke, somewhat less than the radius of the Fermi surface. 
This criterion may be expressed in the form 


—V=(—(|M,|*/hw)+ (41e?/Qr’) a <0. (2) 


Although based on a different principle, this criterion 
is almost identical with the one given by Fréhlich.!* 

If one has a Hamiltonian matrix with predominantly 
negative off-diagonal matrix elements, the ground 
state, V= > a;¢;, is a linear combination of the original 
basic states with coefficients predominantly of one sign. 
A particularly simple example is one for which the 
original states are degenerate and each state is connected 
to m other states by the same matrix element —V. 
The ground state, a sum of the original set with equal 
coefficients, is lowered in energy by —nV. One of the 
authors made use of this principle to construct a wave 
function for a single pair of electrons excited above the 
Fermi surface and found that for a negative interaction 
a bound state is formed no matter how weak the 
interaction.® 

Because of the Fermi-Dirac statistics, difficulties 
are encountered if one tries to apply this principle 
directly to (1). Matrix elements of H; between states 
specified by occupation numbers (Slater determinants) 
in general may be of either sign. We want to pick out 
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a subset of these between which matrix elements are 
always of the same sign. This may be done by occupying 
the individual particle states in pairs, such that if 
one of the pair is occupied, the other is also. The pairs 
should be chosen so that transitions between them are 
possible, i.e., they all have the same total momentum. 
To form the ground state, the best choice is kt, —kg, 
since exchange terms reduce the matrix elements 
between states of parallel spin. To form a state with a 
net current flow, one might take a pairing kt, —k+ qj, 
where q is a small wave vector, the same for all k 
and such that both states are within the range of 
energy fw. The occupation of the pairs may be specified 
by a single spin-independent occupation number, 
m,=Q or 1. Nonvanishing matrix elements connect 
configurations which differ in only one of the occupied 
pairs.® It is often convenient to specify occupation in 
terms of electron pairs above the Fermi surface and 
hole pairs below. 

The best wave function of this form will be a linear 
combination 


W= > db(ky + ka) f(- + omy: men), (3) 
ky ky 


where the sum is over all possible configurations. In 
our calculations, we have made a Hartree-like approxi- 
mation and replaced b by b(ki)b(k2)---b(kn). We have 
also assumed an isotropic Fermi surface [so that b(k) 
depends only on the energy ¢ of the Bloch state in 
volved |, and that V is the same for all transitions 
within a constant energy fw of the Fermi surface, 
«=0. A direct calculation gives for the interaction 
energy 


hw hw 
Wy avon py f J P(e) (e)dede’, (4) 


where V(0) is the density of states at the Fermi surface. 
The kinetic energy measured from the Fermi sea is 


hw 
Wk wo) f glejede, (5) 


where g(e) is the probability that a given state of energy 
« is occupied by a pair, and 


'(e)={g(e)[1—g(e) }}! (6) 


One may interpret the factor I'(e)I'(e’) as representing 
the effect of the exclusion principle on restricting the 
number of configurations which are connected to a 
given typical configuration. Matrix elements corre- 
sponding to k—+k’ are possible only if the state k is 
occupied and k’ unoccupied in the initial configuration 
and k’ occupied and k unoccupied on the final configura 
tion. The probability that this occurs is 


g(e)[1—gle’) lg(eJL1—g(e J=(Tle PIM (e) J. (7) 


Since matrix elements have probability amplitudes 
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rather than probabilities, the square root of (7) occurs 
in (4). 

A variational 
g(e) gives 


calculation to determine the best 
2N (0) (hw)? 

W=W,+Wr=- : , (8) 

exp[2/V(0)V]—1 


Thus if there is a net negative interaction, no matter 
how weak, there is a condensed state in which pairs are 
virtually excited above the Fermi surface. The product 
N(0)V is independent of isotopic mass and of volume. 
The energy W varies as (fw)*, in agreement with the 
isotope effect. It should be noted that (8) cannot be 
obtained in any finite order of perturbation theory. 
The energy gain comes from a coherence of the ele 

tron wave functions with lattice vibrations of short 
wavelength, and does not represent a condensation in 
real space. 

Empirically, energies are of the order of magnitude 
of N(O)(RkT,)*, and of course kT is much less than an 
average phonon energy fw. According to our theory, 
this will occur if V(0)V <1, a not unreasonable assump 
tion. In this weak-coupling limit, the energy may be 
expressed simply in terms of the number of electrons, 
n., Virtually excited in coherent pairs above the Fermi 
surface at T7=O°K 


W bn?/N(O), (9) 
where 
1/N(0)V }. 


n,.= 2N(0)hw exp| (10) 


It isa great advantage energy-wise to include in the 
ground state wave function only pairs with the same 
total momentum. Suppose that instead one had chosen 
a random pairing, k)f, ke}, with k,+-k»= q and consider 
a typical matrix element (kj,ky) H,|ky'ky’) which 
vanishes unless k,’+k,’=q’=q. We shall assume that 
the q’s of all pairs are small so that if k; and ky are both 
within ftw of the Fermi surface, so are k,’ and k,’. If 


/ 


we construct a wave function made up of a linear 
combination of states with such virtual excited pairs 
and determine the interaction energy, we would find 
an expression similar to (4) but with (7) replaced by 
the much smaller quantity: 


g (ei) [1 g(e2') \g(e’) 
x g(eo’) [1 


g(e)g(es)[ 1 


g(es) It gleo) |. (11 


The pairing ky k, corresponds to q=0 for all pairs 
and insures that if k,’ is unoccupied, so is ky’, This is 
also true if all pairs have the same q. 

Wave functions corresponding to individual particle 
excitations may be made of linear combinations of 
states in which certain occ upation numbers, « orrespond 
ing to real excited electrons or holes, are specified and 
the rest are used to make all possible combinations of 
virtual excitations of kt, —kJ pairs. Because of the 
reduction in phase space available to the pairs, the 


interaction energy is reduced in magnitude. For smal] 
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excitations the consequent increase in total energy is 
proportional to the number of excited electrons. This 
means that a finite energy is required to excite an 
electron from the ground state. The same applies to 
rea) excited k, —k pairs. If f(e) is the probability that 
a Bloch state of energy ¢ is occupied by an excited 
electron above the Fermi sea, and 1—/f(—e) the 
probability that there is a hole below, one finds for 
the interaction energy an expression similar to (4) but 
with [I'(e) ? replaced by g(e){1—[Lf(e) #?—g(e)}. For 
small excitations above T7=0°K, the total pair energy 
may be expressed in the weak-coupling limit as 


n? 4n, 
- (1 ), NEN e, 
2N(0) Ne 


where mn, is the number of electrons in the virtually 
exciied states at T7=0 and n, is the number of actually 
excited electrons. This leads to an energy gap’ (i.e., 
the energy required to create an electron-hole pair) : 


Ea= T=0°K. 


W= (12) 


OW /dn,=2n./N(O) at (13) 
Taking the empirical W= —H?/8m and estimating 
N(O) from the electronic specific heat, we find Eg=k 
*13.8°K for tin. This is to be compared with the 
experimental value of about k&11.2°K. Calculations 
are under way to determine the thermal properties at 
higher temperatures, 

Advantages of the theory are (1) It leads to an 
energy-gap model of the sort that may be expected to 
account for the electromagnetic properties.* (2) It 
gives the isotope effect. (3) An order parameter, which 
might be taken as the fraction of electrons above the 
Fermi surface in virtual pair states, comes in a natural 
way. (4) An exponential factor in the energy may 
account for the fact that kT, is very much smaller than 
hw. (5) The theory is simple enough so that it should be 
possible to make calculations of thermal, transport, 
and electromagnetic properties of the superconducting 
state. 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. One of us (J.R.S.) wishes to thank the 
Corning Glass Works Foundation for a grant which aided in the 
support of this work 
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Polarization of Nuclei by Resonance 
Saturation in Paramagnetic Crystals*t 


C. D. JErrries 
Physics Department, University of California, Berkeley, California 
(Received February 15, 1957) 


HE suggestion of Overhauser’ that the saturation 

of the spin resonance of the conduction electrons 
in a metal should give nuclear polarizations of the 
order of BH/kT(8=Bohr magneton, H=magnetic 
field) catalyzed thinking along these lines; it was soon 
realized by many’ that related dynamic polarization 
processes are apropos to paramagnetic substances in 
general. In fact, even earlier, Pound’ had produced 
enhanced populations by nuclear magnetic resonance 
saturation in a system with quadrupole splitting. 
Abragam‘ discusses the nuclear polarization obtainable 
by the saturation of the resolved paramagnetic res- 
onance hfs lines in magnetically dilute crystals. In his 
scheme the strongly allowed electronic magnetic 
dipole transitions are saturated and the nuclear polariza- 
tion is induced by suitable relaxation processes through 
the hfs coupling. We wish to point out that in many 
cases the saturation of certain so-called forbidden 
transitions will produce a comparable nuclear polariza- 
tion directly in the sense that the applied radio- 
frequency field itself flips the nuclei. Such forbidden 
transitions are commonly observed in microwave 
paramagnetic resonance, e.g., in the case of appreci- 
able nuclear quadrupole interactions and in cases 
where the nondiagonal magnetic hfs terms are not too 
small. As a specific sample of the latter, consider the 
following spin Hamiltonian,’ appropriate for Cot* 
ions at low temperatures in a magnetically dilute axial 
crystal in an external magnetic field: 


=A g,,H Sete, (HeSet+HySy)+Al Ss 
+ B(I,S.+ I Sy) |+ Hretaxt Hes. 


The first two terms are the electronic Zeeman terms 
and are assumed to be much larger than the magnetic 
hyperfine terms in A and B. The energy levels are 
shown schematically in Fig. 1 where we have taken 
A™B, S=}4 and /=2, for illustration purposes. The 
various states are characterized in zero order by 
electronic and nuclear magnetic quantum numbers m 
and M, respectively. However, the term in B mixes 
the states so that to first order we have for the wave 
functions Wa= (4,2), Pov (4,1) + (B/H,)y(—3,2), «+ :, 
Viv (—4,2)— (B/H)¥(4,1). The Rreiax term gives 
relaxation transitions between the various states, the 
dominant ones being those shown for (Am=+1, 
AM=0), corresponding to the electron spin-lattice 
relaxation. The A(m+-M)=0 relaxation transitions are 
considerably weaker, as are also those for (Am=0, 
AM=+1), not shown. For simplicity the latter 
transitions are neglected ; from reasonable assumptions 
concerning relaxation mechanisms it can be shown 
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that this may reduce the magnitude of the polarization 
calculated below by roughly a factor 2. The microwave 
field through the 5; term induces the transitions 
(Am= +1, AM=0) by the rf component perpendicular 
to H,. These are the usual 2/+-1 paramagnetic resonance 
hfs lines. The rf component parallel to H, induces the 
forbidden transitions A(m+M)=0. These show up as 
27 lines between the main lines. Let the rf field be 
polarized parallel to H, and great enough to saturate 
the states 6 and 7 at resonance, i.e., make their popula- 
tions equal. Then the unnormalized relative populations 
of the states are as shown in Fig. 1, where 26=hv/kT, 
and we have expanded the Boltzmann exponential, 
keeping only first order terms. The relatively small 
energy difference between adjacent M states is 
neglected. A similar situation occurs when the ¢ and i 
levels are saturated, etc. Thus in general one expects 
21 dc magnetic field values for which a fixed microwave 
frequency v will induce a partial nuclear polarization. 
This polarization may be detected, for example, by 
observing the y-ray anisotropy e=1— 9(0)/9(/2) if 
the nuclei are radioactive. The relative magnitudes of 
the anisotropy lines can, in principle, uniquely deter- 
mine the decay scheme. The lines form an antisymmetric 
pattern about their center point; this is due to the fact 
that the saturation of lines b and j, for example, give 
a population distribution which is inverted relative 
to that obtained by saturating e and g. As Abragam‘ 
points out, saturation of levels a and 7 will also give a 
nuclear polarization via the relaxation transitions 
b to 7. The resulting anisotropy is of comparable 
magnitude and opposite in sign to that obtained by the 
direct saturation of levels 6 and j. The magnitude of 
the anisotropy depends on the decay scheme and is of 
order e~ (hy/kT)(27+-1)“ for the saturation of a 
single line. This may be several percent at 3-cm 
wavelength and 1.5°K. 

This method and related ones may be termed 
“high”-temperature dynamic polarization methods in 
contrast to the experiments of the Oxford and Leiden 
groups in which radioactive nuclei were first aligned by 
their static hfs at very low temperatures reached 
through adiabatic demagnetization. In the latter 
experiments the polarizations and y anisotropies 
obtained are considerably larger than those available by 
the method proposed here. However, larger activities 
and longer counting times may be used at the higher 
temperatures, so that comparable counting statistics 
may be obtained. The dynamic polarization method 
yields directly the spin and magnetic moment of the 
radioactive nucleus and, in fact, may be considered as 
a microscopic or quantum detector of magnetic res- 
onance. As such, it is unique in that the signal is propor- 
tional to the number of decays instead of to the number 
of atoms as in magnetic resonance absorption, which is a 
macroscopic detector by contrast. Thus the polarization 
method is particularly appropriate for the determination 
of the hfs of short-lived nuclei. That the scheme 
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Fic. 1. Energy levels and transitions. 


proposed above will actually work has been demon- 
strated for 5.3-yr Co™, as described in the following 
Letter,’ and for 6-day Mn®™,8 


* Supported in part by the U. S. Atomic Energy Commission 
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American Physical Society in New York, January 30, 1957 
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y-Ray Anisotropy of Co” Nuclei Polarized 
by Paramagnetic Resonance Saturation*t 


M. AsrAHAM, R. W. Kenzie, ann C, D. Jerrries 


Physics Department, University of California, Berkeley, California 
(Received February 15, 1957) 


HE proposal of Jeffries! in the preceding letter 
for the polarization of nuclei by the saturation 
of certain forbidden transitions in paramagnetic 
resonance has been successfully applied to 5.3-yr Co™ 
contained in a single crystal of LasMgs(NOs)12° 24D. 
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Approximately 1 mC of activity was used, the abun- 
dance ratios being Mg:Co™:Co®=10':50:1. Cot? 
forms two unequivalent magnetic complexes in this 
crystal,? the first having a very small value of B. The 
second complex has B60 gauss, ASO gauss for 
Co® and is suitable for the present experiment. The 
crystal was placed in the microwave cavity of a low- 
temperature paramagnetic resonance apparatus operat- 
ing at 9300 Mc/sec. The z axis of the crystal was 
oriented perpendicular to the dc magnetic field, the 
microwave magnetic field being approximately parallel 
to the de field. Two NalI(Tl) crystals connected via 
light pipes to photomultiplier tubes were placed just 
outside the Dewars in directions parallel and perpendic- 
ular to the de field, respectively. The fractional differ- 
ence in y counting rate, i.e., the anisotropy ¢, was 
recorded on an automatic recorder running at the 
same speed as the recorder for the paramagnetic 
resonance absorption. At a constant temperature of 
1.6°K obtained by pumping on liquid He, the de field 
was slowly varied through the region of the resonance 
lines with the results shown in Fig. 1. The top trace is 
the usual modulation derivative of the paramagnetic 
resonance absorption hfs of stable Co”, observed 
simultaneously with the y-ray anisotropy spectrum of 
Co™, shown below on the same magnetic field scale. 
The Co paramagnetic absorption is too weak to be 
seen. ‘The Co™ spectrum shows 2/+1 main absorption 
lines corresponding to the known nuclear spin /= 3. 
The broad lines in between these are the forbidden 
absorption lines distorted by modulation and power 
saturation effects. The y-ray anisotropy spectrum of 
Co shows 2/ lines as expected from the known spin 
I=5. The vertical dotted lines show the positions of 
the anisotropy lines as calculated from the previously 


y-ray anisotropy vs magnetic field. 


measured’ magnetic moment ratio u(Co™)/u(Co™) 
if one assumes that the nuclear polarization comes 
from the saturation of the forbidden Co® transitions 
as discussed in I. From the known decay scheme of 
Co” and the population distribution among the M 
states obtained from the simple arguments of I, one 
can calculate the anisotropy expected, using, e.g., 
the formulation of Steenberg.‘ The sign of the calculated 
anisotropy is in agreement with that observed, as is 
also its reversal about the center point. The relative 
intensities of the observed anisotropy lines are approxi- 
mately in agreement with those calculated: 83, 100, 
83, 52, 18. The anisotropy observed for the strongest 
line in Fig. 1 is 1% and is about half that expected for 
a complete saturation of the forbidden transitions. This 
indicates incomplete saturation or, more likely, the 
existence of competing relaxation transitions between 
adjacent M states. 

If the microwave magnetic field is oriented approxi- 
mately perpendicular to the dec field, weak y-anisotropy 
lines corresponding to saturation of the strongly allowed 
dipole transitions are observed, superposed on the 
spectrum described above. Under certain conditions 
there is also evidence of some coupling between the 
electron +Co™ system and the electron +Co® system, 
in the sense that saturation of levels in the first system 
produces population changes in the second system. 
Full details on this experiment will be published later. 


* Supported in part by the U. S. Atomic Energy Commission. 
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Mean Life of K~ Mesons and Their Cross 
Section in Hydrogen 


Bruce Cork, GLEN R. LAMBERTSON, ORESTE Picctont,* 
AND WILLIAM WENZEL 
Radiation Laboratory, University of California, Berkeley, California 
(Received February 8, 1957) 


N the course of experiments requiring the detection 

of antiprotons in a negative external beam from the 
Bevatron,'? it was found that K 
distinguished from the large background of lighter 
charged particles, primarily m~ mesons. Particles of a 
a fixed momentum emitted in the forward direction 
from an internal beryllium target were channeled by a 
series of focusing quadrupole magnets for a distance 
of 100 feet from the target. In this beam, particles of a 
given mass were identified by velocity. The momentum 
was defined by the internal magnetic field of the 
Bevatron and an external deflecting magnet; velocity 
was measured by time-of-flight coincidence of six 
scintillation counters approximately equally spaced 
over the last 60 feet of the beam channel. 

With particles of momentum of 0.9 Bev/c, the 
lengths of the delay cables on the time-of-flight coin- 
cidence counters were adjusted to produce a coincidence 
with particles of a selected velocity. Figure 1 shows 
the counting rate obtained for delays in a velocity range 
including particles of K~-meson mass. The presence of 
K~ mesons in the beam is clearly indicated. From the 
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Fic. 1. Delay curve of time-of-flight selector at 0.9 Bev/c. 
Calculated delays for «> mesons, K~ mesons, and antiprotons 
are shown on the horizontal axis. Coincidence C,C, is made 
between the outputs of the two threefold-coincidence circuits. 
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Fic. 2, Geometry of attenuation experiment with 


liquid hydrogen target 


slope of the delay curve on either side of the “plateau”’ 
we estimate an upper limit of 5% for the contamination 
of the K 
of the plateau. 

In order to measure the K 
a 62-inch long liquid hydrogen target was located after 
the last scintillator, /, of the time-of-flight selection 
system, Fig. 2. Beyond this, at a distance of 13.4 feet 
from F, a 13-inch-diameter scintillation counter, L, 
detected those particles which passed through the 
hydrogen target without interaction or decay. This 
counter was large enough to include the effects of the 
natural beam divergence and of the multiple Coulomb 
scattering in the hydrogen target. 

In principle, the change in transmission resulting 
from filling the hydrogen target is a measure of the 
total cross section; several corrections must be con- 
sidered in this calculation, however. A large fraction 
of the K~ mesons (approximately 40%) decays in the 
interval from F to L. Decay secondaries that originate 
in the region ahead of the hydrogen target are only 
slightly attenuated in the hydrogen, and since only 
about 1% of these secondaries are detected by L, the 
net effect of decay ahead of the target is negligible in 
the transmission difference. In the region after the 
target, the rate of decay of K 
the energy loss in the hydrogen when the target is full. 
The apparent decrease in from this 
cause requires a calculated correction of 6% in the 
cross section. Charged secondaries from interacting 
K’s could occasionally be detected by L; this effeci is 
small because of the “good” geometry of L and the 
relatively low center-of-mass velocity in the K~—p 
interaction. The correction to the cross section required 
by this effect is estimated to be about 1% and has been 
neglected. 

After correction for the difference in decay in flight 
between the target and L, the value of the K~—p 
cross section computed from the observed transmissions 
is 


beam when the delays are set for the edge 


Pp total cross section, 


mesons is increased by 


transmission 


OT* 52 +9 mb. 


The indicated error is statistical only. Using the 
measured m~— p cross section,’ we compute that a 5% 
contamination of the beam by x~ mesons would require 
that this value be increased by 1 mb. The correction 
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for forward scattering‘ into counter L is less than 1 mb 
and has been neglected. 

The K~ lifetime may to a first approximation be 
calculated from the observed transmission fg measured 
by L with no hydrogen in the target, i.e., 


ly=e op 


where d is the separation of counters F and L, and d is 
the mean decay distance related to the mean life r by 


A=crPc/Me’, 


where c is the velocity of light and P and M are the 
momentum and the mass, respectively, of the K 

meson. Several corrections are necessary. Because the 
empty hydrogen target was in place during the measure- 
ment, a correction must be made for attenuation in 
the windows and insulation of the target. This factor 
had been measured for antiprotons, for which the 
transmission was 0.90. ‘Taking into account the rela- 
tively larger cross section for the interaction of 
antiprotons in matter at this momentum,? we estimate 
the transmission for K~ mesons of the empty target 
to be 0.9540,02. Counters L and F will detect the K 

decay products with a probability that depends on the 
kinematics of the decay and the position along the beam 
where the decay occurs. Since Counter L is larger than 
Counter F, this correction is equivalent to a reduction 
of the effective value of d. With the assumption that 
the decay modes are the same for the K~ and the Kt 
meson,’ we compute a correction for this effect of 9% 
to the counting rate of L and 3% to the rate of F. 
Therefore, we have made a net correction of —6% to 
the observed transmission. The uncertainty in the 
mean life from counting statistics is +13%, and an 
additional uncertainty of ¥% comes from the possible 
contamination due to m mesons. The uncertainty in 
the K~ momentum contributes +5%. Combining the 
uncertainties, we find for the mean life of the K 

meson 

r= (14.9.5 4t?*) 10% second. 


Lloff et al.* obtain (9,5_2.5+**)X10~ sec, and a later 
measurement’ gives (10.2_;.9t°')K10~ sec for the 
mean life of the K~ meson measured in emulsion 
experiments performed at a distance of one to two 
mean lives from the target. Because our experiment 
was performed at a distance of four mean lives from 
the target, our greater value for the measured mean 
life is in the direction expected if there is a long-life 
component in the K~ decay. However, the uncertainties 
are such that both KA lifetime measurements are 
consistent with a single value for the K~ lifetime of 
(12 or 13) 10~™ sec, or about the same as that obtained 
for the K+ lifetime.*” 

From the measured K~ mean life and the observed 
yield (Fig. 1) of K~ mesons relative to r’s at Counter F, 
we find that the ratio of K~ mesons to #~ mesons 
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produced with momentum 0.9 Bev/c in the forward 
direction by 6-Bev protons on a 6-inch beryllium 
target is about 1 to 150. 


*On leave from Brookhaven National Laboratory, Upton, 
New York. 
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K° Decay Modes and the Question of Time 
Reversal of Weak Interactions* 


R. Gatrot 
Radiation Laboratory, University of California, Berkeley, California 
(Received February 4, 1957) 


ECENT experiments' have shown the existence of 

weak interactions which violate conservation of 
parity (P) and invariance under charge conjugation (C). 
It is not known so far whether invariance under time 
reversal (7) is also violated in weak interactions. We 
shall assume that C, P, and T are conserved in strong 
and electromagnetic interactions and we shall derive 
some physical consequences—to be compared with 
experiment—of the assumption that weak interactions 
are invariant under time reversal. 

From the Liiders-Pauli theorem,’ if 7 is conserved 
the product CP (which we shal] denote by ZL) is also 
conserved, and the reverse also holds. Let us assume 
that ZL is conserved in strong and electromagnetic 
interactions and also in weak interactions. For systems 
of strongly interacting particles and for the usual 
theories, the operator must satisfy the equations 

LLt=1, L'=(—)L, 
LP—(—)*PL=0, LC—(-—)*CL=0, (2) 
(LQ}],=0, [L,.N],=0, [L,S],=0, (3) 
where Q, N, and S are the operators for the charge, 
for the heavy particle number, and for the strangeness, 
respectively. We may expect selection rules due to 
conservation of L for systems with Q=0, V=0. A K°® 


meson, and a K® meson, will not be eigenstates of L, 
but the superpositions 


K\°= (K°+R°)/v2 and K.°=(K°—RK°%/v2 (4) 


(1) 
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will be eigenstates of L with different eigenvalues. 
(From (1) it follows that for systems with N=0 the 
eigenvalues of L are +1.] From the assumed L con- 
servation, K,° and K,° will decay into states with 
different L and will exhibit different lifetimes. Therefore 
K° and R°® shall be regarded as mixtures of K,° and K»° 
with coefficients, obtained from (4), which are still 
the same as for the case of absolute C conservation, 
discussed by Gell-Mann and Pais.’ 

A system of two pions will have L=1. [This can be 
seen as follows. In the limit Hweax=0, C and P are 
separately conserved and for a system of two pions, 
L=CP=(—)'!(—)'=1 for every value 1 of the relative 
angular momentum. However, if Hweax is assumed 
to conserve L, the conclusion holds at any order 
in Hyeax. | Therefore only the component with L=1 
of the K°® (or R°) mixture will be able to decay into 
two pions. It is known experimentally that the short- 
lived component decays into two pions. Therefore, 
if ZL is conserved, the long-lived component cannot 
decay into two pions. Decay into e-wty and etr i 
will not be forbidden for any of the two components on 
the basis of L conservation alone. The branching ratio 
for the decay of the long-lived component into e-aty 
and into e*r~# must be equal to unity if 1 conservation 
holds. (However, e~/e+=1 does not necessarily mean 
that T is conserved since this ratio also holds in the 
case that the mass difference between the long-lived 
and the short-lived component is negligible.‘ A 3° 
system with total angular momentum zero (for 
simplicity we confine the discussion to the case of 
spin zero for the K meson and we assume angular 
momentum conservation in weak interactions) will have 
L=-—1. Therefore only the long-lived component will 
be able to’ decay into 37°. For a mtr 7° system we 
denote by (1,/’) the state for which / is the relative 
rtm angular momentum and /’ the angular momentum 
of ® with respect to the rtm” center of mass. The states 
of total angular momentum zero are (0,0), (2,2), °°: 
for which L= —1, and (1,1), (3,3), ---, for which L= +1. 
Decay into states of the first group will be forbidden 
for the short-lived component; decay into states of 
the second group will be forbidden for the long-lived 
one. Therefore decay into 3 would be very infrequent 
for the short-lived component, for which 2 decay 
is allowed, 32° decay would be forbidden, and wtx~x° 
decay without centrifugal barrier would also be forbid- 
den. The decay curve for K° (or K°) would be the sum 
of two exponentials corresponding to the K,° and K.° 
lifetimes. However, an interference term may occur 
in the decay rate into a ery state with specified charges, 
in a similar way as discussed by Treiman and Sachs*® 
for the case of absolute C conservation. Particular 
effects which depend only on the existence of the 
mixture as those discussed by Pais and Piccioni,® will 
occur in a similar way. 

The foregoing conclusions follow from the assumption 
that LZ is conserved in weak interactions, which is 


THE 


EDITOR 169 
equivalent to the assumption that weak interactions 
are invariant under time reversal. We have shown, in 
particular, that it follows from such an assumption 
that the long-lived component of the K® mixture must 
never decay into two pions, and that its branching 
ratio for decay into erty and into etr~> must be 
unity. The first conclusion seems in agreement with the 
experiments so far.’ 

Note added in proof-—The author has been informed 
that results similar to those contained in the present 
letter have also been obtained by T. D. Lee and C. N 
Yang (private communication). 

* This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

t On leave of absence from Istituto di Fisica dell’ Universita 
di Roma, Rome, Italy. 
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Charge Asymmetries in the Decay of 
Long-Lived Neutral K-Mesons 


H. W. WyLp, Jr., AND S. B. TREIMAN 


Palmer Physical Laboratory, 
Princeton University, Princeton, New Jersey 


(Received February 19, 1957) 


I‘ is known as a result of the experimental work of 
Lande et al.' that there exist two lifetimes (at least) 
among the neutral K-mesons. One is the familiar # 
lifetime of 1.5107! sec, known for some time. The 
other is longer by a factor of 100 or more. This situation 
was predicted theoretically by Gell-Mann and Pais* 
and later explored theoretically by Pais and Piccioni,' 
Case,‘ Treiman and Sachs,® and Lee, Oehme, and Yang.° 
The two lifetimes arise because the neutral K-meson is 
different from its charge conjugate K. ‘The two states 
with definite lifetimes are then certain linear combina 
tions of K and R—call them K, and K». Experiments 
are at present underway in various laboratories to 
investigate possible charge asymmetries in the long 
lived component Ko, i.e., asymmetries bet ween 


Kroet+n-+y 
and 

Kr>e +4 + 0; 
and between 

Kropt+mro+y 
and 

Kru +t +y. 
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We wish to point out in this note certain theoretical 
implications which the existence of such charge asym- 
metries would entail. 

According to present ideas there are two possibilities. 
As is pointed out in reference 5, charge asymmetries 
can arise if the two lifetime components of a single 
kind of K, RK complex interfere with each other. 
Suppose, for example, that charge asymmetries are 
observed after a time interval following K-meson 
production which is large compared to 15 10~" sec. 
Such charge asymmetries could not come about from 
6,—6, interference. If they are caused by interference 
effects at all, there must be a second K, K complex 
whose two lifetime components both are comparable to 
or larger than the experimental time interval, i.e., 
there must exist a second neutral meson complex, call 
it r, #, different from 0, 6. 

If the weak interactions are not invariant with respect 
to charge conjugation, there is another possibility. 
As has been pointed out by Lee, Oehme, and Yang,® 
noninvariance with respect to charge conjugation can 
lead to charge asymmetries in the long-lived component 
of a single K, complex. The main point which we 
wish to make here is that this can occur only if time 
reversal invariance is violated together with charge 
conjugation invariance.’ This can easily be seen on 
the basis of the Liiders-Pauli theorem,’ which states 
that a system is always invariant with respect to the 
product of space inversion P, charge conjugation C, 
and time reversal 7. If a system is invariant with 
respect to 7, it must then be invariant with respect to 
the product CP. In this case the two lifetime compo- 
nents K,; and Ky of a K, R complex would each be 
eigenstates of the operator CP. For a system involving 
only two independent momenta, such as the system 
(e,r,v) arising from K-decay, a space inversion asym- 
metry is undetectable unless the spins of the particles 
are measured.’ Thus if time reversal invariance holds, 
the system will appear to be charge conjugation invar- 
iant if spins are not measured, Conversely, detection 
of charge asymmetries would imply noninvariance 
with respect to time reversal.'® 

Thus, according to present ideas, if charge asym- 
metries are discovered in the long-lived component of 
K-meson decay, it means that either there are two 
different K-mesons or time-reversal invariance does not 
hold 


possibilities experimentally 


It is possible to distinguish between these two 


by studying the time 


dependence of the asymmetry, i.e. the variation of 
the asymmetry as the detecting device is moved farther 
and farther from the K-meson source. The interference 
effect discussed in reference 5 is strongly dependent on 
time, so that if the first possibility discussed above 
holds, there should be time variations in the asymmetry. 
On the other hand, the charge asymmetries in the 
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decay of a single lifetime component of a single meson 
are time independent. 


Lande, Booth, Impeduglia, 
Phys. Rev. 103, 1901 (1956). 

2M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

‘K. M. Case, Phys. Rev. 103, 1449 (1956). 

5S. B. Treiman and R. G. Sachs, Phys. Rev. 103, 1545 (1956) 

* Lee, Oehme, and Yang, Phys. Rev. 106 (to be published) 
(1957). 

7 After completion of this letter the authors learned in private 
communication from C. N. Yang and T. D. Lee that this fact 
was also known to them. 

*G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954); W. Pauli, Niels Bohr and the Development of 
Physics (Pergamon Press, London, 1955). See also reference 6. 

*If the K-meson has a nonvanishing spin and if this spin is 
polarized, there may be differences in the angular distributions 
of (et,r~,v) and (e,rt,v) but the integrated transition rates 
will be the same. 

This can also be proved using the Weisskopf-Wigner method 
as discussed by Lee, Oehme, and Yang (reference 6). In the 
notation of their paper, there are no charge asymmetries if 
|p| =|q| (see appendix of reference 6). Now it is easy to show 
that if time-reversal invariance holds, products of matrix elements 
of the form Hq;/j are real. This then implies that T'y.2and My. 
are real and hence that p?=q? [see Eq. (30) of reference 6]. 
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Theory of u-Meson Decay with the 
Hypothesis of Nonconservation 
of Parity 


CrLaupeE Boucutat, Laboratoire Central des Poudres, Paris, France 
AND 
Louis MICHEL, 


Faculté des Sciences, Université de Lille, Lille, France 
(Received February 18, 1957) 


EE and Yang! have proposed experiments for 

4 testing the nonconservation of parity in weak- 
coupling processes: the 8 decay of oriented Co™ nuclei 
and yw-meson decay. Those experiments have been 
completed? and they confirm the Lee and Yang hypo- 
thesis. In their paper,! these authors computed the 
decay rate for the 6-decay experiment, but not for the 
u-meson decay. We present here the result of theoretical 
computation for the latter phenomenon. If parity is 
not conserved in m—y decay, the wu meson is then 
polarized.'’ This polarization is longitudinal in the 
mw-meson restframe. Let s be a pseudovector in the 
direction of the yw-meson momentum, such that in 
the u-meson rest frame s’= 1. The u-meson polarization 
is along +8 with the degree of polarization |{| (where 
—1<{<1). We shall choose the sign of ¢ such that the 
u-meson polarization is along ¢s in its restframe. We 
use the usual #-decay Hamiltonian (with ordinary 
neutrino theory) for even and odd couplings with g; and 
g: for their complex coupling constants (i=1 to 5; 
reality of the g,; and g,’ corresponds to invariance under 
time reversal). It is well known that a change in the 
order of the four fields in the interaction Hamiltonian 
preserving parity is equivalent toa relabeling of coupling 
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constants (the new ones are linear combinations of the 
old ones). This property can be extended to the type of 
Hamiltonian we have to consider.’ Moreover, it is easily 
found that the study of the electron momentum in the 
decay at rest* measures only four real parameters, func- 
tions of the coupling constants. We use h=c=1. Let E£, 
p, and ¢ be the electron total energy, momentum, and 
mass, uw the meson mass, and W = (u?+ &)/2y the maxi- 
mum energy of the electron. We write p-s= p cos@. The 
electron spectrum for the u*+-meson decay at rest® is 


P(E) siné d6 dE 
sind dé dE 


Oupk| 3(W 


k)+ to( ae aW 
4823 | 


€ p 
+3n—(W — E)+ | -saw—2 
E E 
é 
) frcos (1) 
E 


When one neglects e/E, formula (1) can be simplified to 


+2a( Ww-2 E+ 


Onl? 
-[3(W— E)+40(4E—3W) ] 


48a 
x (1—S¢ cosé), 


. Ved ti 
ee 2p+(9—8p)y J” 


W-E 
—_— 


P(P) 
(2) 


where 


y (2) 


Two cases must be distinguished: (i) The » meson 
decays with emission of one neutrino and one anti- 
neutrino; then 


O<pSi, —(1—$p)<a<1—fp, —4p<B<i4p. (3) 


(ii) The two emitted neutrinos are identical; then 


—(1- <a<l <B<4p. (3’) 


4 1 
O<p<i, tp, —4p 


4p) 
The measure of the asymmetry ¢S as a function of y 
gives fa and (8. The magnitude of the parameter ¢, 
which is the degree of polarization of the u meson, 
depends on the characteristics of the r—y decay. The 
theory is ruled out if S does not have an energy depend- 
ence of the form (2’). (See, however, reference 6.) 

It seems premature to discuss the consequences of 
the nonconservation of parity for the hypothesis of a 
universal Fermi interaction®:*; we have now the choice 
among ten complex coupling constants (as compared 
to five real g; formerly), and new experimental! data are 
still scarce. However, one can introduce nonconserva- 
tion of parity by using one new constant only. We write 
gi =; If & is real we can require —1<{¢{<1. (If 
|gi’/gi|>1, then we define = g,/g,’; indeed, couplings 
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and pseudocouplings play a completely symmetrical! 
role.) Then this quantity & has a simple physical 
interpretation. Indeed, to pass from the ordinary 
interaction Hamiltonian in 8 radioactivity to the new 
Hamiltonian, one has just to replace y, by (1+ &ys) 
[where (ys)?=1]. On the other hand, if the neutrino 
mass is zero, (1-bys5)/2 are the projectors which project 
¥, onto states of pure circular polarization.’ Then & 
can be interpreted*® as a degree of circular polarization. 
In a theory preserving parity £ is a pseudoscalar 
quantity and it is changed into —£ by particle-anti 
particle conjugation ‘Thus the introduction of € can 
lead us to the following neutrino theory: all neutrinos 
in nature are circularly polarized; the degree of circular 
polarization is |&|. Neutrinos are right- (or left-) 
circularly polarized; antineutrinos are left- (or right-) 
circularly polarized. In the limiting case |&|=1 such 
a theory has been introduced by Salam,’ and as we just 
learned, by Lee and Yang.’ Since two neutrinos are 
emitted in u-meson decay, this theory is not exactly 
equivalent to that which gives (1) and (2). Furthermore, 
¢=+£ (when the » meson is not depolarized during its 
life). The sign depends on whether a neutrino or an 
antineutrino is emitted in the r— decay. The value of 
t could be in principle directly measured. 

If |£| <1, the parameter p has its full range (3) and 
(3’) of possible values. For u-meson decay, although 
the sign of the asymmetry 2=¢S is arbitrary in that 
theory, it is the same for wt and wo decay. 

When the two emitted neutrinos are identical, the 


( 2¢ )( 3(3—4p)y ) 
t 
1+#7 \2p+ (9—8p)y 


[i.e., S=£, B=0, and a= 2¢/(14+£) in (2’)]. 
When one neutrino and one antineutrino are emitted 


asymmetry is 


(4) 


in w-meson decay, 


( 2 )( 65(1—2y) ) 
~ Nye] \29+(9—8p)y7’ 


4p <5<4p when 0<p<4 and p 
0, and pB 


(4’) 


where - 1<6<1 
when $<p<1 [ie., (=£, a 
in (2) }. 

When |£|=1, the parameter p has a fixed value: 
p=0 for (4) and p=% for (4’) in agreement with 
reference 10 (then |6| =4). 

We thank the French Service des Poudres and the 
Comité d’action scientifique de l’armée for their support 
We wish to thank Dr. M. Lévy and the Laboratoire 
de Physique de l’Ecole Normale Supérieure for their 
hospitality. 

'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2The experiment on Co has been done by Wu, Ambler, 
Hudson, Hoppes, and Hayward, Phys. Rev. 105, 1413 (1957) 
The experiment on w-meson decay has been done by Garwin, 
Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957), and by 
J. L. Friedman and V. L. Telegdi, Phys. Rev. 105, 1681 (1957) 
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* For details, and earlier references, see for instance L. Michel, 
thesis, Memorial des Poudres, 35, annexe p. 77 (1953) 

* Calculations related to possible observation of the polarization 
of the electron in ~-meson decay and nuclear 6 radioactivity, and 
the direct measurement of the polarization of the 4 meson are 
in progress 

* Electromagnetic radiative corrections to this decay are not 
very small. In a recent paper on this subject, Behrends, Finkel 
stein, and Sirlin [Phys. Rev. 101, 866 (1956) ] have shown that 
Eq. (1) is still valid but that the parameters are slowly varying 
functions of the energy 

® For the sake of completeness we give here the explicit depend 
ence of the ponte on the g; and g;’. For ease of calculation 
we have taken the order euyy in the interaction Hamiltonian 
When the two emitted neutrinos are distinguishable, we define 
aP= git, j= EO) +ei9i, CF =a%+a?, cP? =a?+a¥, cP 
mae, bic aigt+dsi, bP =du4+dq2, and by? =a,; we see that, 
for k= 1, 2, and 3, c2 20, —1¢ bb < 1. Then O=c,?+-4c,?+-6c;, 
pO = 3(¢2+-2¢7), nO =a)? —2a?+-2a7—a?e, a= b,c)? —2bc#?, and 
BO = bec? —2byc?. When the two emitted neutrinos are identical, 
one has moreover g2™= g1= gs’ = g,' =0; it follows that c;?2>=b; =0 

7 See for instance V. Bargmann and FE. P. Wigner, Proc. Nat 
Acad. Sci. U.S. 34, 211 (1948) 

*L. Michel and A. S. Wightman, Phys. Rev. 98, 1190 (1955) 

*A. Salam, Nuovo cimento 5, 299 (1957); T. D. Lee and 
C. N. Yang, Phys. Rev. 105, 1671 (1957); L. D. Landau, Nuclear 
Phys. (to be published). We thank the authors for preprints of 
their work 
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HE proton polarization in (d,p) reactions was 
calculated by Cheston' under the assumption 
that the final-state proton scatters in a spin-orbit 
for the (d,p) 
reaction was taken to be the neutron-proton central 
interaction potential V,,(/r,—r,!) in the zero-range 
approximation. 
Recently Hillman? for the 
C"(d,p)C™ reaction with Cheston’s numerical results 
for that reaction. However, it appears that Cheston’s 


potential. The transition operator 7 


compared his data 


paper is in error, 

Cheston neglects the proton spin-flip terms. ‘To 
establish his Eq. (5) he says that with the quantization 
axis chosen along the vector KXk a proton “produced 
in a definite state of spin orientation (u,) in the original] 
stripping act will maintain this orientation after 
scattering in the spin-orbit potential.” However, if 
initially the deuteron spin projection pa=O0, there is 
no definite orientation of the proton spin along the 
axis of quantization. 

First, his Eq. (5) should read 


(W(J,L,My (Lm) X (htm) | T|(La,M a) 
*X(4 wn) X 4 uy’) 
p Ciy(J My - M, 


pp’’ 


” ” 
Mp Mp ) 


x (WSL, M a — yx (4 mp (Lm) 


x | T\o(La,Ma)x(4mp')) Xb (unn’). (1) 
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Consequently, Cheston’s Eq. (6) should read 
WM (wary My) 


y ¥ a(L,M1)b*(La,M a) 


L4,L,J,Ma.MiL wp"’ 


KC i(JMit+uy; Miu) 


KC1,4(J,M itu; Mi twp Mp’ my’) 


KC (foes My Mat Ma yp”) 


KC 41 oa; ba bp oy) WIL, M +My Mp’) 
XW (lus ~ Mad +p,"") T \o(La,M a) )e (2) 


With Cheston’s transition operator 7, the selection 
rule Ma=M,+4p+u;—wa, being independent of p,”, 
cannot reduce the sum over yu,” to only the term 
Mp =p provided pa=0. Thus whatever the a’s and 
b’s, i.e., independently of the system of reference, 
both uw,” contribute provided />0. The only cases in 
which only u,”’=s, contributes are (1) no spin-orbit 
coupling in the final-state proton potential, and (2) 
!=0. Unfortunately, Cheston’s numerical example 
involves /= 1.8 

Further, Cheston writes for the distortion parameters 
B(L,J)=4n(L,J). If, however, n(L,J) are the usual 
average reflection coefficients, it should read B(L,J) 

s[1—n(L,J) J. 

Finally, it should be noted, in connection with 
Cheston’s paper, that in the first Letter by the author 
on the (n,p) polarization problem,‘ Eqs. (4) and (6) 
held only for l,=0. 

The author wishes to acknowledge a helpful corre 
spondence on the problem with Dr. A. M. L. Messiah 
and Dr. G. R. Satchler. 


!W. B. Cheston, Phys. Rev. 96, 1590 (1954 

*P. Hillman, Phys. Rev. 104, 176 (1956) 

* Nevertheless it is probable that the spin-flip contribution is 
rather small. 

‘J. Sawicki, Nuovo cimento 2, 1322 (1955) 
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S is well known, the isotropic cosmological solutions 
of general relativity start from a singular state 
in the finite past. In a recent paper Komar' has investi- 
gated the question as to whether this singularity 
persists under more general circumstances and has 
found that such a singularity does occur unless one 
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(i) introduces a cosmological term or a_ negative 
pressure term or (ii) considers spaces which do not have 
a set of geodesically parallel space-like hypersurfaces 
for all times. [These are conditions (B) and (C) as 
given in the conclusion of Komar’s paper. | 
It is interesting to point out that this result was 
explicitly given by the present author® in a previous 
paper of which Komar is apparently unaware. There it 
was shown that under very general circumstances, 
the expansion is controlled by the following equation*: 
(1/G) (0°G/d0?) = (A— 4arp— ¢?+ 20") /3, (1) 
where G°= —detg,., ¢ 20 (the equality sign occurring 
in the case of isotropic expansion), and w is the local 
angular velocity. In the case w=0 [which corresponds 
to the existence of a set of geodesically parallel 
space-like hypersurfaces‘; see condition (B) of Komar ], 
and A=0 [see condition (C) of Komar ], we get 
(1/G)(0°G/dP) = (—4rp— ¢*)/3, (2) 
so that with p20, G cannot have any minimum and 
one has to start from the singular state G=0 at a 
finite time in the past (see the last paragraph of Sec. III 
of reference 2). 
1A. Komar, Phys. Rev. 104, 544 (1956). 
* A. Raychaudhuri, Phys. Rev. 98, 1123 (1955). 
4In the deduction the stress components were assumed to 
vanish; however, the introduction of these would mean only the 
replacement of p by 744—7';—7*,.—T*; in Eq. (1). As Tu —T') 
-T*,—T*, >0, the conclusion remains unaffected. 


‘K. Gédel, Revs. Modern Phys. 21, 447 (1949) 
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HE recent suggestion of Lee and Yang! that the 

neutrino is to be described by a two-component 
theory indicates that the electrons emitted in 8 decay 
and the muons emitted in m—y decay will be longi- 
tudinally polarized. It is of interest to see to what 
extent it is possible to give a rigorous description of 
the behavior of such particles in an external electro 
magnetic field. The results obtained would certainly 
be expected** on a nonrelativistic model for a spinning 
particle with gyromagnetic ratio equal to 2. Here it is 
shown that the same conclusions can be carried over 
to relativistic energies for Dirac particles. This is due 
to the intrinsic nature of such particles—namely that 
the normal “magnetic moment” is not strictly a 
magnetic moment but has somewhat different trans- 
formation properties. 
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These results have all been obtained previously by 
Tolhoek and de Groot.* However, the present derivation 
is perhaps more perspicuous. 
The description is simplest in 
representation. We use the relation 


the Heisenberg 


d@/dt= (00/dt)+ (i/h)[H,© |, (1) 


and the Hamiltonian % in the form? 
K= cpa 2+ pymc’+ ed. (2) 
Here x=p—(e/c)A and A, @ are the vector and 
scalar potentials for the external field. 
If in Eq. (1) we put 6=e@-z, there results 
d(a:n)/di=ea:E. (3) 
First let us consider a pure magnetic field. From 
Eq. (3) we see that o-x is a constant of motion, There- 
fore an initial eigenstate of o-x will remain one. ‘Two 
important, though related, conclusions can be drawn: 


(a) It is impossible to change a state of longitudinal 
polarization to one of transverse polarization using 
purely magnetic fields. 

(b) A longitudinally polarized beam will never be 
depolarized on passing through a purely magnetic 
field, 


Second we consider a pure electric field. Let 6=2 
in Eq. (1). We obtain 


dx/dt eE. (4) 


Combining Eqs. (3) and (4), we find 


e 


nxn: da/di=0, (5) 


The simplest application of this result is to the 
u-meson experiment of Garwin ef al.? Since the measured 
gyromagnetic ratio is, within experimental error, equal 
to two the spin is presumably® 4. Hence the ~ meson 
is probably approximately described by the Dirac 
equation. If in slowing the mesons down only those 
moving in the initial direction (which we take to be 
the z direction) are considered, Eq. (5) becomes 


da,/di=0, (6) 


Hence, if these y’s are originally longitudinally polarized 
they will remain so. These particles are not depolarized. 

These conclusions apply, of course, only so long as 
the Hamiltonian is exactly as in Eq. (2). We expect 
some which the 
magnetic moment will be most important. Any meas 
ured deviations (particularly for a pure magnetic 
field) considered as a measurement of the 
radiative corrections. It is to be expected that these 
deviations then provide a peculiarly sensitive means of 
detection.’ 


radiative corrections of those to 


can be 
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In the case of mixed electric and magnetic fields, 
Eq. (4) is changed to 


dxn/di= eE+-epyoX H, 


which combined with Eq. (3) gives 


x: (da/dt) 


— 2iepyo H. 


This also results in simple statements in various cases. 
|For example, when a longitudinally polarized beam 
moves perpendicular to a magnetic field Eq. (5) is 
still valid. |] However, the two cases of greatest interest 
would seem to be those of pure magnetic or pure 
electric fields discussed above. 

It is a pleasure to thank Dr. R. Sherr and Dr. J. 
Steinberger for asking the appropriate questions. 
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